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Abstract

Several investigations have been done on positive maps on their algebraic structures with more
emphasis on completely positive maps. In this study we have described the structure of the Choi
matrices for 2—positive maps on positive semidefinite matrices and the conditions for complete
positivity of positive linear maps from M, to M,41. The motivation behind these objectives
is work done by Majewski and Marciniak on the structure of positive maps ¢ from M, to
Mp41(2 > 2) between matrix algebras.
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1 Introduction

The theory of completely positive maps has been developed by operator algebraists and mathematical
physicists over the last four decades. The two major theorems of Stinespring [1] and Arveson [2],
hold in much the study of completely positive maps. Supported by the [3], Choi-Kraus theorem
originally by Man-Duon Choi in [4] and [5] known as the Choi’s Theorem which is used in the
description of completely positive linear maps.

Theorem 1.1. [6, Choi-Kraus Theorem 3.1.1] Let ¢ : M, — M., be a completely positive linear
map. Then there exist V; € C"*™ 1 < j < nm, such that

p(A) = > VSAV,.
j=1

In the proof, it is shown that if a linear map ¢ : M,, — M,, is n-positive, then it is completely
positive and that if the block matrix [¢(E;;)] is positive, then ¢ is completely positive.

Theorem 1.2. [3, Theorem 1.1.23] Let ¢ : M, (C) — M, C be a linear. The following are
equivalent;
(i). ¢ is n—positive.
(#). the matriz operator entries
Co=(I®)D_Eiy®Aij) =Y Eij @ ¢(Aij) € Mn ® M (C)
ij ij
is positive where E;; € C"*" is the matriz with 1 in the ij-th entry and zeros elsewhere. The
Matriz Cy is called the Choi’s matriz of ¢.
(#i). & is completely positive.
The map ¢ is positive if and only if the Choi matrix Cy is block-positive (n—positive), and ¢ is
completely positive if and only if Cy is positive. Stgrmer [7, Theorem 3.6] result includes Arvesons
extension theorem for completely positive maps [2], as completely positive maps are those which
are n-positive and completely positive maps. Stgrmer (Theorem 1.2.4, Theorem 1.2.5 and Remark

1.2.6), if A and B are C*-algebras and either A or B is abelian. Then every positive map ¢ from
A to B is completely positive (or completely copositive).

In the case of block n—positive matrices the mapping [¢(A;;)]i ;=1 is justified in [8] with the property
that such ¢ maps with finite dimensions are decomposable.
Theorem 1.3. [8, Theorem 1.1] Let ¢ : M, (C) — M, (C) be a linear map. Then
(1). the map ¢ is positive if and only if the matriz [p(Aq;)]i j=1 is block n-positive;
(). the map ¢ is completely positive (respectively completely co-positive) if and only if [¢(Aij)]7 =1
(respectively [p(A;i)|7 ;=1 ) is a positive element of My (M (C)).

In [9] Theorem 1., Stgrmer gives a natural generalization to positive maps that if M, is a finite
dimensional C*—algebra and ¢ from M, to M, is a positive unital map, then the set M, =
{A € M, : $(A) = A} has a natural structure as a Jordan algebra for trace preserving maps ¢.
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1.1 Preliminaries

Definition 1.4. Let A be a n X n square matrix, A is positive semidefinite if, for any vector v with
real components, (v, Av) > 0 for all v € R" or equivalently A is Hermitian and all its eigenvalues
are non negative and positive definite if, in addition, (v, Av) > 0 for all v # 0.

We denote the set of positive semidefinite matrices of order n by M., that is A € M,,.

Definition 1.5. A linear map ¢ is from M, (C) to M;,(C) is called positive if $(M,(C)) C
M (C).

The identity map on M, (C) and the transpose map on M., (C) are denoted by I,, and 7, respectively.

Definition 1.6. A positive linear map ¢ is n—positive if and only if the map I,, ® ¢ : M, (C) —
M, (C) is positive for all n > 1.

A mathematically convenient way to express n-positivity is by using a block matrix notation. Let
[Ai;]7 be positive semidefinite block matrix with A;; € M, (C), then (¢ ® I)([Ai;]) is the induced
map, represented by the block matrix ¢([A]).

Definition 1.7. A positive linear map ¢ is n—copositive if and only if the map 7, ® ¢ : M, (C) —
M, (C) is positive.

Definition 1.8. A map is completely positive if for every n it is n-positive and completely copositive
if for every n it is n-copositive.

