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Abstract: In this paper we establish the upper and lower norm estimates of contractive normaloid operators using inner product,
Schwarz inequality for non-negative real numbers and some operator inequalities.
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INTRODUCTION

We establish some inequalities for positive contractive normaloid operators. For this purpose, some
inequalities for vectors in inner product spaces due to [2, 4 and 6]. Let H a complex Hilbert space with an
inner product {.,.} and B(H) the algebra of all bounded linear operators on H. |||l will also denote the usual

operator norm. An operator S € B(H) is said to be normaloid if
51l = sup{l{Sx, x)|: llxll = 1} and contractive if [|S|l = 1.

BASIC CONCEPTS AND PRELIMINARIES
Here we start by defining some key terms that are useful in the sequel.

Definition 2.1. An inner product on a vector space V isamap {.,.:¥V X ¥V — Ksuch that vV x, v,z €V
and 4 € K; the following properties are satisfied:

(i). {x, x) = 0 and {x, x) = 0 if and only if x = 0.

(ii). {x + v, 2) = (x,2) + (v, 2).

(iii). (Ax, y) = Alx, y).

(iv). {x, ¥} = {y,x).

The ordered pair (V,{.,.}) is called an inner product space.
Definition 2.2. Schwarz inequality; for S € B(H) and x, ¥ € H then
[{Sx,¥}* < (Sx, x){5y, y).

Definition 2.3. Let S: H —+ H the adjoint of 5is5":H — H such that:
(Sx,v) ={x,5%y),x,y € H.
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Definition 2.4. An operator S is said to be normal if 5 §* = §*5i.e. it commutes with its adjoint and S is
self-adjoint if 5=5",

Definition 2.5. Numerical radius »(5) is the supremum of set of scalars

r(5) = sup{|Al: A € W(5)]} with the following properties :

1.r(s)=lIsll.

2.7(5%S) =r(55%).

3.r(USU*) = r(5).

4.7(5, B 5, B ..BS,) =max{r(5,):i=12,..,n}

MAIN RESULTS
4 Upper Norm Estimates
Proposition 4.1. Let S,, 55, 55 be contractive normaloid operators where 5;and S,are positive then

[51 32 } is positive contractive in B(H & H) if and only if

52 53

(S, v)? < (Sy2,x){S;y,¥),V x,y €H. 1)

Proof. Suppose E ;2 ] is positive contractive in B(H & H) then from [5], Equation (1)
2 3

i.e. [{S,x, 9% < (5%, x){(S;y.v),¥V x,¥ € H. We have

(5 SIELED =B SIRLEPG: EID1ED

Simplifying yields

H 52”0]’[3]}2=|{52x*}’}|2 )
and )

{Ei ?j][ﬁlx[ﬁ]}ﬂ%x:x} 3)
and

{E: f][ﬂ*[ﬂ}=“ﬂ’ﬂ @)

Combining Equations 2, 3 and 4 yield
1S,y < (S1x,xHS3¥,¥) V x,y EH.

Conversely, assume that Equation (1) holds, then ¥ x, y € H

(5 Z]RL[) = s+ im0 + (223 + S5m9)

= (5,x,x} + (537, v) + 2Re(5,x,v)
= 2(S, x, x} 2(S, }r,y}z + 2Re(S,x,y)

ZHSEI,}FH ZI{Szx,}r}I
0.

" LT

5, 537. ..
Therefore [ 1 =2 ]is positive.
3

S, S

—

Theorem 4.2. Let 5;and S,be contractive normaloid operators belonging to the norm ideal associated with
the Hilbert Schmidt norm |l-1l ;5 then
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H

22l < [IRe(S,S,) I,

‘ HE

Proof. From [15, Lemma 1]

15:5; 1l < | Re (S, 5,1l (5)
Then it follows that using Equation 5, we have

11 LN A
22 22

2
5253

2
1

HE HE

1 1

SI5,S:

HE

i

< lIRe(5,5,) 1%,

Corollary 4.3. Let 5,, ..., 5,, for all n € M be positive contractive normaloid operators belonging to the norm
ideal associated norm |l-|l ;5 then

L n 11
E 52 = E 55t

i |
=1 HE i.j HE

Proof. From Theorem 2, it follows that
2

= 1 N AN S AL N S
2 — 2o 2 2po2 2
Zsi = 2(5152 ...sﬂ) (5152 ...sﬂ)
i=1 HS =1 HS
1z
=‘E‘:’ﬁj5:15:;
HE
e
gz sZg2
LI

Theorem 4.4. Let S, 55 be contractive normaloid operators on a Hilbert space then
|I5152 _5251” = ”51” |I52|I
Proof. Suppose 5,is positive and 5, is self-adjoint. From [6, Theorem 2.9],

r(5,5,—5,5,) < % ||51||(||52|| + |I52 IIE) since »(5) = |5l by [1, Theorem 5]. This implies that
1555 — 5,5, 01 < 215,11 (11,11 + lIs2117)

Since 5,,5; € B(H) such that 5, is a projection from [6, Theorem 2.8] then

15,5, — 555,01 < 2 (115,11 + 1521 (6)

5 A . L .
If A =./5;, — 5% the operator E = [ﬂl J— 51] is a projection on H & H, since 5;4/5;, —Sis,. If

B = [ ,then EB — BE 45, o

0 0 ] By Equation 6, we have

1 1
IEB — BE|| < E(uau + "32"2)_
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Now let € = [; g], where I is the identity operator. Then [5152 ; 5251 g] = C(EB — BE)C* if we let
5,E € B(H) such that E is a projection, then
15,8 — 5,1l < 2(IIs, 1l + 1152117) by Equation 6 @)
So
|[*% %= J]|| = 18 - BEI by property (iii) of Definition 2.5
< (11l + 1182117 ) by Equation 7
=2 (115,11 + 152112 ) by Equation 6
hence
15,5, = 555,11 < 3 (115,11 + IIs211=) ®)
Since 5, is positive then it follows from Equation 7 that
||II51II 27 2||si|| | = ("52" +is3 "“}
Then

