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ABSTRACT

In this paper we characterize norm-attainable elementary operators, we show that &, , is norm-attainable if both P
and Q are norm-attainable and 8 , is norm-attainable &p 4 if is normally represented.

Classification: 46C15.
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1. INTRODUCTION

The norm of elementary operators has been a subject of many papers in operator theory but still it remains interesting to
many mathematicians because calculating these norms requires finding a formula that involves their coefficients. Up-
to- date, there is no known formular for calculating the norm of an arbitrary elementary operator acting on a general
Banach algebra. About the discussion of the norms of elementary operators one can trace back the work of Stampfli
[15]. Properties of elementary operators have also been investigated under variety of aspects. Some interesting results
about the Spectra, numerical ranges, boundedness, orthogonality and norms have been obtained. On our paper we have
given properties of norm-attainable operators. Let H be an infinite dimensional complex nonseparable Hilbert space
and ENA(H) be the set of all norm-attainable elementary operators. Let T: NA(H) — NA(H) be defined by
T(X) = X, P:XQ; for all X € NA(H) whereP; Q; are fixed in NA(H). We have the following examples of elementary
operators.

(i) the inner derivations §p= PX — XP

(i) the generalized derivation 8, o= PX — XQ

(iii) the basic elementary operator Mp , = PXQ

(iv) the Jordan elementary operator Up o = PXQ + QXP. An operator A € B(H) is said to be norm-attainable if there

exists a unit vector x € H such that [|Ax]l = |All.

Definition 1.1 A normed space in which every cauchy sequence is convergent is called a complete normed space or
Banach space.

Definition 1.2 A norm or length function on a vector space X is a nonnegative real valued functions |I|l: X — R (real
number) satisfying the following axioms:

(i) Ixl=0vxeX.

(ii) Ixl=0ifandonlyifx=0V x € X.

(iii) IAxIl = [AIIX] ¥X € X and A is scalar.

(iv) IX +yl <X+ IyllV X,y € X.
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Definition 1.3 Let X and Y be two normed spaces. A mapping T: X — Y is called a linear operator if:
(i) Tx+y)=T(X)+T(y) VX yeX
(i) T(oX)=0aT(x) V X € X and complex number a.
(iii) T(aX + By) = aT(x) + BT(y) V X,y € X and complex numbers o and f.
(iv) T is bounded if there exists a constant K > 0 such that I Tx|l <KIIX|l V x € X.

Definition 1.4 For any two elements x and y belonging to an inner product space, we have
X + ylIZ + 11X — yII? = 2]+ lyll%).

Definition 1.5 A normed space in which every cauchy sequence is convergent is called a complete normed space or
Banach space.

Theorem 1.6 A Banach space is a Hilbert space if and only if its norm satisfies the parallelogram law.
Definition 1.7: A Hilbert space H is a complete inner product space.

Definition 1.8: An operator A€B(H) is said to be norm-attainable if there exists a unit vector x € H such that
IAXI = LAl

Lemma 1.9: For an operator TEB(H), the operator T is norm-attainable if and only if its adjoint T* is norm-attainable.
Definition 1.10: Let T: H — H the adjoint of T is T*: H — H such that (Tx, y) = (x, T*y) for all x, y€ H.
Definition 1.11: An operator TEB(H) is said to be a projection if T2 = T and self adjoint if T = T*.

Definition 1.12: A necessary and sufficient condition for an operator T to be normal is that ITx|l = IT*x|l for any
vectorx e H.

Definition 1.13: An operator TEB(H) is said to be normal if it commutes with its adjoint, that is TT* = T*T and
unitary if

Example 1.14: Let T : X —» X be given by T= 2il where | is the identity operator. Then T is normal since
TT*=T*T=1.

TT* = (2il)(2il)*
= (2li)(-2il)
= - 4i°|
=4l

and

T*T = (2il)*(2il)
(-2li)(2il)
- 4%
=4l

This implies that TT* = T*T.

Example 1.15: Let T: X —— X be given by T = (_53 _12)

To show it is unitary we show that TT+= T*T = | where T*= T * then then we have
_(-3 1\(-2 -1
= ( 5 —2) (—5 —3)

)

O -

Also we have

T*T =

This means that TT* = T*T = | which implies that T is unitary.
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Definition 1.16: A bouned operator U is called isometry if [Ux|| = [Ix|l for all x € H. Uis called partial isometry
when restricted to (Ker U)*.