Since linear map ¢ : M,(C) — M, (C) is positive if for every positive semidefinite matrix
A € M, (C) we have ¢(A) > 0. We note that there are positive maps that are not completely
positive. Stinespring [1] and Arveson [2] give examples of positive linear maps that fail to be
completely positive.

Definition 1.9. Let ¢ : M, (C) — M, (C) be a linear map. Let (E;;) with 4,5 = 1,...,n be a
complete set of matrix units for M, (C). Then the Choi matrix for ¢ is the operator

Co=(10® ¢)(Z E;; ® Eqij) = ZEZ.]. ® ¢(Ei;) € crmxnm
ij >

Remark 1.10. The map ¢ — C¢ is linear, injective and is surjective, and given an operator
S Eij ® Aij € My, ® My, then we can define a linear map ¢ by ¢(E;;) = A;;. This map is often
called the Jamiolkowski isomorphism [10]. We therefore observe that the Choi matrix depends on
the choice of matrix units (Ej;).

Theorem 1.11. Let A be an invertible matrixz. The self-adjoint block matriz M = { 61,4* g } 15
positive if and only if A is positive and
C*AT'C < B.

See [11] for the proof.
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Theorem 1.12. Let A be an invertible matrix . The determinant of the block matric M =

A B | .
{ C D } is computed as follows.

det M = (det A) det(D — CA™'B).

See [11] for the proof.
Remark 1.13. In Theorem. 1.12 and Theorem. 1.14, B — C*A~'C and D — CA~!'B are Schur

complements of A in matrices M respectively.

Theorem 1.14. . Let A € F"*™ b € F", and a € R, and define
A b
2]
Then, the following statements are equivalent:
(i). A is positive semidefinite.
(i3). det A = (det A)(a — b*A™'b).
See [12] for the proof.

If the off-diagonal entries of A are all nonnegative. Then, A is copositive if and only if A is positive
semidefinite.

Theorem 1.15. (The Binet-Cauchy formula). Let A and B be matrices of size n x m and
m X n, respectively, and n =< m. Then

_ k1..k
det AB = E A, ..k, B ",
1<ky <kg<...<kn<m
where Ak, .. .k, is the minor obtained from the columns of A whose numbers are ki,...,kn, and
Bk s the minor obtained from the rows of B whose numbers are ki, ..., kn.

See [13] for the proof.

2 Choi Matrix of 2—positive Map ¢ from M, to M,

The matrix Cy denotes the Choi’s matrix of ¢. By the Jamiolkowski-Choi isomorphism correspondence
¢ — Cy , ¢ is positive if and only if C¢ is block-positive, and ¢ is completely positive if and only
if C¢ is positive. Complete positivity is determined by applying the Choi matrix operator entries
Co = [¢(Aij)] = (I ® ) (X;; Bij ® Aij) = 32, Eij ® ¢(Ai;) € C"™*™™ | where Eij € C"*" is the
matrix with 1 in the ij-th entry and zeros elsewhere.

This study is motivated by Majewski and Marciniak [14] in their quest to decompose positive maps
between M2 to M, a sum of a positive and copositve maps. We have given the version of the
Choi matrix in [14], [15] and [16] a new look. The Choi matrix of the maps ¢, c,,....c,,_,) Which is
2-positive is partitioned in the following manner.

Let the ¢ : M,, — M 41 be a linear positive map where n > 1,2,3.... We define the choi matrix
for these linear maps as a block matrix of the form,

63



Winda et al.; ARJOM, 16(4): 60-71, 2020; Article no.ARJOM.56092

ail 0 0 c11 c12 Cik 0 0 Y11 Y12 Yin
0 a2
0 . . . . . .
0 0 Ann Cnl Cpn2 Cnk 0 0 Ynl Yn2 Ynk
C11 .. ... C€1n | b11 0 0 Z11 .- ...  Zip | t11 t1g ... ... tig
c21 C2n 0 b2z Z12 Zon | t21 t22 tok
0 .
Ck1 Ckn 0 0 brk ZE1 . Zgn | tk1 tk2 oo tkk
0 0 Z11 zZ192 Z1k di1 0 0 0 0 0
0 doo
0 0 Zn1 Zn2 Znk 0 0 dpn 0 0 0
711 Yin ti1 ti2 tik 0 0 w1l u12 Uy
Y21 Yon to1 too tog 0 0 ug1 ug2 U
L k1 Tkn tr1 tro Tk 0 0 Uk Uko Upk |

which we represent as:

An Cnxk On Ynxk
_ C;Xn Bk? Z;Xn Tk
= =00 Zuar | Dn Ouun (20.1)
Yiv T | Okxn Uk

where A, B, D € M,, are positive diagonal matrices. U > 0 € My, T € My not necessarily positive
and C,Y,Z € My xi where k > 2.

