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Abstract: Let J be the Jacobson radical of a commutative completely primary
finite ring R such that J* # (0) and J**! = (0). Then R/J = GF(p"), the
finite field of p” elements, and the characteristic of R is p* where k > 2 and p is
some prime integer. In this paper, we determine the structures of the quotient
groups 1 + J i J1+J “+1 for every characteristic of R and 1 <i < k — 1.
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1. Introduction

Throughout this paper, all the rings are finite and commutative with identities,
denoted by 1 # 0 and ring homomorphisms preserve identity. Upon consider-
ation of s, ¢t and X\ to be the number of elements in the generating sets for U,
V and W respectively, Chikunji in [1] determined in general the structure of
1 4+ W of the unit group of R = Ry @ U &V & W and the structure of the R*
of R when s =3, ¢t =1, A\ > 1 and the charR = p. Furthermore the author
generalized the solution of the cases when s = 2, ¢t = 1; t = s(s + 1)/2 for a
fixed s, and p < charR < p?; and when s = 2, t = 2 and charR = p to the case
when the annihilator, ann(J) = J? + W, so that A > 1.
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Let R be a completely primary finite ring with maximal ideal J such that
JFHL = (0), J¥ # (0), k > 1. Then the residue field R/.J is a finite field
GF(p"), for some prime integer p and positive integer r. The characteristic of
R is p” for some positive integer k. Let Ry = GR(p*",p*) be the Galois ring
of characteristic p* and order p*”. A concrete model is the quotient Z,[z]/(f)
where f € Z,x[7] is a monic polynomial of degree r irreducible modulo p. Then
it can be deduced from the main theorem in [2] that R has a coefficient subring
Ry of the form GR(p*", p*) which is clearly a maximal Galois subring of R. A
trivial case is GR(p",p*) = Z,.. We construct commutative finite rings with
unique maximal ideal J such that J**1 = (0) and J* # (0) for the cases when
charR = p? and charR = p* : k > 3. Then we determine the structures of the
quotient groups of the rings constructed.

The following results are fundamental to the study of unit groups of the
rings to be considered in this paper.

1.1. Let R be a finite ring. Then every left unit is a right unit and every left
zero divisor is a right zero divisor. Furthermore, every element of R is either
a zero divisor or a unit (see [3]).

1.2. If a ring has two or more zero divisors (including zero), then R is a
finite ring (see [4]).

2. A Class of Finite Rings

Let Ry be the Galois ring of the form GR(p*",p*) and let u; € J, where 1 <
1 < h—1sothat R = Ry ® Rouy @ ... & Roup_1 is an additive group. On the
additive group, define multiplication by the following relations: w;u; =0 (1 <
i,7 < h—1); rou; = u;rg, o € Ro; pk_lui # 0. From the given definition of
multiplication in R, we see clearly that if (rg,r1,...,75_1) and (sg, S1, ..., Sp_1)
are any two elements in R, then

(70,715 -+, Th=1) (805 81, -+, Sh—1) = (7050, 7081 + 7150, s T0Sh—1 + Th—150)
It is then easy to show that the given multiplication turns the additive group
into a ring.

When char R = p¥, where k € ZT, we determine the structures of the
quotient groups of the ring R.
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3. Quotient Groups

It is an established fact that a ring R defined by the construction in Section

2 satisfies the following property: the subset of all its zero divisors forms a

unique maximal ideal J and 1+ J is a normal subgroup of its group of units

R*. Suppose k > 2, then the ideals J, J2, J3,....J% and J**! in R, form a chain
JoJEo 2o . o JM = (0)

and consequently, the subgroups 1 4., 1 +J2, 14 J3 ..., 1+ JF 1+ JF1 = {1}

forms a filtration

1+J214+ 2014+ 2> .01+ J o1+ =1}
Let R be a ring defined in Section 2 and J be the Jacobson radical of the
ring such that for k > 2, J* # (0) and J¥*1 = (0).
We begin by showing that for j = 1,2,....,k — 1, the quotient J7/J7*! is a
vector space over the quotient ring R/.J.
Lemma 1. Let J be the Jacobson radical of a ring R defined in Section

2. Then the quotient J7/J7*1 j =1,2,....k —1 is a vector space over GF(p) C
R/J.

Proof. Given that J is a maximal ideal in R, the quotient ring R/.J is a field.
For every prime integer p, let F,, be a prime subfield of R/J. Let y1,y2 € JI
such that y; + J7*1 and yo + J7*! belong to J7/J7T1, then for each a € F,,

a((y1 + 77 + (2 + J7Y) = al(ys +2) + 77H) = (alys +y2)) +

which belongs to J7/J/ L. O
Now,
| RI=[ R/T || )T | | TR TR TR
k—1 times

—N—
_ p(1+h + o+ hth=1)r _ P >0

Thus R is indeed finite.
Remark. Finiteness of R implies that .J is nilpotent, say J*+1 = (0).

Notice that 1 4+ J7*! is a normal subgroup of 1 + J7 and by Lagrange’s
theorem | 1+ J7/1 4+ J/*! |= p"" where j =1,...,k — 1. We now determine
the structure of 14 J7/1 + J9+! for j = 1,2,...,k — 1. We begin with the case,
when char R = p?.

