Vol.6.Issue.3.2018 (July-Sept.)
©KY PUBLICATIONS

BULLETIN OF MATHEMATICS
AND STATISTICS RESEARCH

A Peer Reviewed International Research Journal

INTERNATIONAL
htto://www.bomsr.com ' STANDARD
Email:editorbomsr@gmail.com . \ SERIAL

NUMBER
RESEARCH ARTICLE 2348-0580

BINOMIAL MIXTURES BASED ON BETA | DISTRIBUTION AND ITS GENERALIZATIONS
WITH APPLICATION TO A TWO STAGE GROUP SCREENING DESIGN

Erick Okuto
School of Mathematics and Actuarial Science
Jaramogi Oginga Odinga University of Science and Technology.
P.O Box 210-40601 ,Bondo Kenya.
“Email of the corresponding author: erickokuto@gmail.com.

ABSTRACT
When mixed, two distributions can form another distribution. Binomial

T, ISSN:2348-0580

BOMSR distribution and beta distributions combine to form a binomial mixture with
1 3 the latter being a prior distribution which is a continuous distribution.

Skellam pioneered this study when he mixed binomial distribution with its

parameter P taking beta distribution. The paper focused on construction of
binomial mixtures, their properties, special cases and the application of the
mixtures in a two stage group screening design. The two methods of
constructing mixtures were proved to yield identical results. The binomial
mixtures obtained were expressed in recursive forms and their
corresponding differential equations obtained. The moments obtained
indicated that binomial mixtures are probability density functions. Applied
to two stage group screening design, binomial mixtures have demonstrated
reduced number of tests which are more cost effective than individual
testing.

Key words: Binomial mixtures, recursive forms, group screening, identity,
moments.

1.0 Introduction.
Let f(X) be a function of a random variable X. If f f(x)dx=1, then f(X) is a

probability density function of a continuous random variable X.

And if Z f(x) =1then f(X) is aprobability mass function of a discrete random variable X.
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There are many methods of constructing f(X). One of the methods is based on construction of

mixtures. Mixed distributions can be generated by randomizing a parameter(s) in the parent
distribution.Feller [4] proposed that if f(i)and g(i)are two probability distributions and if o

>0,8>0 and a+ B =1, then(afi + Bgi) is also called a distribution. He called distributions
generated in this manner, mixtures. Skellam [13] came up with an expression for the beta-binomial
distribution. He studied its properties and suggested method of determining maximum likelihood
estimates of the parameters of the beta mixing distribution. Ishi and Hayawaka [7] also derived the
beta-binomial distribution and examined its properties and extensions.Binomial distribution has
parameters N and p either and/or both of which may be randomized to give a binomial mixture.

This paper discusses a case in which parameter p has a continuous mixing distribution with

probability density g(p) so that f(x) = I(njpx(l— p)"*g(p)dp., where f(x) is the binomial

mixture. The objective of this paper is to determine beta-binomial mixture using methods of
integration and moments. It will also express beta-binomial mixtures obtained in a recursive form.
The moments of the beta-binomial mixtures will be determined. And the binomial mixtures will be
applied in a two stage group screening design.

2.0 Method

2.1 Formulation of the problem set.

The expression for the continuous mixture is

u@:jfu|mgwme
where f(x) is the mixed distribution, f(x|&) is the conditional distribution and g(@) is a

continuous mixing distribution.
The continuous beta- binomial mixture is given as

f0= (" Joa-praercp 1]

Two methods of construction are applicable. These include;
i) Explicit form/ Direct Integration which is

f(x) = K:]p*a— D) g(p)dp

() oy PP

k B(a,b)
(Jsant

F(x) = B(x+a,n—x+hb)
- B(a,b)

ii) Expectation form which is

f0=](Jpa-praeicp

><+a—1 (1 p) n—x+b-1 dp

..[2]
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F(x) = UZ (—1)i-k[”__XJE(PJ). (3]

x /) j=x j—x

=i(:)p*§(nkxj(—p)kg(p)dp

This method is due to Sivaganesan and Berger[9].