Lemma 2.1. Let A and B be positive diagonal matrixz of order n and k respectively. Then M =

A
{ o g ] is a positive matriz of order n + k satisfying the matriz inequality C* AC < (det A)B.
A ¢
b
matrix and by Theorem 1.14 and Theorem 1.12,

Proof. Let M = where A € M,,_1, c € C* ! and b € R. Since A is a positive diagonal

det M = (det A)(b— ¢ A7 '¢) = (det A)(b—¢* (defA) c)
but det M is positive therefore b — c*(dei%c > 0. Thus c"Ac < (det A)b.
Let M = { (}4* g ] where A € My,—2, C € Ms,_2 and B € M. By Theorem 1.14, Theorem
1.12 and Theorem 1.15.
* 4—1 * A
= — = — [ >
det M = (det A)det(B—C*A™"C) = (det A)(B—-C (det 4) C)>0

therefore C* AC < (det A)B.

Next let n = k. Because A,_s is invertible. By Theorem 1.14 and Theorem 1.12, M > 0 if and
only if B— C*A~1C > 0. That is.
A

B-Cc'A'c=B-C"———_C>
C C C(detA)O_O
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Now let n < k, writing M in form
An Cnxk
Cl:xn By, '

A is a diagonal matrix, By Theorem 1.14, Theorem 1.12 and Theorem 1.15.

det M > (det A,).det(Bi — CrynAn Coxi)

* An
. — — _C, >
(det A,,). det(By Ckx”(detAn)C xk) >0

which holds if and only if C},, AnCrxr < (det A)Bx. 1

Lemma 2.2. Let M be a C*-algebra, if M = { (z) Z } € M2(C) is positive, then either x =0 or
z2=0, andy > 0.

Proof. We may assume A is a C*-subalgebra of B(H), then there is a vector in (v1,v2) € H such
that (Mwv1,v2) > 0. That is,

. 0 vy U1
(Muy,v2) = (v1,02) { . ] { }
V221 + V1Yv2 + V2TV2
= Re(zv2,v1) + Re(yvi, v2) + (xv2,v2) > 0,
holds only if either x =0 or z =0, and y >0 |
Proposition 2.3. Let ¢ : M,, — M, 4+1 be a 2-positive positive map with the Choi matriz defined
by 2.0.1. Then the following conditions hold.
(i). A, B and D are positive diagonal matrices while U are positive matrices.
(i). If det A =0, then C =0 and if det A > 0 then C*AC < (det A)B.
(i3). If det A=0, then Y =0 and if det A > 0 then Y"AY < (det A)U.

T

(w). The matriz [ ﬁ U ] € Ma(My) is block positive.

Remark 2.4. The case of where A =a > 0, D = 0 as real numbers and C,Y and vectors has been
proved in [14, Proposition 2.1]. In this study we have given a general case where A and D are
square matrices.

Proof. Assume that¢ is a 2-positive leaner map. Then the Choi matrix,

[ o(En) | ¢(Bra)
Co= { P(Ea1) | (E22) } =0

Applying Lemma 2.1 and block positivity of the Choi matrix the block diagonal entries,

¢(E11) = [ :j* g ] and ¢(Ea2) = { lg g } are positive matrices.

Let det A = 0, then by Lemma 2.2 ¢(F11) > 0 if and only if C = 0. However, if det A # 0. Then
by Lemma 2.1 C*AC < (det A)B. It is clear that ¢(F22) > 0 since 0 < (det D)U.

0 D
is positive. By the argument in Theorem 1.12 and Theorem 1.14 we have that (det A)D > 0.
Alternatively (det A)D = det(AD) = (det A)(det D) > 0, because A and D are diagonal matrices

For the positivity of the Choi matrix C¢. We need to show also that the submatrix [ A0 ]
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of the same order.

B

For the block matrix [ T

5 ] € M2 ® M. By Lemma 2.1, T*BT < (det B)U. 1

Here we give examples with the maps ¢(,,o) and ¢, a,c,) from their Choi matrices.

Example 2.5. The linear positive map ¢(,,«) is 2-positive when > 0 and o > 0 for all r € RT.

The Choi matrix is clearly 2-positive by block positivity of C (hoo) 8BS the block diagonals are positive
matrices. To show the conditions for positivity, the Choi matrix is represented as;

u"1 0 0] 0] O —
0 | 00 0 0
o 0 all0] 0 0
w170 T 0 O0]al] 0 0
010 0/0]x" 0

— 0 0|0 0 wur"

We have that det A = p~" is undefined when p = 0 implying p > 0. a > 0 since C is a zero vector
as (det A)B > 0.

