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Abstract

The dynamic behavior of a multi-species system that includes a prey refuge and a Hol-
ling type III functional response is examined in this work. The pre-requisites for the
presence of the equilibrium points, as well as their local and global stabilities, for the
suggested system are analyzed and derived. The Routh-Hurwitz criterion and the ei-
genvalue technique are used to study the local stabilities. On the other hand, the global
stabilities have been studied using the Lyapunov technique. Numerical simulations
have been carried out using the Matlab ode45 solver software to verify the analytical
results. The findings show that refuge plays a significant part in improving the dynam-
ical stability of the system.
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1. Introduction

The behavior of any complex dynamic system such as, biological models that ex-
plain the properties of intricate interactions between specific organisms in a biological
context is a natural outcome of interaction between its constituent parts [1]. Many eco-
logical and biological processes are rooted on the complex features of species and their
dynamic connections with one another. The interaction among species is one of these
relationships and has been a central subject in mathematical biology due to its perva-
siveness and significance [2]. Most scholars (see [3] and [4]), have extensively investi-
gated the qualitative dynamic properties of interacting predator-prey models in order to
understand the species’ long-term behavior.

“"Special description of the title. (dispensable)
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In the modelling of naturally occurring processes, dynamical systems are widely used
[3]. The theory of dynamical systems is largely concerned with establishing qualitative
predictions about the behavior of systems that evolve over time when the system’s con-
trol parameters and the initial state change [5]. Mathematical models of real-world phe-
nomena are hence expressed as systems of nonlinear differential equations (DE), which
are usually difficult to solve explicitly [6]. As a result, numerical methodologies need to
be employed to evaluate the solutions of such systems, with stability analysis being
used to illustrate the solutions’ trajectories [7]. This numerical characterization of the
solution(s) behavior is carried out by first determining the system’s equilibrium points
and then using stability analysis to comprehend the general behavior of solutions [4].
Consider a nonlinear system of ordinary differential equation of the form,

du;
i oy 1
d g,(ul) €))

where u ER™;i=1,2, ... m.
Suppose that a point u (f) = u*(#) is an equilibrium point of System 1 and let 4, (t) be its

original solution. Then, the nature of &, () near u; (¢) determines the local stability ac-

cording to Ma and Wang [8].

Let’s represent the original solution to Equation 1 asu, (f)=u; (f) + w(z), where u*(?)

stands for any alternative solution to Equation 1 and w(f) denotes any minor modifica-
tion to the original solution u(f). Consequently, according to Ma and Wang [8], v (f) can
be linearly approximated as % = {(t)y, where the matrix {(t) = (279;) *is the Jaco-
bian matrix at the equilibrium point, u*(f). The signs of the eigenvalues gf this matrix
dictate the linear stability of the equilibrium points, ul* (¢) and the characteristic equa-
tion for the Jacobian matrix is given by,

Det ({—=yD) = ap"+aip

n—1

+ap "+ .. +a,=0.

The constraints on the coefficients a, (i=1,2,...,n) are then obtained using Routh-Hurwitz
criterion which assures local asymptotic stability at u*(¢) if the choice of parametric

values is such that all the constraints are simultaneously satisfied [9]. If 1, () continue

being close to ui* (t) ast — oo, it is considered stable otherwise, it is considered unsta-

ble. Furthermore, if the solutions approach the critical point over time rather than just
staying within a set radius, the critical point is asymptotically stable [7].

A lot of work has been done in establishing the stability of the equilibrium points of
dynamical systems, both locally and globally [10]. Shireen [9], studied a four-species
model with prey refuge for its dynamical behavior including the stabilities of its equi-
librium points and carried out numerical simulations to confirm his analytical results.
However, his model incorporated a linear predator-prey functional response which is
rare among most feeding patterns.

In this paper therefore, we discuss the dynamical behavior of a set of predator-prey sys-
tem formulated in [11], given by the following model.
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du‘—ru -4 Y, + VU, —17 v Auw
dt 1" Kl 171 2772 lh+u12 17177

%:Tzuz (1_2_2J+71u1 =Vl

dt ; @
@ = M‘ZV —uyv—<Evw

dt T2 h+ul Ay,
dv

o A uw+EVW— 1, W,
t

where 7,and 7,, K, and K,, ;. Vss Ms My, My, M,, 7, and7l, & and

&, are positive constants.

