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OASIS OF KNOWLEDGE



QUESTION ONE (20 MARKS) 

a) Define the operator norm of a linear operator T and explain how it is computed. 

Provide an example of calculating the operator norm for a specific operator.   

                                                                                                                         (10marks) 

b) i)  Find the eigenvalues and eigenvectors of the matrix operator: 𝐴 = [
1 −1
2 3

](3marks) 

                                                                                                                                      

ii) Analyze the spectrum of the operator A from (i). Is it compact? Normal? Justify 

your answer.                                                                                               (7marks) 

 

QUESTION TWO (20 MARKS) 

a) Explain the concept of the dual space and its properties and briefly discuss the 

relationship between the dual space and the space itself.                                (10marks)   

b) Describe how operator theory plays a role in quantum mechanics. Provide a specific 

example of a quantum mechanical system and its operator-based representation.                                                                                                                                                 

                                                                                                                         (10marks) 

QUESTION THREE (20 MARKS) 

a)   State Gelfand's formula and explain its connection to the spectral radius. 

                                                                                                                           (8marks) 

b)   Describe how the spectral radius relates to the stability of dynamical systems 

  governed by linear operators.                                                                         (12marks) 

 

QUESTION FOUR (20 MARKS) 

a) i) Show that the operator 𝑇:ℓ2(ℝ)→ ℓ2 (ℝ) defined by  𝑇(x)=(𝑥1, 𝑥2, 𝑥3,…) is bounded. 

                                                                                                                                 (5marks)                                                     

ii) Explain how the compactness of an operator affects its spectrum.               (5marks) 

b) State Banach-Steinhaus theorem and explain its significance in Operator Theory.  

                                                                                                                         (10marks) 

QUESTION FIVE (20 MARKS) 

  Discuss the importance of numerical ranges in functional analysis. Explain how they can be 

  used to analyze the properties of linear operators, including spectral  properties, invertibility,    

  and compactness. Include relevant examples and theorems in your discussion.       (20marks)                                                                                                                                                                                                                 

                                        

                                                                                                                                   