1 1
15,5, = 5251l < S 115,11 (115, 11+ l153112)
< |15, 1HIs: |l
Theorem 4.4. Let 5,,5, € B(H) be contractive normaloid operators. Then

Sy +S0° _ 1S, S5 + 5,85
> = 5 T(S‘; 1]-
Proof. Since

IS, + S,xl1* = 115,xl1* + I5,xII* + 2Re(S,x,5,x)
< (5,5, + 5,53)x,x) + 2[{(555,)x, x)|.V x € H.
Taking the supremum over x € H, |lx|| = 1, we obtain
15, + 5,117 < r(5,5; +5,55) + 2r(535,)
= ||5,5; + 5,55l + 2r(5;5,)
Therefore
‘ 5 +5,

2
5 Lower Norm Estimates
Lemma 5.1. Let ¥ and ¢ be non-negative continuous functions on [0,20) satisfying ¢(z)

@(z) =z V z €[0,m). Let 5;, 5, and S3be as in Proposition 4.1 and 5,5, = 5,55 Then
”[@{51]2 S3 ]

2 N5, S5+ 5,55
= 2

7(5; 1]-

is also positive and

52 ¢’{53]2
@(51]2 52 = 2 i z
I3 o5l 2 Hesoecsazsis, e

Proof. Suppose 5;and 5iare both invertible. Since 5,5, = 5,5, for any function that is continuous on [0,22),
then k(5;)5, = S,k(5,).But ¢(z) ¢(z) = z for z €[0,m0), then @(5) ¢(S) = S for any positive operator

S € B(H). The two facts imply that @{53]5;; Sch(sljsl_; = 5,.Consequently,

© JGRMA 2017, All Rights Reserved 10



N. B. Okelo et al, Journal of Global Research in Mathematical Archives, 07-12
L
[51 S: ] @(5,)5,*
s, S, _L

0 ¢(53)5;° 0 ¢(S3)S,*

Invoking Proposition 4.1 completes the proof.

Theorem 5.2. Let § € B(H) be positive contracting operators. If @ € €Y\ {0} and m = 0 are such that
IS — aS*|| < m then

x|
Isxl* = gy (sxll* — 1{5%x,x)]%).

[93(51]2 53 }: ¢1(51]251_§ 0 0

S, @(S5)7

Proof. Assume without loss of generality that S is normal. We employ the reverse of quadratic Schwarz
inequality in [1] i.e.

1
0 < llall®lI5*Il — Ka, b}I? Emlllszllzlla—rxbll2

Foreverya,b € Hand @ € C\ {0} leta = Sx, b = 5"x we get

1
ISxl?IIS*II? — {Sx, S *x}? < WIISxIIZIISx— as*|I?

2

m
ISxll* — 15%x,x]* — WIIS:%II2

2 |al? 4 4
IS5l = — Cllsxll® — lI5xI*).
T
Lemma 5.3. Let S,,5, € B(H) be positive contractive operators. If n > 0 and
”51 -5, I <n.Then
r(535,) = 7 [I15,55 + 5,531 — n?]. 9)
Proof. Without loss of generality assume that 5,5; + 5,53 is self adjoint.

Forany x € H, |lx|l = 1 and from ||S; — S,Il < n we have
15,2 — Syxll €n=|(S;x— S, Syx — Syx)| < nP.

= |I5,xlI* + lI5,x]I* — 2Re(S,x,5,x) < n’.

Thus
I5,xl1* + 1|15,x 11> < 2Re{S,x, 5,x) + n’ (10)

But
15,2112 + 115, x 11> = (515, x) + {(555,)x, %)
=((5{5, + 535,)x,x).
Using Equation 10 we obtain
(5,55 + S55,)% x) < 2[{(S555)x.x)| + n? (11)

Taking the supremum over x € H, ||x|| = 1 in (11) we get

r(5{5,) = 2r(5;5,) +n? (12)
Since the operator 5,5, + 5,57 is self-adjoint, hence

r(5,5; + 5,55) = 15,55 + 5,531,

Therefore Equation 12 becomes

r(5:5,) = % [I5,55 + 5,551l — n?].

Corollary 5.4. Let 54, 5, be positive contractive operators on Hilbert space
then
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I5,®5, + 5,85, 1l = 2[5, llll 5]l
Proof.
5,85, + 5,85, |I* = (5,85, + 5,85,,5,85, + 5,85,)
=(5,85,,5,85,)+ (5,85,.5,85,) +
(5,85,,5,85,) + (5,85,,5,85,)
= (5,5, 5,50+ (5., 5,15,,5, )+
(55,5, 15,,5,) +(5,,5,15,,5;)
= IS, 17115, 117 + IS, 7115, I* + 2Re(s,,S,)
So by Cauchy-Schwarz inequality
15,@5, + 5,85, 117 < IS5, 1115, 1% + IS 1215, 1% + 2115 1S, |l
= (IS, 1SN + 115,115, 113
i.e
I15,®5, + 5,@5, 117 < (IS IS, I + 15 11s, 1)
Taking square roots on both sides we obtain
15,85, + 5,85, | < IS 11IS, 11 + 11511154l
< 2[5, IS, Il
But |15, ®5,1l = |5, lIS;l. Since ||5, &5, + 5,85, |l = 0, this implies that
15,®5, + 5,851l = 2|5, [11|S,I
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