2. Existence of the steady states

The System 2 is shown to have a total of five non-negative equilibrium points namely:
The vanishing fixed point; E¢(0,0,0,0), the planar fixed point; E;(uj,u3,0,0), the spe-
cialist predator-free fixed point; E, (u, u3, 0,w"), the generalist predator-free fixed point;
E;(uj, u3,v*,0) and finally the coexistence fixed point; E,(ui,uy, v*,w").

Clearly, the existence of Ey (0, 0, 0, 0) is trivial and hence ignored. The conditions that
determine the existence of the remaining equilibrium points are derived as shown below.

2.1. The Planar Fixed Point

Proposition 2.1: The planar fixed point E, only exists if the conditionsT >y,

7,(7,— 7/2)> 7,( 7T 7/5 and (T, —y,)(t, —¥,) <7, hold.
K7, KZ;;Z

Proof: Let u; and uj be non-negative solutions to

U
T,U, (1 - —j — 7,1y + 7,1, =0, 3)
K
u,
Tou, | 1——= |+ yu, —y,u, =0. “4)
Ky
From Equation 3, we have
1| rul
u2=—{ (T =7y |. )
V2L K
Substituting Equation 5 into Equation 4, we obtain
A, + Bu} +Cu,+D =0 (6)
DOI: 10.4236/*** 2023 ***** 3 Journal
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; — 2
Wi, A== 520 <0. 5= 20 —mcz{%(rz 7) 1) }
72 r2ka K7, Vs
andD:|:7/K- _Kz(z-z_}/z)(fl—}/l)}
172 .
V2

Therefore, given the value of u; = uj, the corresponding value of u, = uj can be found

LY ..
from Equation 5 for which the inequality u, > —L (z, —y,) holds for uj to be positive
1

and uj is the positive root of the Polynomial 6. Therefore, Equation 6 has a unique posi-
tive solution, that is u; = uj if by Descartes rule of signs, the following conditions hold:

7(7,—7,) S 7,(7, _7/1)2

K7, K7,

>y, cand (7, =y, 7, = 7)) <17,

2.2. The Specialist Predator-free Fixed Point

Proposition 2.2 The specialist predator-free fixed point E, only exists under a certain

value of K, in the unprotected area, below which it fails to exist.

Proof: Suppose that uj, u; and w* are the non-negative roots of the algebraic equations

u .
Tu, [1—;1]_71% +y,u, —iuw =0, (7
1
u
U, (I—K—2j+}/lul = 7,u, =0, (8)
2
uw—p, w=0 ©

From Equation 9, we have

u =22 (10)
n,

Substituting Equation 10 into Equation 8 gives

* 1 ~ 2~2 2 ~
u, = = |:K2n2(72_7/2)+\/’(2n2 (7, =7,) +472n271’(2/"2} an
21,1,
Substituting Equation 10 and Equation 11 into Equation 7 leads to
. 1 r ﬂ }/ * ~
WZTPGﬂO—4%+Jﬂi- (12)
n Kn, Hy
This implies that w* is positive if and only if
VU, T M
(Z']—}/I)—l- 2% 1~2 (13)
tHy Kin,
DOI: 10.4236/*** 2023 ***** 4 Journal
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Remark 2.2: Condition 13 clearly specifies a carrying capacity K threshold value in
the unprotected region. As a result, generalist predators continue to exist. However, Con-

dition 13 may fail if X, becomes too small.

2.3. The Generalist Predator-free Fixed Point
Proposition 2.3 The generalist predator-free fixed point Esonly exists when1], > L,

but fails to exist when the value of K, in the unprotected zone falls below its threshold

value.

Proof: Let the non-negative solutions of the algebraic equations below

2
u nu’v
T | 1-—L = yu, +yu, ———= =0,
11( KJ Vil T YU, h+ulz
u
U, (1__2)"'71”1 —7,u, =0, (14)
K,
2
LU, v
—uv=0,
h+u’ #

be represented by uj, u; and v*. From the third equation of System 14, we have

. h
u = |—H (15)
= H
Substituting Equation 15 into the second equation of System 14 and doing a little simpli-
fication gives an expression for uj as,

_ :
uz=;[K2(2'2_72)+\/K22(72_72)2+4727/1K2”1 j| (16)

2

From the first equation of System 14, it follows that

77 nsp kK@ —u)|

The following conditions must be satisfied for the positivity of the solutions of uj,u;
and v*.

> Ky (18)

. h T.h
Vouy +(7,— 7)) e IR L /W (19)
-4 K (772 _lul)

Remark 2.3: It can be seen from Condition 19 that it gives a threshold value of X in the

unreserved region at which the specialist predators continue to survive.
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Unfortunately, when K becomes too small, the generalist predator-free fixed point could

fail making its existence violated.

