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Abstract:

The transport of solutes through porous media where chemicals undergo adsorption or change process on the surface of the poro us
materials has been a subject of research over the years. Use of pesticides has resulted in production of diverse quantity and quality for
the market. Disposal of excess material has also become an acute problem. The concept of adsorption is essential in determining the
movement pattern of pesticides in soil in order to assess the effect of migrating chemicals from their disposal sites on the quality of
ground water. In this paper, we derive a two dimensional equation accounting for both lateral and axial pesticide flow in a porous
media by convective- dispersive transport with steady state water flow. The model is derived from the first principle and solved using

Alternation-Direct-Implicit (ADI) method.
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. INTRODUCTION

Convective-Dispersive equations have been solved using
implicit methods. This is due to their unconditional stability but
the challenges associated with the matrices have become a
concern and a limitation in obtaining solutions [1, 9]. Implicit
finite difference methods obtain the solution for the next step
from the state of both the current and the next steps, while
explicit methods obtain the solution from the current step only.
Implicit methods require computation per time step and can
implement long time step intervals without suffering numerical
instabilities. On the contrary explicit numerical methods suffer
from instabilities. Implicit numerical methods are stable in one-
dimension problems but they do not guarantee stability in
mu ltid imensional problems. Inversion of mdtrices produced by
explicit numerical are easier to solve compared to those of
implicit numerical methods, but require smaller time interval
thus increasing computation time. In this paper we adopt ADI
method. In numerical analysis, the Alternating Direction
Implicit (ADI) method is a finite

Difference method for solving parabolic and elliptic partial
differential equations.

The advantage of the ADI method is that the equations that
have to be solved in each step have a simpler structure and can
be solved efficiently with the tridiagonal matrix algorithm,,
also called Thomas Alogarithm, whis is user friendly [6]
Peaceman and Rachford [1] method is the most ideal for 2D.
These methods blend implicit numerical methods with explicit
numerical methods. ADI method solves the first dimension
implicitly and the second dimension explicitly and the next step
the first dimension explicitly and the second dimension
implicitly and so on. This method is unconditionally stable and
since it applies implicit scheme to one dimension at a time, the
non-zero terms are present only in three diagonal line matrix,
which is simple and friendlier to solve compared to the matrix
created by the fully implicit method [7] in 2D. Advantages of
ADI method is that it prevents numerical problems encountered
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by the fully implicit schemes and it shortens computing time by
a factor of 2 compared to the implicit method and does not
encounter numerical problems such as negative distribution
functions or crashes during matrix inversion [6] that are seen in
implicit methods.

Il. DERIVATION OF CONVECTIVE-DISPERSIVE
SOLUTE TRANSPORT EQUATION WITH STEADY
STAT WATER FLOW CONDITION

Let the average pore water velocity be V(LT 'l) = % 5]

oH \Y

ie. =-KZ—, is the flux density,d = —, in which
oz VS

Vyy is volume of water in the porous media and Vg is volume

of solids in used instead flow medium before the flow takes
place.

In this paper we apply the concept of dispersion through a
cylindrically packed soil vessel to derive the convective
dispersive equation for pesticide adsorption in a porous media.
(See Figure 1 below)

ar

Figure. 1. Cylindrically packedsoil wvessel
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At very low flow rate, the dispersion is different in longitudinal
and radial directions. The Dispersion coefficients are denoted
by D, for longitudinal and Dg for radial

D(0,V)=Dgiff + Ddis. (10)

(L>TY) is molecular diffusion coefficient,

where D jff

DdiS (LZT'l) is the hydrodynamic dispersion and is the
mixing or spreading of the solute during transport due to
differences in velocities within a pore and between pores. The
volumetric water content denoted by € which we can assume
to be the void age for saturated soils.