Beta-Binomial distribution obtained above can be expressed in recursive form. This can be achieved

using ratio method and integration by parts techniques.

B(x+a,n—x+Db) as f(x+1)
B(a,b) f(x)

integration by parts technique, f (X) = B(x+a,n-x+b) is expressed using the model

B(a,b)

while in

Ratio method involves expressing f (X) =

judv: uv—jvdu.

Beta-Binomial distribution can as well be fitted into other models such as Panjer-Willmot[10] and
Hesselager’s [7] models.Panjer-Willmot recursive model is given as

FOX e = 1 (x-DY 4, (-1

where XO =x(x-D)(x—=2)...(x—t+1)
and  (x=)® = (x=1)(x—2)..(x—1).

For k=2, we have

[ay + X+ o, x(x=D]f (X) =[5, + B,(X=D + S, (x-D(x-2)]f (x-1). e [4]
The differential equation in probability generating function is

K K
> s'GY(s)+5) B5'GY(s)+ (g — B,)G(S) = ey Py e [5]
t=1 t=1

And Hesselager’s recursive model is given as
f(x)zklbixi = f(x—l)Zk:aixi

For k=I;0we have h

[b, +bx]f(x) =[c, +c,(x-D]f(x-1), x=123..

The corresponding differential equation is
s[b, —¢;s1G'(s) + (b, +C,8)G(s) =bp, . (6]
When k=2 we have

f(x)= Zzlbixi = f(x—l)zzlci (x-1)'

The corresponding differential equation becomes
s[b, —¢,;s1G"(s) + s{(b, +b,) —(c, +¢,)s}G'(s) + (b, —c,S)G(S) =b, p,- e[ 7]
Using the Probability generating function technique moments of Beta-Binomial distribution can be

obtained.
Let

G(l+59) = Zn: f(X)@+s)"
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=3[ Jpra- praeasorap

= [[1- p+ p@+9)T g(p)dp
G(1+5)= [ @+ ps)"g(p)dp

G'(L+5) = [ np@+ ps)"* g(p)dp

and

1
G (L+s)=| p'n” L+ ps)"" g(p)dp
Therefore

E[X(X -D(X =2)..(X =r+1)]=G" (1+5s)

1
= [ p'ng(p)dp
=n®“EP, 8]
where N =n(n=D(n-2)...(n—r +1).
Therefore
E(X)=nE(P [9]
var(X) =Var(P) +nE(P)-ngE(CP> .. [10]
Note that the above problem set is to be used:
. To determine binomial mixtures by direct method and by method of moments andthen to
prove the identity obtained by equating the two equivalent results.

. To express binomial mixtures in recursive form.
. To obtain moments of the binomial mixtures.

2.2 Formulation of the second problem set.

A two stage group screening design due to Dorfman[4] can be formulated as follows:
Let N = the total number of individuals to be tested divided into g groups, each of size k.
Therefore N =kg
A group is positive if at least one individual is positive, each with probability p, varying according to
a certain distribution.
Let S be the number of positive individuals in a group of size K. Then,
k
Prob(S > s) :( jps(l— p)“*, s=012.k
S
The probability of a group being positive is

Prob(S >1) = Zk:(k)ps(l— p)k

s=1 \$

=1-Prob(S =0)
=1-A-p* [11]
Which can be labeled as p*
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If 1 is the number of positive groups out of g groups, then the distribution of r given p isa

binomial distribution with parameter p*i.e,

g * *
f(rlp) =( jp "@-p")*", r=0212.49. e [12]
Therefore
1 g *r * —-r
f(r)=j0[ jp (L-p")°" g(p)dp.