2.4. The Interior Equilibrium Point

Proposition 2.4 The coexistence equilibrium point E,exists whenever the conditions

. h
>V, u <&and u, >¢

7, (1, — 1)
Proof Let the non-negative roots of the system of equations below be denoted by uj, u3,
v*and w*. Then,

hold.

2
u nuv .
1 1t _
T, | 1- =iy +you, — 2 —nuw =0,
K, h+u

1

u
U, (I_K_zj"'?/]”l —7.U, =0, (20)

2

772”1

h+u;

n2u1w+ Evw—p, w=0.

— v —gyw=0,

From the fourth Equation of System 20, we have

V= (% H%J 1)
=

Given the third Equation of System 20, we can get

w* — (772 _Il'll)ul _hlLll ) (22)

& ()

The value of u3, can be expressed as shown below upon mathematical manipulations on
the second equation of System 20

* 1 *
uz:;[’fz(fz_72)+\/K22(Tz_72)2+47271K2”1 :| (23)
2

Substituting the values of v*, w*and u3, from Equation 21, Equation 22 and Equation 23
respectively into the first equation of System 20 gives

K, (7, _72)"'\/’(22(72 _72)2 +47271K2u1*
27,

|:’<1771(ﬂ2 — i, )y :| _|:K1ﬁ1 (17, = p)u —h K7, g, :| -0
& (h+u)) & (h+u))

2
—nu; + 5,7, — )+ Ky,

(24)
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Multiplying every term of Equation 24 by 27,& &, (h+u;) leads to
—27,7,6,8 2(h+u2>” 21+ 27,8 &k {hu 3(71 —rug
Ky £ i)k (6 -y )4k T sy MrKm |y @9

27,8 k1, (1, — 7y )u12 =27,6,k, (1, — 14 )Ml3 +27,8 hi i, pu, =0

Having known the value of uj from Equation 25, the other values of v*, w*and u3, can
easily be computed from Equation 21, Equation 22 and Equation 23 respectively, when-

Hy hy,

ever7>y, u, <—*and u >
n, (1, — 1)

respectively; and uj is the positive root of

Equation 25.

3. Stability Analysis of the Equilibrium Points

3.1. Local Stability of Ey, E1, E>, E3 and E4

The local asymptotic stability of each equilibrium point is examined by constructing the
Jacobian matrix and obtaining the eigenvalues determined at each equilibrium point. The
stability, instability, or saddle of the equilibrium point is determined by the signs of the
real parts of the eigenvalues of the Jacobian matrix. The eigenvalues of the equilibrium
points must be negative in order for them to be stable. By differentiating the right hand
side of System 2 with respect to u;, u,, v, and w, the entries of the universal variational
matrix are constructed as shown below.

where,

2
* Thit, ~
A V2 T2 —nu,
h+u’
2r,u
e & 0 0
J= K, (26)
2
A 0 h-zl-bltf — My —GW —GV
W 0 Sw Ayl + &V — L
. 2t 2nuvh+u)=2nuwv| .
A =g —y -0 iy, 122771 L2,
K, (h+u;)

A 2nuv(h+ul)—2n,u’ v

(h+ uf)2

At this point, we determine whether the equilibrium points in Section 2 are stable, unstable or
saddle as discussed in the propositions that follow.
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Proposition 3.1 The vanishing equilibrium point Eyis a saddle point wheneverT <y or

T2y
Proof: The Jacobian matrix evaluated at the vanishing equilibrium point, J (E, ) is given by

LN V2 0 0
N =7, 0 0
0 -1, 0

0 0 0 -u

J(Eo) =

Finding the roots of J(E|)involves solving the auxiliary equation,|J (E))—Al | =0,

where 2,1 (i=1, 2,3, 4) denote the eigenvalues of J(EO) . Therefore, |J(E0) - /111| =0 can
be simplified to
(T1 =7 1) - /14 V2
(=, =) (=1, = 4,) ( =0,
Vi (T, =7) -4
from which we have (—u,— 4;)=0and (—u; — 1) =0. So, A= —u,< 0 and A, = —u; < 0. The
remaining two eigenvalues are obtained by solving the equation

((2'1_7/1)_/1 72 )zo
71 (72_7/2)_1 ’

which can be expressed in the form
2
A +eA+e, =0, 27

where, e;=— (11— v1) = (T2~ v2) and e, = (11— V1)(T2— ¥2) — 1Yz
According to Routh-Hurwitz criterion [12], all the roots of the polynomial 27 will have nega-
tive real parts if the conditions e; > 0 and e, > 0 hold.