The element height is denoted by O¢ . Inner radius is r and
outer radius is I + Or , C is the concentration of the material to
be dispersed and is a function of axial position | , radial position
r, time t and dispersion coefficients Dg and D, radial and axial

respectively.
The rate of entry of reference material due to flow in axial

direction is (2 7rorC). The corresponding efflux rate is
q@ aror) (C +8a—c|:alj . (1.1)

The net accumulation rate in element due to flow in axial
direction is :

—q 2 nror) (%al]. (1.2)
Rate of diffusion in axial direction across inlet boundary is:
-(2aror 9) [DL aa_cl:j (13)

The corresponding rate at outlet boundary is:

oC o0°*C
2maor ) D, | —+——0al 1.4
( mror ) L[al alz j ( )

The net accumulation rate due to diffusion from boundaries in
axial direction is:

2
(2aror 0) D, E;Tgal 1.5)

Diffusion in radial direction at r is:

-(2aror 0) 0D, o« : (1.6)

or

The corresponding rate at radius I' + OF is

—[27(r +or)6)ol

2
pr| L+ C | (w7)
or 8r2
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The net accumulation rate due to diffusion from boundaries is:

—[2zrorelal

oC oC 90°C
D, —+|2z(r +or)ol(0)|D,| — + or|. (18
R or [ ( )ol( )] R(ar or2 ] (1.8)

If we ignore the last term, because we are considering infinite
small changes and that makes the second derivative negligible,
it becomes:

—2m9DRal{ar§(r§ﬂ . (1.9
or\_ or

For a representative elementary volume of soil, the total
amount of a given chemical species X (ML) is represented by
the sum of the amount retained by the soil matrix and the
amount present in the soil as

X =p,S+6C (1.10)
where, o, is the bulky density, and S i the amount of
solute adsorbed,

Differentiating (1.10) with respect to t, yields,

X _, 05, 4% L11)
a Pa U a '

Now the total accumulation rate is:

(27zr8ral)a—x
ot

oS oC
= (2arorol —+0—|. (112
it , 3402

Fromequations (1.0) to (1.12), we have:

oS oC oC
—+ 00— |2mrorol = —gl2aror )— ol
[pb at atj q( )6|

2
+(27ror@) D, gal + 201D, 6r£(r§j
ol or\_ or

(1.13)

Dividing through by (Zﬂrar)al O, we get

(£§+§j_ ’C 1

DRI, A sy I L
o o)t g2 Rar( or) 0o

(1.14)

acj_qac

Taking I=x and r=y, equation(1.14) becomes,

2
£§+§=DX%+1DyQ y§ 9 (1.15)
oot o x*y Toyloy) 0 ox
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But %:VX (pore water velocity), therefore equation (1.15)
comes to
2
(g@@ @)_ p,C. 1p 0, X X
goc ot ot ax? oy Yoyl oy X
(1.16)
Fromthe Freundlich equation, [10]
s=kcN, B _yneN-1 S 5K
C &t oc ot
= KNC N-1C . (1.17)
ot

Putting equation (1.17)in (1.16)
0%C oC 1. 0 ( acj

oy

(1.18)

RC—_D v, =+-D, =
©) o Ty ayy

where, R(C) = (1+§ kne N —1)

Equation (1.18) is our model equation describing two-
dimensional movement of solute in the soil or porous media.

2. SOLUTION OF THE EQUATION USING NUMERICAL METHOD
The expanded equation (1.18) is

2 2
O°C_\ € 1y &L, p O°C

OX? ox y Yoy oy
The finite difference method is ideal for solving nonlinear
equations. We replace the differential with its finite difference
equivalent. We shall establish grids based on dimensions we
are to consider. We use the (i, j) notation that is used to
designate the pivot point for two-dimensional space (X, y)
direction and (i, j) being the counters in the (x y) directions.
The partial derivative of C with respect to x implies that t is
kept constant and vice versa.

oC
R(C)—=D
©)~ =D

The initial condition is that the concentration of pesticide at all
positions in the soil at time zero is constant and equal to C;,
That is C(x,0) = C; for x > 0, C(0,y)=C;

Boundary conditions: two conditions are necessary:
i. In the first case the concentration of the pesticides at
the position x = 0, y=0 is specified for a period of
time, the concentration at the surface is zero. That is

C(0,0t)= Cq forO<t < t,
C(0,0t)=0fort>t,

ii. In the second case, the concentration of the pesticides
in the solution entering the soil system at position x or
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y = 0 is specified for a period time. Following that
time, the concentration at the surface is zero.
Thus