* -7 /1/77‘ 0 0 :| -r
det A)U - Y AY = R 0 -
(det ) e B N B P A
’u/721' 0
- 0 ‘u—2r _ 'u—r+2
which holds when p=2" — "2 > 0. As r — 0 we have that
L—p?=(1—p)(l4p) >0
which holds when 0 < p < 1.
Since Z is zero vector,
(det D)B — Z*DZ = a[‘% 3]20

Finally, the matrix 7' = 0 implying U — TB~'T* = U > 0. Therefore the matrix { ji 5 ] is a

positive block matrix.

Remark 2.6. This criterion works not only for 2-positive maps from Ms to Mp41 [8], [15] and [16]
but also 2-positive maps from Masy, to Mag41 since Mo — Mokt C My, — M4 for all
n € {1,2,...} and k = 2n+ 1. We note that if the order of the Choi matrix is an even integer, then
the map is 2—positive. Though the example show that a map ¢ is 2-positive, it does not explicitly
give the conditions for positivity of the maps as shown in the next example.

Example 2.7. The map ¢, q,x) is 2-positive map and has the Choi matrix when a,x > 0 and
O<p<l,
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C‘b(u,a-Cz) =

g 0 0|0 0 —af 0 0 0|0 0 —pu
0 0|0 0 0 0 0 0|0 0 0
0 0 7|0 0 o0 0 0 0|0 0 0
0 0 0 |a 0 0 0 0 0]0 0 0
0 0 00 a 0 0 0 0|0 0 o0

—a 0 0|0 0 w0 0 o0l0 -k O
0 0 00 0 O (w” 0 O0]JO 0 0
0 0 010 0 o0 0 x 0|0 0 0
0 0 00 0 o0 0 0 |0 0 0
0 0 00 0 0 0 0 0jla 0 0
0 0 00 0 —«| 0 0 0/0 g™ o0

4 0 0 |0 0 0 0 0 0|0 0 u

We observe that A, B and U are positive matrices for 4 > 0 and o,k > 0, to be exact they are
diagonal matrices. Since A > 0,

(det A)B — C*AC =

This holds when

(det A)U — Y*AY =

This is positive when

(e le)

K///L72T 2 N2-

From the inequalities 2.0.2 and 2.0.3 as 7 — 0 we get that x > u? and x > ¢

Finally,

U-T*B7'T =

is positive if

OO Q oo

0 0 O
0 0 -k
0 0 O
112

-2 > 0.

o O O

o o

o O O
o O O

(2.0.3)

o O O

(2.0.4)

From the inequalities 2.0.2, 2.0.3 and 2.0.4, a # 0, k # 0 and u > a. Thus, o,k € [0,1] and u > 0.
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3 Complete Positivity of Linear Positive Maps ¢ from
Mn to Mn_|_1

A positive map ¢ is completely positive if and only if it is k-positive. Since our map ¢ from M, to
M1 is 2-positive, we look at the conditions for complete positivity and complete copositivity of
this map.

Proposition 3.1. Let ¢ : M,, — My +1 be a 2-positive map with the Choi matriz of the form,
2.0.1. ¢ is completely positive if the following conditions hold.

(i). Z=0.

(). C*AC < (det A)B.

(#i). (det D)U > 0.

(w) Y*AY < (det A)U.

(v) the block matriz [ B is positive.

T
™ U

Proof. Let Li be a linear subspace generated by the vector e1 and let L2 be the subspace spanned by
€,€s,...,ent1 50 that C"t! = L1 @ L. A vector v € C* ! can therefore be uniquely decomposed
to v = v' + v? where v* € L;,i = 1,2. The Choi matrices 2.0.1 are interpreted as operators.
B,T,U : Ly — L», C,Y,Z : Ly — L1, and A, D : L, — L;. From [17], for any vi,vz € C**
the positivity of the Choi matrices 2.0.1 is given by the inequality,

(vl,[ 61'4* g :|v1>+<'l)2,|: lg 3 }v2)+<vl,{ ZO* ? :|U2>+<’U2,|: Y(')* Y{ }vl)z().
which is equivalent to
(01, i) + o, Bo?) + (08, Dug?) + (057, Ug?)
—|—2Re<v£1), C’v§2)) + 2Re<v§1>, Yv£1)> + 2Re<v§1), ZU§2)> + 2Re<v£2), va)) >0
where v; = v]@) + v](?) for j =1,2, and Uﬁl),vém € Ly and v@,vf) € L.