Definition 1.17: An operator T is normaloid if [Tl = sup{]| (Tx, x) |: lIx|l = 1}
Definition 1.18: An operator T is hyponormal if [ T*x|l < |ITx|| for every x€ H.
Definition 1.19: An operator T is quasinormal if T*T commutes with T. That is, (T*T)T = T(T*T)

Definition 1.20: An operator T is posinormal if there exists a positive operator Pe B(H) such that TT* = T*PT. Here
P is an interrupter of T. The associated interrupter P must satisfy the following condition [IP]| = 1

Since IT?Il = ITT*I = IT*PTI < IT*NIPIITI=IPI NTI2

Definition 1.21: A generalized derivationsp o on a C*-algebra Q, is said to be norm-attainable if there exists a function
@ € Hrsuchthat |6 o @ll =lI6p gl

Lemma 1.22: Lex X be an inner product space. Then for all x, y € X we have | (x, y) > < (X, x){y, y). Equality holds if
and only if x and y are linearly dependent. Thus the Cauchy-Schwarz Inequality can be written as

*, y) < Iyl 1)
2. RESULTS AND DISCUSSION
In this section we start by stating some Lemmas (whose proofs are easy to show) that will apply to prove other lemmas.

Lemma 2.1: Let H be an infinite dimensional complex nonseparable Hilbert space and T : H —H. T is norm-attainable
if it is self adjoint.

Lemma 2.2: Let H be an infinite dimensional complex nonseparable Hilbert space and T : H —H. T is norm-attainable
if it is normal.

Lemma 2.3: Let H be an infinite dimensional complex nonseparable Hilbert space and T : H —H. T is norm-attainable
if it is unitary.

Lemma 2.4: Let H be an infinite dimensional complex nonseparable Hilbert space and T : H —H. T is norm-attainable
if it is an isometry.

Lemma 2.5: Let H be an infinite dimensional complex nonseparable Hilbert space and T ;. H —»H T is norm-attainable
if it is a paranormal.

Theorem 2.6 If T € NA(H) then the following are equivalent:
(i) T isunitary.
(if) T isisometry.
(iii) T is paranormal.

Proof:

(D)= (ii)

Suppose T is unitary, then T*T = TT* = | and from T*T = | we have for each { € H,
IS IP=4,$) = (18, $) =(T"T¢,$) = (T4, TS) = I TS 112

Getting the positive square on both sides we get || ¢ | = | T¢ Il implying that T is isometry. Similary for TT* = | we
have,

IS I2= (5, 8y = (I8, $) =(T"T¢,{) =(T"¢, T ) =T 112

Getting the positive square on both sideswe get || 1= I T*¢ |l implying that T* is isometry.
(iD= (iii)
Suppose T is isometry, then || T¢ Il = Il { Il which implies that
I TSI = 031 =(3,8) = 18,0y =(T*TL, ) < IT*TCUN S N < N T*TC N <N T*TCU <N T2l

which implies that T is paranormal.
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(i) (i)
Suppose T is paranormal then || T¢ 1> 1| T2 { 1= (T*T¢, )

This implies that I| T¢ I =(T*TZ, ¢) < IT*TCIN ¢ 1| < IT*IITEIN ¢ I
This implies Il T¢ | < IIT*Ill ¢ Il which implies that || T Il < IT*|

Applying this relation to 7" we have || T*|| < II(T*)*I| < ITIl which implies thatll T || = [I'T*|l and therefore by left
multiplication with T and by right multiplication of T we getll TT || = [IT*Tll = Il T T*|l = L. Thus unitary.

Lemma 2.7: Let H be an infinite dimensional complex nonseparable Hilbert space and B(H) the algebra of all bounded
linear operators on H. Let &: B(H) »B(H) defined by §,(X) = PX— XP. Then &, is norm-attainable if P is norm-
attainable.

Proof: Let P be norm-attainable, we need to show that &, is norm-attainable. By supremum norm we have:
185 (X) Il = sup{lIPX — XPIl and IPXII = IPIl', IIXIl = 1}

Since P is norm-attainable, there exists a unit sequence {s},, such that [Is,, | = 1,IIPs,ll =IIPIl. Set Ps,, = A,5,, + tnt,
where (s, t,) =0and It,Il = 1.

Set U,s,=s, and U.t, = —t,. Then
(P Un= UnP)splI? = IP Upsy, = UnPsy 112 = IIP 5, = Un(AnSn + finty) 117

=P Sp Un)lnsn - Un.untn) ”2 =P Sp Ansn + .untn) "2
=W fnSn + HnSn 12 =112 pntn 12 = 41 pnty, 112
=4P sy — AnSy 1224 (IP s, 17 = 1l Ay, 112)
>4 (IP 1% = 1l A, %)

Allowing 1, = 0 as n — o we get, [|(P Uy~ U,P)s,lI> = 4 IIP |12

Taking the square root on both sides we get [[(P U,s,,— U,P)s, I=2 IIP ||

which implies that | 8, (X) I =2 1P |

Since Il 6, (X) Il < 2IIPIl for any P, sufficiency is proved and this implies that
15, (X) Il = 2IIPII.