Let us then consider the following two cases of Equation 27

(1). Case I: If © =y, then e, < 0, which implies that one of the eigenvalues will have a positive
real part.

(ii). Case 2: If > y, then e, < 0 and if 7 < y, then e, < 0, implying that in each scenario, one of
the eigenvalues is positive.

Therefore, since at least one of the eigenvalues of Ejis positive and the rest are negative, then
E,is a saddle point whenever 7 <y or7 2 .

Proposition 3.2: The planar equilibrium point E;is locally asymptotically stable if u,> 0,

;> nyand k) (t; — v;) < 2tu;, otherwise unstable.

Proof: The J (E))is given as

DOI: 10.4236/***.2023 ***** 8 Journal
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2ru; u -
T =y 7> _771_1*2 —nu,
K h+u1
2 *
7 72_72_ﬂ 0 0
J= K,
0 0 0
h+u/
0 0 0 AUy — M,

The roots ﬂ,l (i=1,2,3,4)of J (E)) are obtained by solving the characteristic equation de-

fined by |J (E)-A1 | = () while upon mathematical computations leads to

2

- n,u, A -4 Voo
{("2”1 _ﬂz)_/%} =M |4 =0,
h+u, 4 Ay =4
KT, — Ky, — 2T, K,T, —K,V, — 2T U,
Where the entries A, = 1h K7 L and A, = 2t 7557, 22 from which
K K,
*2
~ % _ 772”1 ~ ok
i, =, )= A4, =0 and ~— 1, |=A4, =0 hence A =r,u —u, and
h+u;

2

u*
ﬂz = 772—12 — M4, . Similarly, the other eigenvalues of J (E,) are obtained by solving

h+u/
KT, —KX TZTMT 1] KT 5Ky 523 u ) -0 )
= - . 8
{ L }{ z P o

Making A; the subject of the formula from Equation 28 leads to

%={K272_K27’2_272u;}_{ K7 }
K, KT =Ky, =20 — KA,

If we consider A; as being negative, that is A; = —x, then A4 can be obtained from

VT Ry —20u, | K417 for which,
K KT, — Ky, —2nu — x4, |

2

_Kt,—KY¥ T2ru; KYE 1 »

K, KX+K71 7’{72_227”*2'
Local asymptotic stability of E| requires that all the eigenvalues A, A, A;and A40f J (E}) be
negative. Therefore, since A5 < 0, it implies that A4, <O if &,(7, —y,) <271, . Moreo-

2

14

- u
ver, for the negativity of the eigenvalues l, = nzul* -4, andﬂ.2 = 772—1*2— A, , then the
u
1

DOI: 10.4236/***.2023 ***** 9 Journal
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conditions p; > 1pand p, > 0, must hold. Hence, E| is locally asymptotically stable when; p, >
02, K1 (11— ¥1) <2tyu; and p > 1, otherwise is unstable.

Proposition 3.3 The specialist predator-free fixed point E, is locally asymptotically stable
if < (u;+ &) e>0(i=12 3.)and e;e;— e3> 0; where e'S are defined in the proof

that follow, otherwise, E, is unstable.

Proof: The J (E,) is given as

X ATHEE u’ .
LN Kl. — =W V> _ﬁ —nu,
1 1
2r.u,
J(E,) = i L 0 0
2/ 2
0 0 Ph o p—Ew 0
h+u,
AW 0 AW RTNEYTA

For simplicity, the above matrix can as well be written as

bll b12 b13 b
by, b, 0 0
J(E,) = (‘2)1 (2)2 b 0|
33

b41 0 b43 b44

where b;; (i, j = 1, 2, 3, 4) are the entries corresponding to the relevant rows and columns re-

spectively. Finding ﬂl (i=1,2,3,4) of J (E,) involves solving the characteristic equation

|J(E2) — ZI.I| =0, which can easily be simplified to

b 1 A blz b14
(b33 - /11) = b21 b22 - /1 o = O (29)
b, 0 b,—-A
Hence, one of the eigenvalues of J (E,) is determined by solving the equation bs; — A; = 0. So,
2

A =b, = L —EW and th ini ts of J (E btained b
=b, = s u*z 4, | and the remaining roots of J (E,) are obtained by
1

simplifying the second part of Equation 29 to obtain
ba [7b1a(b22 = )] + (bas = M[(b11 = A)(b22 = A) — biobyy] = 0. (30)
Equation 30 can further be simplified to A+ e A2+ e)h + e3= 0 where the coefficients e; (i =

1, 2, 3) are defined as; e; = — (by; + by + bus), €2 = (b11b2y + byibas + byobuy — biobyy —bysbay)
and e3 = (bisbsiby — bibabay + biabaibay).