Assume that fu%l) = 1);2) = 0 with v§2> an arbitrary element in L. This gives

(0, Bu®) + 2Re(v", Zv{?) + (v§", DuiY) > 0.

Letting vé” =

—ozZU§2) for some o > 0,
(vf), vi)) + 2Re<fozZU§2), ZU§2)> + <faZv§2>, fDaZv?)) >.0

This simplify to
@, Bu{?) — al|Zv?|]” + 22| (P, DviP) > 0

which holds for any Uél) € Ly and o > 0 only for Z = 0.

Assume that¢ is a 2-positive leaner map. Then the Choi matrix,

[ o(Bn) | ¢(Bra)
0= | SEaToEa) 2°

Applying Lemma 2.1 and block positivity of the Choi matrix the block diagonal entries,

¢(E1) = [ é{j* g ] and ¢(Ea2) = { g 8 } are positive matrices.
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Let det A = 0, then by Lemma 2.2 ¢(F11) > 0 if and only if C = 0. However, if det A # 0. Then
by Lemma. 2.1 C*AC < (det A)B. It is clear that ¢(F22) > 0 since 0 < (det D)U.

e . . . A
For the positivity of the Choi matrix C'¢. We need to show also that the submatrices

0 1.
- } s
positive. By the argument in Lemma 2.1 and Lemma 2.1. 0 < (det A)D. Alternatively (det A)D =
det(AD) = (det A)(det D) > 0, because A and D are diagonal matrices.

By Lemma 2.1, T* BT < (det B)U, so { BT

™ U } € Mo ® My, is positive. i

Proposition 3.2. Let ¢ : M,, — Mp41 be a 2-positive map with the Choi matriz of the form,
2.0.1. ¢ is completely copositive if the following conditions hold.

(i). Y =0.
(). C*AC < (det A)B.
(ii1). (det D)U > 0.
() Z*AZ < (det A)U.
(v) if B is invertible, then TB™'T* = U.
Remark 3.3. The transposition in this case imply the Partial transpose with the transpose of the

Choi matrix as
A C‘ 0 Z

c* B|Y" T*
0O Y| D 0
zr T| 0 U

We show the proof of (i)since the other parts of the proof follows from the proof of Theorem 3.1

Proof. Let L1 be a linear subspace generated by the vector e; and let Lo be the subspace spanned by
€2,€3,...,€nt1 SO that C™t! = Ly @ Lo. A vector v € C™! can therefore be uniquely decomposed
to v = v' + v?® where v* € L;,i = 1,2. The Choi matrices 2.0.1 are interpreted as operators.
B,T,U : Ly — Ls, C,Y,Z : Ly — L1, and A, D : Ly — L;. From [17], for any vi,v2 € C**
the positivity of the Choi matrices 2.0.1 is given by the inequality,

(111,[ 6,4* g ]01)4—(1}2,{ g [O] :|’U2>+<U17|: 12* i ]v2>+(v2,{ ZO* ;:* }m)ZO.
which is equivalent to
(0, Avf?) + (0, Bui) + (0", Dugt) + (0?, Uvg?)
+2Re(vV, Cvi?) + 2Re (M, ZuiVY + 2Re (v, Y0$P) + 2Re (0P, TPy > 0

(1) (1)
1

where v; = vj(.l) + U;Q) for j =1,2, and v; ’,vy’ € L1 and vf)wf) € Ls.

Assume that vil) =

vém =0 and vf) an arbitrary element in Ly. This gives
@, Bu®) + 2Re(w, Yo {?) + (057, DoY) > 0.
Letting vé“ = fava) for some a > 0
W Bv?) 4+ 2Re(—aYv!?, Yul?) + (—aY P —Dazvl®) > 0

This simplify to
(0, Bu{?) — al|[YoP|* + ||V | (0P, Dvi?) > 0

which holds for any Uél) € Lz and a > 0 only for Y = 0.
|
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4 Conclusions

In [14], [15] and [16] the authors looked at Choi matrices where A > 0 and D = 0 are scalars with
matrices C,Y, Z € My for positive maps between M2 and M,, with n > 2. Note the operation
under goes a partial transposition of the Choi matrix. The first part of the proof in Proposition 3.1
and Proposition 3.2 follow from [14, Lemma 2.3]. In our case A and D are positive diagonal square
matrices. The conditions show the positivity of the Choi matrix 2.0.1 which implies is complete
positivity of ¢. The conditions (7) through to (v) are necessary for the positivity of the Choi matrix
as shown in Proposition 2.3
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