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1. Chose ANY THREE questions.
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QUESTION ONE (20 marks)
a) Let X be an inner product space over K. If x;, y; € X and a;, 8; € KK where
i=1,..,nandj =1,..,m. Show that

(Xi=1 aixi,Zﬁ-’il Biyj) = Xi=1 Z;’lﬂ aiﬁ_j<xi'Yj)- (8 marks)

b) Let X be a normed linear space over K, X* its dual and X**,the dual of X*. Consider
the map J on X defined by (Jx)(f) = f(x)Vf € X*. Show that J and Jx are both
bounded and linear. (7 marks)

c) Let (x;,)nen be asequence in a normed linear space X. Then show that if weak limit
of (x,)nen €Xists then it is unique. (5 marks)

QUESTION TWO (20 marks)

a) Let (X,(,)) be anormed linear space over K and (x,), (1,,) be sequences of X,
then show that

i) If x,, = xand y, — y strongly then {x,,, y,) = (x,y) in (K, d). (5 marks)

i) If (x,), () are strongly Cauchy, then the sequence ({x,, ¥,))n=1 Of scalars
converges in (KK, d). (5 marks)

b) LetY be an inner product space. If E is a nonvoid subset of Y and x L E then
show that x 1 E. Also if E is dense in Y, then x = 0. (5 marks)

c) LetY be an inner product space and {x,: a € A}be a summable family elements
of Y with sum x. Let y € Y, then show that the family {(x,, y): « € A} of scalars
are summable to (x, y). (5 marks)

QUESTION THREE (20 marks)
a) Let G,H and K be Hilbert spaces over Cand T € B(G,H) and S € B(H, K), then
show that



b)

1) S+T)'=8"+T" (4 marks)
i) ST =T*S". (4 marks)

Let X be a Banach space, Y a normed linear space and (T;,)5=, € B(X,Y) converging

strongly to T, then show that T € B(X,Y). (6 marks)
Let X, Y anormed linear space, D € X and T: D — Y be a linear transformation
bounded from below. Then show that T=1: R — D is bounded. (6 marks)

QUESTION FOUR (20 marks)

a) State and prove the polarization identity. (10 marks)

b) Let X be a Banach space, Y a normed linear space, D € Xand T:D — Y
bounded from below be a closed linear transformation then, show that R is a
closed linear subspace of Y. (10 marks)

QUESTION FIVE (20 marks)

a) State and prove Cauchy-Bunyakowskii-Schwarz inequality. (8 marks)

b) LetY be an inner product space, N a linear subspace of Y and M a closed linear
subspace of Y such that N > M properly. Show that there exists a non-zero vector
z € Nsuchthatz 1 M. (4 marks)

c) LetY be aninner product space and M C Y. Then show that M+ is a closed linear
subspace of Y and M n M+ < {0}. (8 marks)