DOI: 10.4236/***.2023 *****

10 Journal



Odhiambo Francis, Titus Aminer, Benard Okelo and Julius Manyala

By Routh-Hurwitz criterion (See [12], and [13], A; have negative real parts if e3> 0, e;> 0, e,
2

*
u *
> 0 and eje; — e; >0, and. In addition, given the first eigenvalue 't T — M —flw ,

h+u;

1, <(g,+ &) . Thus, E; is locally asymptotically stable if these conditions are satisfied,

otherwise unstable.

Proposition 3.4 The generalist predator-free fixed point E;is locally asymptotically stable

ifu> (02t &), e, >0(i=1,2 3.) and eje; — e3> 0; where e's are defined in the follow-
ing proof, otherwise unstable.

Proof: The Matrix 24 evaluated at E; is expressed as

b, b, b; b,
b,, b 0 O
J(E,) = b1 P

b31 0 b33 b34
0 0 0 b,

where,
% % %2 P
= 2eu; 24V (h+u1 )_2771111 ’ b — 27,1,
b11—T1_71_ - XV , by, =1,—y,— i
o (h+uf ) K,
. 2,V (Mt u] ) =2, ul v
_1n 2% 1 > U . .
33 7 2 —H, Dy = 2 s b44 =n,u, +§2V — 1y,
h+u, (h+ " )
*2
_ Iy - i
Pt bB__h+ = by =—fu . by =y, by=—¢v
u
1

The eigenvalues ﬁi i=1,2,3,4)0of J (E3) are obtained by solving the auxiliary equation
|J(E;)— 41| =0, which simplifies to

b11 -4 b12 b13
(b44 —ﬂi) = b21 b22 -A 0 =0, 31D
b,, 0 b,—A4

from which, bb44 — 21 ) =0, ﬂ1 = b44 = ﬁzuf + §2v* — M, , and the three remaining ei-

genvalues are determined by simplifying the second part of Equation 31 to get, bs; [~ b3(bx
= M)] + (bsz— V)[(by; — A)(byp— X) — byabyi] = 0, whose expansion can be expressed in the form
of M+ e\ + ek + e3 = 0, where the coefficients e; (i = 1, 2, 3) are defined as; e;=— (b;;+ by,
+ bs3), € = (by1bsz + bybsz + bybyy — bioby = bysbs)) and e; = (bisbsby — bybybas +
bisb,bsz). All the roots of the cubic equation 2+ elkz+ e,A + e3= 0 will have negative real
parts if by Routh-Hurwitz criterion [14], [15], e;> 0, e,> 0, e3> 0 and e;e; — e3> 0. Thus, the

DOI: 10.4236/***.2023 *****
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Routh-Hurwitz conditions (e; > 0, ;> 0, e3> 0 and ¢ = ¢; x e;— e3> 0) for the negativity of
the real parts of all the eigenvalues of J (E;) have to be satisfied if in addition from the first

eigenvalue 7,u; + &V — g, 1, > (i, +&,) for the local asymptotic stability of Es.

Hence, E; is locally asymptotically stable if these conditions hold, otherwise unstable.

Proposition 3.5 The coexistence equilibrium point E; is locally asymptotically stable

whenever e; > 0, e3> 0 and €,6,6, —eg—efe4 >0, where e'sare discussed in the fol-

lowing proof.

Proof: Consider the Jacobian Matrix 26 evaluated at E, below

bll blz b13 b14

J(E ) — 21 b22 0 O s
2 0 0 b, O
b41 0 b43 b44

where,

. 2 Wk
KT, — Ky, — 21U, _2771”1V (h+u1 )_2771 u v

~ *
b, = P 2 —nw,b,=7,
1 (h+u1 )
;.
_ 1 1 _ ~ * _ ~ * * _ _ *
by =-— P by =—iu by, =iu + &V — 1,0, =y,,by, =—C
u
1
*k ok *2 *3 *
KT, — Ky, 2T, 2, v (h+ U, )_2772 u; v .
by, . by, = 2 By =W
2 (h+ul )
*2
IR _ hy
by, =n,w by = 2 M-
h+u,

