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Abstract

It is known that the Hilbert space H is the most rotund space among all Banach spaces. The guestion
whether if a normed space X is a rotund Banach space implies we can obtain other most rotund spaces is
still open and represents one of the most interesting and studied problems. In this paper we investigate if
there exists other most rotund Banach spaces. It is shown that Frechet spaces are very rotund and also

uniformly rotund.
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Introduction

Rotundity in Banach spaces has been
studied over a period of time. Various notions of
rotundity have been considered with very
interesting results obtained [1-3]. Let X be a
Banach space and a Hilbert space is a special
type of Banach spaces. The following questions
have over 20 years of history [4]. The standard
method of measuring” the rotundity” of the unit
ball in X is through the modulus of convexity ox :
0,2) — 0,1) of X

positive, is such a space E, in some sense
unique?. The author in [6] considered spaces L”
and I° for P > 1 and proved that they are
uniformly rotund. The author in [7] later
considered the Banach products of I” type.

The study of [8] expanded the Days
results, enlarged on the family of uniformly
rotund Banach spaces and established analogous
results for the notion of rotundity of the norm in
a Banach space. In [9] the author considered a
countable family of Banach spaces, {X,: n € N}.

Sxle) vinf{l— || =2 ;| = |[< 1. |<< y [|< 1.|| = 4ny[18]=they proved three characteristics of the

and the characteristic of convexity g(x) = Sup
{e¢ : 0x (¢) = 0}. The modulus of convexity
has”two- dimensional character, “meaning that
ox(e) = inf {Je(e): E < X, dim E = 2}[5]. It is
known that the Hilbert space H is the most
rotund space among all Banach space X, in the
sense that
—

vi-T,

where E, is the two-dimensional Euclidean
space. Now, fix a € (0,2) and consider the class
&q Of all two-dimensional spaces (E,|l . Il) having
e(E) = a. Which of these spaces is the most
rotund? It can be formulated in the following
questions: Given ¢ € (a,2), what is Sup{de(e) : E
€ &2}7? Is there a space E, € &a: de(e) < dea(e)VE €
€a? Moreover if the answer to these questions are

Ox(e) < odgle) =dp,le)=1

very rotund space and discussed the relationship
between the very rotund space and the
geometrical properties of Banach space. In our
case, the aim is to characterize uniform and most
rotundity in Frechet spaces. Let us consider the
following definitions.

Research Methodology
Definition 2.1

[4, Definition 1.1] A Banach space (XII.Il) is
Rotund(R) if given Xy € Sx with x = vy,
thenll “7* Il= 1,

Definition 2.2

[7, Definition 1.2] Let (X,II . I) be a Banach
space. (X, . II) is Uniformly Rotund (UR) if,
given ¢ > 0, there exists 6 > 0 such that
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=" 1= 1 =4 whenever 1I5 : (0,2) — (0,1),
deﬁned by 6(¢) = 2 X-y , is called the Modulus of
Rotundity(convexity) of the space X.

Definition 2.3

[2, Definition 1.3] Let {X;: n € N} be a family
of Banach spaces with the property (UR) and let
dn be the modulus of rotundity of X,,n=1,2,... It
is said that the spaces {X, : n € N} have a
common modulus of rotundity if
inf{dn(e) :n €N} >0Ve:0<e<2.

The inf{d,(¢) : n € N} > 0 if and only if there is
one function &(€) > 0 which can be used in place
of all d,(¢).

Definition 2.4

[7, Definition 1.5] A Fre’chet space ((F) for
short) is a locally convex topological vector
space. Trivial example of a Fre’chet space is a
Banach space. Every Banach space (in
particular, I°V 1 < p < ) is a Fre’chet space.

Definition 2.5

[9, Definition 2.1] Let (Y,Il . lI) be a Banach
space with basis {e; : i € I} (unconditional if I is
non-countable) and such that, for every finite
subset J of |,
(5.0) 0 <| 0j [< Bj,Vj € I =1 Yjel ajej N1 Yjel Biej
Il.

Let {X;: i € I} be a family of Banach spaces. Let
us consider the space

Y (Xi:iel) =l {lIx= (I Xxi)iellle Il iellIXi

Yiel Ixillei € Y }, €

endowed with the norm x = ¢, xi ei Y . The space
Y (Xi : i 1) with this norm is a Banach space.

Results and discussion

In this section we give the results. We begin with
the following Lemma.

Lemma 3.1
[4, Lemma 2.2] Let (Y,Il . II) be a Banach space
with basis {e; : i € I} satisfying the condition

(5.0). Let X;: i € I be a family of Banach spaces.
We define ¢ a mapping fromz =Y (Xj: i € )
into Y as ¢((xi)i € 1) = Yiel I Xl &, V (x;) € Z.
Then ¢ has the following properties: (i) Vz € Z,l|
&2 =Nl Z I, and (ii) VZ1,Z2 € Z,ll (Z1) + &(Z2)
I=ll Zy+ Z2 1.

This result leads us to the following theorem.