C,, for,0<t<t,

-D, — dc +D, @ VC|X=0 = 0, for, t>0.
dx Yoy
Assumptions

i. The pore water velocity is constant in time and space.
This condition can be met for a uniform soil if the flux
density of water velocity and volumetric water content
are constant for all positions all the times.

ii. The spread of solute is dominated by hydraulic
dispersion rather than diffusion.

iii. The hydrodynamic dispersion can be approximated as
the product of the dispersivity and pour water velocity.
iv. The adsorption process s instantaneous and reversible
and the adsorption isotherm can be described by the
model i.e the concentration of pesticide absorbed on
the soil solids is proportional to the concentration in

thélsdftion, [8]

The second order accuracy in time can be obtained by using the
Crank-Nicolson Method.
n+1

n

j*+1

ii-l
A
i-1 i i-1
Figure.2.Grid showing second order accuracy intime is
Obtain using Crank Nicolson Method.

R(C) (Cn+l _Cn)= DX aicnﬂ +26)2(Cn _VX 6XCn+1 +6XC”
At 2AX 4AX
0,C"™+0,C" 0;C™ +03C"
+Dy + Dy > (1.20)
4yAy 2Ay
If AX=Ay=h
N+, n AtDX N+ N+ N+ n n n
Ci,j1 :Ci,j * 2h2R(Cirjj)[( I+111 2C & +C 111) ( i ZCi‘i +Ci—1,j)]
V. A
—WC;)[(CQIIJ- —Cinfl,l;) ( 1 —Ci 11)]
ij
D A
W((t:) [(Cunﬁl - Ci”ﬁl)+ (Cin,m -Ciia )]
i,
DAt
2h R( )I:(Clnﬁl _ZCMI CanAl) (Cl jH 2C|rv]J +Ciry]l-*l)]

(1.22)

2710 http://ijesc.org/



Using Matrix, this equation is expensive to solve.

The most practical solution to this came with the development
of Alternation-Direct-Implicit (ADI) Method by Peace man and
Richford[1]. This consists of first treating one row implicit with
backward Euler and reversing the roles and treating the other
one by backward Euler.

I11. COMPUTATION MOLECULE
METHOD

FOR THE ADI

naii

n+172

&

Y

Figure.3.Computation Molecule for ADI Method

These methods involve solving one set of linear equations for
two dimensional systems, solve 1D equation for grid line. It
also provides for solving by alternating direction to prevent
bias.

n& ) D .
C 1= =— C.f, 0 2+c|+3] -2+

2N’ RC,)

V At ne e ;
WCIJ) [Ci—l,zj _C|+121j (CI -1,j CI+1])

DyAt Cn% Cn% (C" Cn )
- ] OT +{C. ., —C..
4hyJR(C,nJ) ij-1 i,j+1 i,j-1 i,j+1

DA [ wl i al n
C.3-2C, 2+C, +((:|]1 2+l

THRET) R(C!) S
(L.22)
The matrix form, for each row is,
ﬂ—}_ _ - N+— - -
CLJ: C;‘J _2 l oo 0 Clvji C;J
C:‘_JE Czyj D At l _2 l ITRET] C;? Czyj
=l ) : N " T + "
1 ) 2h R(C|J) § ) _ _ 1 1 )
ﬂ—1 C|nJ L 0 ITRET! 1 _2_ n+= C|nj
Gt L]
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I _1 1 Bl 0_ C:l,jE _Clrj]-_
1
0 _1 1 1y " Cn'
V At C,} 2
+—n " - - - 1 + 1
4hR(CI']) 1 B - - _1 ) 1
_0 1 1 1 0_ n+= C|n,j
ICF .
-1 ,, ,, 0] C:F ch
pat || O Tt oellelz| |G
0 . ., 1 o w2 [ch
___Ci,Jz ' ]
__2 1 IR 0 ] Ci‘jl,E _Clnl_
1
1 _2 1 IEERT " Cln
D At Ci,zz 2
ML) mIAn N 1 - - - 'y + "
2h R(C' "
( ) 1 oo T T 1 "
_O mooon 1 _2_ n+} CIHJ
i )
Step 2
1
w_e"s DAt n M| 04
Ci‘jl_Ci‘jZ_th ( [C' 121 ZC 2+CI+1ZJJ+(C| 111_2(: : C|+111)]