The -eigenvalues /11. of J (E4) are obtained by solving the auxiliary equation

|J(E4) - ﬂi1| =0 . Therefore,

bll -4 b12 b13 b

14

(B - 21| = by, b,-A 0 U
! e b31 0 b33_i b34 o
b41 0 b43 b44_2“

Using the cofactor method for determinant, the characteristic polynomial for the variational
matrix J (E4) can be reduced to A+ eﬁf + ezkz + esh + e, = 0, where the coefficients e;(i = 1, 2,
3, 4) are defined as e; = —(by; + by + b3z + byy), €5 = by1bay + byobsz + byobyy + bybsz + byjbyy
+ bazbyy = bioba; = bisbs; = bisby = basbus, €3 = biobyibas + bisbybas + bisbsibyy + bisbyabyy +
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bi1b3sbaz + bisbsibas + biy + baibss + baybssbas — biibbss — biibaybas — baybssbas — biibssba—
bi3bssbsi—bisbsibss, and es = bybyibssbss + biibyybssbas + bisbasbasbs + bisbsibybys —
b12b21b33bas = bi1brabssbas = bisbsibabas — bigbaibanbss.

According to Routh-Hurwitz criterion [1], the eigenvalues of J (E,) will have roots with neg-
ative real parts if ;> 0, > 0,e3> 0,e,> 0, €e, —e, >0and(ee, —€;)e, —61264 >0.
Therefore, the positive equilibrium point E, is locally asymptotically stable if e;> 0, e,> 0, e;

>0,e,>0and(ee, —€;)e; — 61264 > (), otherwise unstable.

3.2. Global Stability of E, E», E3 and E4

In this section, we apply the knowledge of the Lyapunov direct method to investigate
the global stability of the System 2. This is done by employing the relevant Lyapunov func-
tion as demonstrated in the proof following the theorem below.

Theorem Suppose that E,, E,, Esand E,are locally asymptotically stable in R%. Then E,,

E,, Esand E, are globally asymptotically stable in R}whenever the following condition
holds

S8, <n,mé (32)

Proof: Let us consider a positive definite function for the coexistence equilib-
rium point E4 defined by

Qy(ur,uz,v,w) = [(ul —uj)—ujln (%)] +c2 [(ug —u})—uzln (%)]
! 2

1
v w
1 Iy .3 4 ‘* a1 1 ‘* *
+ 3 [(L —v*)—v"In (l—*)} + ¢y [(u —w*) —w"In (Eﬂ ,
where cy, ¢,, ¢z and c4 are positive constants to be suitably chosen.

Differentiating the function @, (u;, u,, v, w) with respect to time, t along the solutions of
System 2 gives

Ao 00 du | 00 du 90 dv 90 d
dt Ou dt  Ouy dt Qv dt  Ow dt
_ -ul—uf % @52_“3 @ v —o* d_U
= (—u1 )dt + C2 (—UQ )dt +03( . )dt
L . (-ww*)dw
4 —.
w dt 33)

Now, substituting the values of u;, U,, v'and w' from System 2 into Equation 38 leads to
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; i Uy Yolla  ULY
$, = &k — ) s — 0y
4 c1(u —uy) _T1 ( m) Yt " htd Quu]
[ s U
+  co(ug —u3) |72 (1 — ——2) — v + H 1] + cq(w — w*)(o2uy + Ev — pa)
L K2 Uz
2
* 2u
+ c3(v—v") [h—i-;ff — 1 —élw] ;
: e[ 7 * uz U3 (w1 — uj)(v —v")
P, = c(uy —ui) |[—(ug —ui) + —_—— i | =
4 1( 1 1} i ffl( 1. 1) Y2 (Ul “T) (h—i—u%)(h-l—u’fz)
. * To . Uy Ul
_ " W — 1w o (U — 1 ——(us —uX)+~ _ %
cr101(w — w*) + c2(ug — u3) [ . (uz —u3) +m (u2 ug)]

ST n2(u —ui)®
+ (v —v7) [(h + u?)(h + ul?
+  esba(v—v*)(w —w*).

)~ §i(w — w*)] + cq00(uy — ui)(w — w*)

Carrying out further mathematical computations result to

* 4 *

UaUp — U Uy CoTo (H 1.!,*)2

s, 9 —
U Uy Ko 2

=~y — i)+ eamalun — )
1
o [pemsm -y
() (bt )

&

—c101 (v —uj)(w —w*)

ey [(waud — ugul na(uy — u})?(v —v*)
+ ol “‘2)( usth )W( (h+ ) (h+u?)