Therefore
E(R)=EE(R|P)

=E(gP")

- gz(—l)“l[k.jE(P")

For the two stage design,

Stage Number of Tests
I g groups

Il kr individuals
TOTAL(T) g +kr

Therefore, T = g +Kkr.
And
E(T) =g +kE(R)

=Ny N_Zk:(—l)"“(k)E(Pj)

= N{%+ .k (—1)"+1(k'jE(P")} e [13]

Problem is to determine E(T)
3.0 Results
3.1 Beta-Binomial Distribution

The history of beta-Binomial distribution goes back to Skellam [13] when he obtained the
binomial mixture treating the parameter p, the probability of success as random variable of beta
distribution of the first kind.
Beta I (classical Beta) Mixing distribution is

pa—l (1_ p)b—l

=—F—, 0<p<1l ab>0 e [14
a(p) B(a.h) p a [14]
The jth moment of beta mixing distribution is

. 1 1.
E Pj — j+a-1 1_ b-1

(P) B(a,b)jo pi* (L p)
E(P"):M. ceennn[15]
B(a,b)
Implying the expected value of beta mixing distribution is
38
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E(P) = B(1+a,b)
~ B(ah)

__a o [16]

a+b

E(P?) = a(a+1)
(a+b)(@a+b+1)

And

Var(P) = E(P?)-[E(P)[’

3 a(a+1) a |

“(a+b)@+b+1) _[a+b}

Therefore

ab
(a+b)’(a+b+1)
The probability mass function of the binomial mixture becomes, by direct integration,
f(x)= (nj Ba+x,n-x+b) , x=012..n v [18]
X B(a,b)
And by method of moments,

_(")S oy | BU D)
f(x)_(jZ( 1) ( J B@D) enn[19]

X/ j=x j

Var(P) =

oo [17]

j—x
3.2 Identity

The two methods of binomial construction, that is, method of moments and explicit produce
two results which can be proved to be identical.
>
j=x i-

Taking LHS, we have

jB(j—ka,b)

]B(j+a,b): B(a+ x,n—x+b)[20]

X

n—-x

S

n—x 1
_ Z(—l)k pk,[o px+a—l(1_ p)b—ldp
k=0

1
_ J'O P x+a-1 (1 _ p) n—x+b-1 dp

= B(X+a,n—x+b), which is the RHS of equation cereene[20]
In a recursive form the binomial mixture can be expressed as
Fxa1)=—D=0@+X) oy x 0121
X+D)(n—x+b-1)
[(n+0)(x+1) - (x+1)? ] (x+1) =[na+ (n—a)x—x*]f (x)  x=012.n ... 21]

The corresponding differential equation in probability generating function is
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s@—-s)G"(s)-[(n+b—-1) —(n—a-1s]G'(s) +naG(s) =0. ceenna[22]
Expressed in hypergeometric form beta-binomial distribution becomes

f(x):(n]B(a+x,n+b_x)

x B(a,b)
nt I'(x+a)l'(n—x+b)'(a+bh)

T X(n—-x)!  T(n+a+b)arb

_ (x+a-D!(n—x+b-D!nl(a+b-1)!
~Xli(@a-D!(n-x)!(b-1)(n+a+b—1)!

Therefore

X n—x
f(x)= @)
which justifies the name of negative hypergeometric distribution given to beta-binomial distribution
by Shelton(1950).

3.3 Moments
The mean of beta-binomial distribution is

x=012,..n, veeen[23]

E(X) = nE(P)
E(X)=—2& [24]
a+b

And the variance becomes
nab(n+a-+b)
(a+b)?(a+b+1)

3.4Group screening

Var(X) = .[25]

For the two stage group screening the probability distribution of r defective groups is

f(r) - jj[ng*f a-py Bt

g r r —
_ [ jZ(—l)'( j B(a,kl+ kg —kr+b) o [26]
r J1=o0 | B(a, b)
The expected number of defective groups are
< i “<)B(j+a,b)

E(R)= g (—1)“1( ]—

JZ—l: i) B(ab)
The expected total number of tests done are

NI s gy €| BU+ab)
E(T)—N{k+jz_;( 1) U B(a.D) } en[27]