V, At AT e
C 2' Cl+lj (CI 111 C|+1lj)
4hR(C, )

D, At s et
_y—n {Ci,j—zl_cl J+1J ( Inj+11 Clnﬁl)
4hy,RCI))

DAt Cnl 2C 2 C 2 (n+1 2Cn+l Cn+1)
2h R(C ) ij1 toa T ij)| The

matrix form, for each row is,
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- - i 1-
o] o 21, 016 o]
n+1 n+1 n+} N
G| |y D,At R [P
" = + 2 n " - - - " + "
) " 2h R(C|,]) ) R 1 ) "
Cxl rH-1 L 0 noon 1 - 2_ n+; Clnfjl
_Ci‘Jz_ Cl'j2' o
0 _1 1 1 O Clvj j Clrj}rl
1 0 _1 1 LB "2 Cnfl
VAt L
YurRC T T T T
4hR(CI'J) 1 1 - - _1 ) "
0 ., . 10 W |c
L e 2l - T
IR8 i
) ___ n+5_ ]
0 _1 N 0 Ci'l C'nfl
1
1 0 _1 § § nes Cn+1
D At G’
R | TR - T o ¥ a
4hy R(C/) )
19 al - - _1 "
_0 ) 1 1 0_ n+£ Clnjl
. . _ n+E_
-2 1, ., 0 Ci,l CM
1
=21, e o
D, At |
— - T Ty o
e R(C!) )
1 al - 1 "
0 b -2)) e
Gy’

The equations can be solved to avoid forward elimination and
backward substitution.

Stability analysis

Using Von Neumann Analysis
n _ An_ 0, _20j
G, =Cle™re
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1
A A D At
C n

1
2@ :+{é"+z (1-Cos,)-C" (1Cos€x)}

h2 R(C ngmgxlglgyl )

V, At Anel A
C 2(Sin@,)+C"(Sing
o iy € sing. )+ (sing)

D, At _é"+§(13in9 )+C"(sing, )
T MRE ) ’ ’

D, At An% An
W ~€"2(1-Cos,)-C"(L-Cos6, )

Let R(C"e™ ™) = A

|: D ! _
ol 1o { sing
¢ A
n - D
c [ { sing,
A J
Step 2
1 i L i
et D, At i .
€ = @y | ¢ 7 (-Cost,) - (1-Cost)
R(C"e"™&™

V At Ane
C 2(5in6. )+ C"(Sing
2hR(C” ity | *(sing,) . )}

D, At NI A s f e
T w}){c 2(iSing, )+ € 1(zs|ney)}

i~ R(CE) itl _ ]){ é”;(1—Cosey)—é"*1(1—cOs9y)]

D At D At VAt DAt
3—(1-Cos6,)———(1-Cosh, )+ * ) +— ;
h°A h°A 2hA 2hA
{ DA D,A D, At }
y

(1.25)
When we combine equations (1.24) and (1.25) we get

(1C9

D, At D,At .
. 1-—2—(1-Cos#, 1-Cos6
Cn+1 |: hz ( x) h ( ) 2h h y}
¢ D At v, At .
2h
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D,At
hiA
D,At
h*A

(1-Coso )+VxAt iSing, +
Y7 2hA

V,At
2hA

{1— DAt (1-Cosb,) -

DAt
x ~—Sing),
h*A !

2nA
D,At

1Sing
|

(1-Cosd,) -

1Sing, —

{1+ DgAt (1-Cosb,) +
h“A

Fromm’s scheme keeps track of whether the wave speed is
positive or negative, and alters the direction of information

transfer accordingly.
This scheme is stable for

én+1 2
= /1,
;o

D, At ’
{1— DXit (1-cos0,)- 3, (1—C056?y)}

h2

D, At D, At 2
1+ —2—(1-Cos@, )+ ——(1-Cosé
ot 1-os0)s D2l f-coso)
2
—~ HSinHNL ~—Sing,
2hA
= — /1
-+ Esmeﬁ *—Sing,
2hA 2hA

Unconditionally For 6, =6, # 0

V.
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