— e3bi(v—v*)(w—w*) + eq0o(uy — ul)(w — w*) + esbo(v — v*)(w — w*)

Choosing the positive constants ¢, ¢,, c3 and c, tactfully as

u, i
C =1, 02272 f, c3=1andc4=~—1 , we end up with
s 7, n,
- T w2 [ i i m(ur —ui)*(v —v*)
b, = ——(ug —ui)’— | —= ) (ugus —usuy) —
" H]( 4 1) (u’l‘)( 152 2u) [ (h+ u?)(h + u}?)

usT: 5
o — ) (w—w) - (’Y—) (2 —u)? + ("f—) (11 — usd)

KaY1u] 5|
muy —uP)?(w—v*)] m&v—v*)(w—w*)
m+uam+uﬁ)] o
01&2(v — v*)(w — w*)

+ o1 (uy — uy)(w —w*)

+
Q2

Therefore, we finally end up with

d® i QUST: w

=l _ __l(ul _uT)Q _ Yalg i (u2 _u;)Q . 0112

dt K1 Kay1u} 09
o (9277151 _an2£2) ('U—'U*)w
202 (34)
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The time derivative ® , denoted by Equation 34 is negative definite whenever the inequal-
ity ﬁlﬂzfz < ﬁzﬂlfl holds. Therefore, the coexistence equilibrium point E, is globally

asymptotically stable in R% whenever Condition 32 holds. The proof for the global sta-
bilities of the other equilibrium points is done in a similar way.

4. Numerical Simulations

In this section, numerical simulations are used to verify the obtained analytical results for
the System 2. The System 2 is numerically solved using the following set of biologically
feasible hypothetical parameters with given initial points

T = 4, Ty = 35, Y11= 25, Y2= 15, m= 2, Ny = 15, Q1= 025, K= 30, 0= 0025, Ky = 40,
£=0.5,8&=025h=1,1,=0.6, ur= 0.8 (35)

With the above parameters, it is noted that all the conditions for existence of the equilib-
rium points are satisfied. Therefore, the equilibrium points of System 2 exist and given
by: E; (28.1, 43.0, 0.0, 0.0), E,(28.0, 43.8, 0.0, 1.4), E5(0.8, 23.8, 46.1, 0.0) and E,(25.5,
40.7, 0.7, 1.8). Time series of the solutions are then drawn using the in-built ordinary dif-
ferential equation solver; MATLAB function ode45 software package under the above set
of parameters to validate the obtained solutions for each equilibrium point as demon-
strated in the subsections that follow.

4.1. The Coexistence Equilibrium Point

The positive equilibrium point's solution gives a threshold level under which all the four
species coexist.

- The Coexistence equilibrium point

AAA
40 r | fo ]
== Unreserved prey
35 F = Reserved prey il
== Specialist predator

- Generalist predator

Population
N
(6]
3

0 200 400 600 800 1000
Time

Fig. 1 Graphical representation of E4 with the data given by Equation 40
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Figure 1 shows that as 7 tends to infinity, the solutions u,(f), u,(¢), v(¢) and w(¢) oscillates
for a small period of time before asymptotically tending to the positive equilibrium point
E4(25.5, 40.7, 0.7, 1.8), in the long-time limit obtained by solving the algebraic equations
for equilibrium points, which agree with the simulation results. Thus, the respective pop-
ulations can coexist.

At this point, we study the effects of varying certain parameters of the System 2 on the
dynamical behavior of its solutions. We demonstrate the effects of varying key parame-
ters, and the corresponding effects on the dynamical behavior of the System 2 illustrated
graphically.

4.2. Effect of varying migration rate coefficient y,

For various values of y,, the solution oscillates briefly before asymptotically approaching
the equilibrium points (21.9, 43.1, 1.0, 1.8) when y, = 3.5 and (28.1, 38.1, 0.4, 1.8) when
Y1= 1.8.

N
o

B
o

N
o

W

(&)1

35 unreserved prey
reserved prey 30
specialist predator m‘-
30 top predator
25
& (=)
B 25+ S
= = unreserved prey
= S 20 reserved prey
8 20 g specialist predator
Q Q top predator
15 }
15|
10
10

o

' J 5
0 - 0 W
0 500 1000 0 500 1000

Time Time
Fig. 2 Convergence of the solution with (a) y; = 3.5 and (b) y;=1.8.