Theorem 3.2
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Let (E,Il . Il) be a Frechet space with basis {{en:

n € N} and such that
”i:'r]"i'j"l"‘ll'll:_[Q‘L";"‘HIT“’L gy “ ”gu | Intn |

Let

=1
{en t0p(e) <0 (s)¥ne N E € c,}
be a family of Frechet spaces with the property
(UR) and a common modulus of rotundity.
Let
j‘:l:.ﬂ..?-;...:' Il—n -5 'ui‘l | |
equped W|th the norm
” | _” ;-.ll_l ” ” En |J’
Then if (E,Il . Il ) is uniformly rotund, E(el,£2...)
is uniformly rotund too.
Proof. Let 6 : [0,2] — [0,1] be the common
modulus of rotundity of €, = X, n € N and 95 :
[0,2] — [0,1] that of E =Y . Let us consider x =
(xn), X' = (x*) elements in E = Y (X1 = &1,X, =
g2..) with || x [I=ll X lI= 1, let € > 0 be given and
suppose that || x—x* [|> €. We wish to prove that
38,>0suchthat|l “ 5" |=1—d
This we do in two steps:
Step(1): We assume that [| X, I=ll (X») Il ¥ n € N.
Thenv n €N,

Tn + (T, }llﬂfaﬂl—a["’”——l’l‘ll !.II

since x, and (7] both lie on the sphere of radlus

|| €n € E}

I X, I about the orlgln in g = X,
(Dllz+2'|| =) 0% s + zpllen 1<
Hence 2 | ney (1 = 8(5=g= ) zalen |-
Consider
P={neN:: 4[|%:}%}.
Therefore, if
n € N\P, ||z,]l = Zllan — b,
Then we get
Lin= || nln |2 E-uefi..' [l fll Eu.'—_’iu |2s -z, e

that is

e p la = 2hllen 1< 5
In addition,

Er:l’:f' |£n — ;'” €n ||= l:T
Hence
| Enerllzallen 2 3 | Zoep lzn —zhllen > F

in view of [|xn —x'n|l <2|Ixnll, V. n € N.

Now we denote _ _
i = E-.-f;:i'-.l" ".-"..ll_'”, i = E.-.’—P | H = |I' as ! || — Eﬂ:%| :|!|J|'
elements in E =Y that satisfy

wHy I <l+yl=0 vty -ty )= 2060 | > 20505 = ofe)

By virtue of the property (UR) for
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E=Y, —l,,| y+y +y+ ,.';”|| <1-—4 (r][f})’
that is

From (1) and

(Dl +a'| = 5L, lwn + @ llen 1<

2| 0 (1= o ) llamlen Il )
we obtain

<|| (1 —4(2 jl]r,u +yll=1=4d1(ee(2)) =1 = dal=)

where we have denoted

o(e) = b1(a(e)) = 6:1(8(5) %)
Step (2) In the general case, we suppose only that
Il x I=1l ' I= 1 and that I x + X 1> 2(1 — &y)
where 0 <p <2.
The lemma 1 shows that
21 = 81(W) < lIx + X1 < 19(x) + (),

then
lo(a) — e )l = Ty (lall — llzlen 1< g
Now let g, = ﬂ n=1,2,3.... It is worth checking
that
| Zh’ 1 '.”'1”:”” || I.II | En ||‘=f '”.
To do this,
let
E.,={neM:g, =1}, El ={nelN:s, =1}
We
define
Tn. ifnek,
N = .
Y r,, ifneE n=123 ..
; _r:,. ifne F,
H“ =

Ty, ifnekE . n=123..

Then ¥ = (Un)-ll = 'I.ff:;]'are elementsinE=Y
(X1: €1, X2,: 82,...) such that ’

IB(y) + SO = 1000 + O > 2(1 — S1(W)),

then lid(y) + ¢(y)||f < M. We now
ll.|| = ”.r.lll I :I

define Tn, ifr,=0n=123..

and obtained I/l = llall, ¥ 1 € N

then® = (,) € E=Y(X, =5, X, =

€, ...)and |Ix [l = [Ixll = 1. Also

lo" — 2" | =l Sa (e, — @allen

=1 2z enlllznll = lln ) 1< 1) where

en = +1 appropriately.

It is true that

X+ X7 >l + X = X = X1 >2(1 = 8y(w)) —
=2(1 = d1(p) —3Jonce &£ >
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0 15 fred, we toke  such that 0 < p < 5 and dy(p) + 4 < 0ol5)
U _ -, where & has been defined in
step (1). Then [l 4@ || = 2(1 —do(3)),

From step(1) we have -2
Hence ) o
le—zl=llz—x ||+llz —2|l<z+3=
Therefore, given 0 < € < 2, u has been defined

and hence we can find Bale) = d’f“”‘-" such that
if XX € E =Y (X]_ = &1,X2=c2 ) Wlth
lzll = |z || = Tand I =5 >1—byle )l

thenllz — &' < =
Corollary 3.3:

Let (Y,II . II) be a Banach space with basis {{e :

n € N} and such that

D<o, < 4 ne = uf—|“ en ||l T.—| ala |
B VN PB.Let {X,:ne€ N} be a family of

Banach spaces with the property (UR) and a

common  modulus  of rotundity Let

Y(X Xo) = {o=(z,) €[], X, o Zn | Ea €Y}
equipped with the norm

e (=020 hew L en v, Then if (Y. 1)

is uniformly rotund, Y (X13,Xz...) is uniformly

rotund too.

Proof. Follows trivially.

o -
v =
A || S E

Conclusions

Rotundity in Banach spaces has been studied
over a period of time. Various notions of
rotundity have been considered with very
interesting results obtained [1-3]. Let X be a
Banach space and a Hilbert space is a special
type of Banach spaces. We have shown that
uniform and most rotundity exist in Frechet
spaces.
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