Since (Ps, s) = 0, then via results in [[15], Theorem 1] we have

16, (X) Il = IPX — XPII=2IIPIl = Il §p | which means that dp is norm-attainable.

Lemma 2.8: Let H be an infinite dimensional complex nonseparable Hilbert space and B(H) the algebra of all
bounded linear operators on H. Let 6. B(H) — B(H) defined by 6, (X) = PX — XP. Then Jp is norm-attainable if and
only if §p is normal.

Proof: Suppose that &, is norm-attainable, then by Lemma 2.2, §, is normal.

Conversely suppose that dp is normal then for any an operator X € H, with [IX|| = 1 and by Lemma 2.1, we have
187 8p (X) 11 = 11676 8p (X) II.

LetY = ‘;‘;i”)then Y is an operator such that [IY || = 1 and hence
P
I8N =185 JET0 1 =l 6385 (Ol = 75 167 () 1= 1185 (X) 11 = 16
But by Lemma 2.1 we have || §7 Y= Il §pll this implying that || 6, (X) Il = Il 5l this means that is §, norm-attainable.

Lemma 2.9: Let H be an infinite dimensional complex nonseparable Hilbert space and B(H) the algebra of all bounded
linear operators on H. Let & : B(H) —» B(H) defined by 6p (X) = PX — XP. Then 6, is norm-attainable if &p is normally
represented.

Proof: To show that &, is normally represented it is equivalent in showing that for 6, # 0 is norm-attainable if its
adjoint &7 is norm-attainable. Let 6, € E[NA(H)] be norm-attainable, then there exists an operator X € H with [IX|| =1
such that || 8 XIl = I8p Il. That is, Thatis, 8§78, (X) = 16, 11X
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Let, Y = ‘;’;i”) then Y is an operator such that IY || = 1 and hence Il 5z Y|l =118, |I. but 8p is self adjoint, then
P
I 8pY I =16p Il =l 8p]]

This implies that I| 5 Y1l = 16, 1| =l 65]]

Thus &5 is norm-attainable implying that is §, normally represented.

Lemma 2.10: Let H be an infinite dimensional complex nonseparable Hilbert space and B(H) the algebra of all
bounded linear operators on H. Let &: B(H) — B(H) defined by 8p o (X) = PX — XQ. Then &p q is norm-attainable if
both P and Q are norm-attainable.

Proof: By Cauchy Schwarz inequality in Lemma 1.22, | (QZ, {)| < 1QZII¢II.

But if Q¢ and ¢ are linearly dependent the equality holds, that is | (QZ, ¢)| = IIZQIIIIC]I.

Suppose Q¢ and ¢ are linearly independent, that is, Q¢ = ¢IIQII{, then it is true that | ¢ | = 1 and | (P, {)=IPI.
It follows that | (P, )| = lIPII,

which implies that Pn =1 11 Q Il nand Il ¥ Il = 1 and by [[11], Theorem 3.4] we have, (ﬁ,nF Y= -(”‘2—(”, 0)

Defining X as X : { — n we have [IX|l =1 and (PX — XQ)zn = ¢ (IIPIl + IQI)¢
which implies that |[PX- XQIl = lI(PX- XQ) nll = IIPII+ lIQll

By [[15], Theorem 1] we have
18p.q X)II = NI(PX = XQ)I=NIPI +1IQI =1l 8pq I,
which implies that 8p  is norm-attainable.

Lemma 2.11: Let H be an infinite dimensional complex nonseparable Hilbert space and B(H) the algebra of all
bounded linear operators on H. Let Let 6 : B(H) — B(H) defined by 6p o (X) = PX - XQ. Then &p o is norm-attainable
if is 8p o normally represented.

Proof: To show that 8pq is normally represented it is in enough to show that for 5o # 0 is norm-attainable if its
adjoint § *p o is norm-attainable. Let 5p,€ E[NA(H)] be norm-attainable, then there exists an operator S € NA(H) with
ISI=1, 1 6poSHl =1l 8pqll.

Thatis, 85 8poS = Il 8pgllIS.

LetT = OpS then T is a vector such that || T|l = 1 and hence

18pqll’
I 65T =1l Spqll.
but &p, is self adjoint, then
165,01l = 1l 8pqll.
=185, II.
This implies that,
16poTI =11 8pqll.

Thus &5, is norm-attainable implying that 5, is normally represented.
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