Proposition 1. Let R be a ring defined in Section 2. Suppose J is the
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Jacobson radical of R, then for k = 2, the quotient group 1 + J/1 + J? =
Z, % ... x Z, for every prime integer p.
——

h copies

Proof. Let 7q,...,7 € Rp such that 71,...,77 € Ry/pRo form a basis for
Ry/pRy regarded as a vector space over its prime subfield F,. Consider the
element (1 +p7)l+ J? €1+ J/1+ J?. Then

(14 pm)1+ TP = (14 pr)P1+.J7
=1 +p*n+ .. +pP7P)1+J?> =1+ J? since charR = p*.
Next, consider the element (1 + 7u1)l+ J? € 1+ J/1 + J?. Then
(1 +7u) 1+ J*)P = (1 + ryug )P1 + J?
= (1+pru)l +J* =1+ J? since 1+prus € 1+ J2.

Similarly, ((1 4+ 7u1 + 7u2)l + J?)P = 1+ J2 Continuing in a similar
manner up to the element (1 + 7u; + Tug + ... + yup—1)1 + J? we obtain
(14 muy + mug + ... + Ty 1)1 + J2)P = 1+ J2. For positive integers a;, by,
bats--;b(n—1y with a; < p, by < p where 1 <4 < h — 1, we assert that

[T +pm)1+ 72 TTHA + mua) 1 + 7203 T + 7 + myug)
=1 =1 =1

T
1+ J2)b21}... H{(l + mug + Tug + ..o + mup—1)1 + J2)b(h—1)l} =14+ J2
I=1
will imply a; =p, by =p forevery [ =1,....,7r and 1 < i < h — 1. If we set

1}_{((1+p7—l)1+‘]2)a‘a_1 7p}7
{((1 + TlUl)l + J2)bl | bl = 17 "'ap}v
52 = {((1 4+ 7w+ u) 1+ J)% | g = 1, p},

Sh-ty = {((L+ 71 + 7ug + .. + Tup—1)1 + J?)=1 [ by =1, p},
we see that T}, S, Sar,...,S(n—1) are all cyclic subgroups of the group 1+J/1+J?
and they are of the orders indicated by their definition. Since

T T T
[[I<@+pm)i+7? > ] I< 14w > ] 1< 04w+ mup)1 472 >
=1 =1 =1
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T
H ‘< (1 + Tul + mug + ...+ Tluh_l)l + J? >‘= prh
=1
and the intersection of any pair of the cyclic subgroups gives the identity group
1+ J?, the product of the hr subgroups 1}, Si;, Sotye-yS(n—1)1 18 direct. So their
product exhausts the group 1+ J/1 + J2. O

Proposition 2. Let R be a ring defined in Section 2. Suppose J is the
Jacobson radical of R, then for k > 3, the quotient group 1+ J7/1 + Ji+! =
Z, x ... x Z, for every prime integer p.

h copies
Proof. Let 71q,...,7 € Ry such that 71,...,77 € Ry/pRo form a basis for
Ry /pRy regarded as a vector space over its prime subfield F),.

Suppose j = 1. Then the proof is obviously the one given for Proposition

Suppose j > 2.
Let y € Ry. Consider the element (1 +pin —i—pj*lnyul)l + it e 14
J7/1+ J3+L Then
(L7 +p  myun) 1+ 777 = (L4 pn 4+ p7 myua)P1 4 7
= (1+p'nyu)l + 7T =14 7T since 1+ p/nyuy € 14+ J7H,
Next, consider the element (1+p’~ryuy)1+J7Ft € 14 J7 /14 J7+L. Then
((1 —I-pj_lnyul)l + Jj+1)p = (1 —i—pj_lnyul)pl + Jj+1
= (14 pryu)l + 7T =14 771 since 1+ p'nyu; € 1+ J7,
Similarly, ((1 4+ p/~'myus + p' tryus)l + Jj‘fl)p =1+ Jj+1. Continu-
ing in a similar manner up to the element (1 + p/~‘ryu; + p' ‘ryus + ... +
P Iryup_1)1+J71 we obtain ((14+p7 ~ryuy +p7 ~tryus+... 4+ p7 iryun 1)1+

JITHP = 1477+ Now, for positive integers a, b1ty sb(p—1y With a; < p, by <p
forevery [ =1,...,7 and 1 <i¢ < h — 1, we assert that

T+ 277+ o )1+ D) T + 7 )1+ 7)o
=1 =1
T+ 0 ryus + 9" )1+ 7P
=1
H{(l +pj_lleu1 -I-pj_szyuQ + ... —I—pj_lleuhfl)l + Jj+1)b(h—1)l}
I=1
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=1+ J/M
will imply a; = p, by =p forevery [ =1,....,r and 1 <i < h — 1. If we set
Ty = {((1+p'n +p tmyui)l + 7 [ a =1, ..,p},
Su = {((1+pLryur)1 + Yo | by =1, ., p},
Sor = {((1+ ' 'ryuy + 97 T myug) 1+ )2 [ by =1, p}

Sy ={((1 + P Yy 4 P g 4 o+ P T )1 4 JIT e

bh*l = 1> 7p} )
we see that T}, Sy, Sap,-.-,S(n—1); are all cyclic subgroups of the group 1+J7/1+
Ji*+1 and they are of the orders indicated by their definition. Since

r s
H < (L+p'n+p 'yur)1 + 7 > H l< (1 +p tryu)l + 7 >
=1 i

T
I 1< @+ myun + 7 rgug) 1+ 71 >
=1

T
H |< (1 —I—pjflleul —I—pjflleUQ + ... —I—pjflleuhfl)l + Jitt >‘
=1
_ prh
and the intersection of any pair of the cyclic subgroups gives 1 + JT!, the
product of the hr subgroups T}, Sy, Sa,...,S(;—1) is direct. So their product
exhausts the group 1+ J7/1 + Ji+L, O
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