The population density of prey in both the reserved and unreserved zones grows with in-
crease in y;. On the other hand, decreasing the value of y, results in an increase in the den-
sity of unprotected prey and a slight decrease in the density of protected prey. However,
the top predator is not affected by these variations.

4.3. Effect of varying migration rate coefficient y.

Figure 3 below illustrates the dynamics of System 4.2.4 in which the solutions approach
the stable points (28.07, 38.16, 0.39, 1.80) when y, = 2 and (22.90, 42.57, 0.91, 1.80)
when y,=1.12.
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Fig. 3 Convergence of the solution (a) y,=2.0 and (b) y,=1.12.

800

It can be seen from Figure 3(a) that as y, increases, the number of unreserved prey in-
creases while the population density of the reserved prey decreases noticeably. This indi-
cates a surplus of prey in unprotected region and as a result, the overall predator’s rate of
prey conversion to food rises. The population density of prey in the unreserved region and
the specialist predators are also severely affected by a decline in y,.

4.4. Dynamics of System 4.2.4 with different values of |,

The solutions approaches the stable points (26.0, 41.0, 0.6, 1.4) for u; = 0.8 and (24.1,
40.0, 0.8, 2.9) for u; = 0.06 as confirmed in the Figure 4 below.

45

40

35

n
o

population

n
o

0

a b
v 45 T
AAI
[\ 40
unreserved prey unreserved prey
reserved prey 35t —— reserved prey
specialist predator — specialist predator
— top predator ——— top predator
30
v (=
(yww 52
o
=
& 20
Q
15|
101
&Llw 5
T T T 0 n n n
200 400 600 800 0 200 400 600 800
Time Time

Fig. 4 Convergence of the solution with (a) ;= 0.8 and (b) x; = 0.06.
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An increase in y,leads to an abundance of prey in the unprotected zone and a small de-
cline in the generalist predator’s ability to convert prey into food and hence a slight de-
crease in the density of top predator as depicted in Figure 4(a). However, decreasing the
value of u; only results in a noticeable increase in the top predator while the other species
are only slightly affected as illustrated by Figure 4(b).

4.5. Effect of varying the natural death rate .

Figure 5 shows that a change in u, initiates oscillations for a short time before approach-
ing the equilibrium points (25.23, 40.61, 1.28, 1.80) when ;= 0.95 and (25.7, 40.8, 0.2,
1.8) for 1, =0.7.

The densities of reserved prey, unreserved prey, as well as generalist predator are insig-
nificantly affected by changes in u,. However, an increase in u, leads to an increase in the
density of specialist predators as shown in Figure 5(a) and vice versa as illustrated in Fig-
ure 5(b). This indicates an abundance of prey in exposed areas, increasing the rate at
which prey becomes food for specialist predators.

a b
45 - T T 45 T T
40 1 40 (’
unreserved prey unreserved prey
35 F —— reserved prey 1 35 reserved prey

specialist predator
top predator

specialist predator
top predator

w
o
w
o

o o
S 25 825 ]
© ®
3 3
20 220 .
o o

—_
()]
-t
o

—_
o
—
o

5ﬂ 1 5 k
0 : : : 0 : : :
0 200 400 600 800 0 200 400 600 800
Time Time

Fig. 5 Convergence of the solution with (a) ¢, = 0.95 and (b) u,=0.70.

4.6. Effect of varying the attack rate &;

The System 2 loses persistence as a result of the numerous oscillations caused by an
increase in the value of £, and the chain is broken as depicted in Figure 6(a). However,
the solutions asymptotically approach the stable points (26.3, 41.1, 0.6, 1.2) when &, =
0.75 and (17.1, 36.3, 1.5, 9.0) when & = 0.1
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Time Time

Fig. 6 Convergence of the solution with (a) £, =0.75 and (b) &, =0.1.

5. Conclusions

In this paper, a total of five equilibrium points were found to exist and the conditions for
their existence derived. Using the eigenvalue approach, Routh-Hurwitz criterion and the
Lyapunov technique, all the equilibrium points of the System 2 were investigated for their
stability and the conditions for asymptotic stability of each derived. To verify the analyti-
cal results, numerical simulations have been performed using MATLAB function ode45
software package and time series graphs of the solutions of System 2 drawn using the
in-built ordinary differential equation solver. According to the simulation results, the so-
lutions of the System 2 have been found to undergo a few oscillations before settling
down to the equilibrium points in the long run. Moreover, a small variation in the migra-
tory parameters y; and y, caused the species to significantly change. Hence, this confirms
the significance of the reserved zone in affecting the dynamical stability of the System 2.
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