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Question1 [30 marks] COMPULSORY 

(a) Let U  be a linear operator on an inner product  space V .Then prove that U  is unitary  if and only if  

the adjoint U   of U  exists and U U UU I        [10 marks] 

(b) A form  on a real vector space V  is a real valued function f  on V V  with  values in R  

State the axioms satisfied by f so that it is bilinear form.     [5 marks] 

(c ) Let f  be the form on V V  such that  V  is a real vector space. Define  ijA a , the matrix of f  

w.r.t an ordered basis  1 2, , , , n    . 

Suppose f  is a form on 2R  defined by  

    1 2 1 2 1 1 2 2 1 2 2 1, , , 4 2 2f x x y y x y x y x y x y    . 

Find the matrix of f  in each of the bases 

(i)     1,0 , 0,1  (ii)     1, 1 , 1,1         [15 marks] 

 

Question2[20 marks] 

 

Find the principal values and the orthonormal principal axes the of stress if the stress tensor is 

,

1 0 0

0 1 2

0 2 1

i jT

 
 


 
  

.         [20 marks] 

 

 

Question3 [20 marks] 

Consider 4R  with the inner product  

1 1 2 2 3 3 4 4

1 1
,

2 2
x y x y x y x y x y    ;    1 2 3 4 1 2 3 3, , , , , , ,x x x x x y y y y y  , 4,x y R  

(a)Show that the vectors         1 2 3 41,1, 1, 1 , 1,1,1,1 , 1, 1, 1,1 , 1,0,0,1v v v v          

are linearly independent. .     [5 marks] 

(b)Apply the Gram-Schmidt process to the vectors 

       1 2 3 41,1, 1, 1 , 1,1,1,1 , 1, 1, 1,1 , 1,0,0,1v v v v          

to obtain orthogonal basis  1 2 3 4, , ,w w w w .   [10 marks] 

(c) Obtain an orthonormal basis of 4R .   [5 marks] 
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Question4 [20 marks] 

Let W be the space of all three by three  matrices A  over R which are skew symmetric i.e. tA A 

.We equip W  with the inner product  
1

,
2

tA B trace AB . Let V  be the space 3R  with the standard 

inner product    1 2 3 1 2 3 1 1 2 2 3 3, , , ,x x x y y y x y x y x y    . Let T  be the linear transformation from V  

into W defined by  

 
3 2

1 2 3 3 1

2 1

0

, , 0

0

x x

T x x x x x

x x

 
 

 
 
  

 

 

 

(a) Show that T is  a vector space isomorphism of V  onto W ..[8 marks] 

(b)Given  1 2 3, ,e e e the standard basis for 3R ,show that  the set  1 2 3, ,Te Te Te is a basis for W  

consisting of the matrices  

0 0 0 0 0 1 0 1 0

0 0 1 , 0 0 0 , 1 0 0

0 1 0 1 0 0 0 0 0

     
     


     
          

.     [7 marks] 

 

(c )Verify that  1 2 3, ,Te Te Te  is orthonormal.    .[5 marks] 

 

Question5[20 marks] 

For a given stress tensor   
,i jT ; ,

1 2 4

2 3 1

4 1 1

i jT T

 
 

  
 
  

 

(a) find the three basic  tensor invariants  
     1 2 3

, ,T T TI I I  

[12 marks 

(b)show that   
     1 2 3

, ,T T TI I I  are  truly invariant when  the tensor  is subjected  to a rotation  with 

direction cosine matrix of ,

1 2 1

36 6

1 1 1

3 3 3

1 1
0

2 2

i jl L

 
 
 
 

   
 
 

 
 

.      [8 marks] 