J

4.0 Special cases of Beta-Binomial distribution

4.1 Uniform-Binomial distribution:
Binomial-Uniform distribution is obtained when a=b =1.
The uniform mixing distribution is
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g(p)=L0<p<1

And the " moment becomes

E(P') = i [29]
j+1

Therefore

1 1
E(P)== and E(P?)==
(P) > ()3

1
Var(P) =—
(P)=1

veeee[28]

....[30]

By direct integration the probability mass function of binomial-uniform distribution is

f(x)= i x=012,...n,
n+1

which is discrete uniform distribution.
And by method of moments, we have

w-( (i

Their identity is

(o {") Lt
xJj=x j—x J+1 n+1

...[31]

...[32]

Expressed in recursive form binomial-uniform distribution becomes

f(x)=f(x-1), x=12..n

The corresponding differential equation:
S(L—s)G"(s)—[n—(n—2)s]G'(s) +nG(s) =0

In hypergeometric form we obtain
X n—-x
(_zj |
n

The mean of binomial-uniform distribution is

f(x)= x=012,..n.

E(X):g

And the variance becomes
n(n+2)
12

For two stage group screening, we have

£(r) = Zr:(—l)'(rj(gjs(l, Kl + kg —kr +1)

r | r g 1
:.Zzol(_l) (|j[rjkl+kg—kr+l

Thus the expected number of defective groups are

Var(X) =

...[33]

...[34]

w..[35]

....[36]

w[37]
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E(R) = gz(—l)"”(k,jB(j 1))

> 1)"“@ :

= g — -_—

= i))+1

And the total number of tests done are
k
j

E(T) = N{%ki(—nm( jB(j +1,1)}

1 & a0 1

4.2Binomial-Power distribution:

Binomial power distribution is obtained when b =1.

....[38]

The probability mass function for power mixing distribution is

g(p)=ap*’, 0<p<1 a>0
The jth moment for the mixing distribution is
E(P)=— .
Jj+a
a
E(P)=——
) a+l
E(P)=— 2
(@+)(a+2)
And the variance is
_a
(a+1)*(@+2)

The binomial-power distribution becomes
n
f(x)= a( jB(a+ X,N—X+1)

Also

F(x) = a()z (1) J(]L

xJ j=x j—x a+j

Var(P) =

Identity:
( N
B(a+x,n—x+1) = » (-1~ —
j=x j—x a—+ J
In recursive form, we have

f(x+1) = ’)%i‘ f(x), Xx=012,.n

[Xx+1]f(x+1 =[x+a]f(x).

Andthe corresponding differential equation becomes

....[39]

....[40]

...[41]

..[42]

....[43]

...[44]

S@—9s)G"(s)—[n—(n—a—-1s]G'(s) +naG(s) =0 cereene[45]

In hypergeometric form we have
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X n—x
—(a+l) !
Moments:
The expectation of binomial-power distribution is
na
E(X) =
a+l
na(n+a+1)
(a+D*(a+b+1)
For the two stage group screening we have

£(r) = a[gjzr:(—l)'(er(a, Kl + kg — kr +1)

rJ1=0

f(x)= x=012,..n

Var(X) =

And the total expected number of tests are

E(T)= N{%+Zk:(—1)”l[kji}

i j+a

4.3 Binomial-Arc- Sine Distribution:
1
Binomial-Arc Sine distribution is obtained when a=b = E

The Arc-Sine mixing distribution is given as

_pie-p
9P ="
1 1

7 p-p)

The ] moment of Arc-sine mixing distribution is

_ I'(j+2%
E(P) =10t
@)
implying the mean is

r@+i) ir: 1
E(p)=—— =2 2=7
E(P?) =2

8

The variance becomes
1
Var(P)==.
8
The probability mass function of Binomial-Arc-Sine is, by direct method

f(x):m B(x+3,n—x+3)

B(l 1
Also by method of moments

X 212

veeere[46]

v [47]

weeere[48]

v [49]

weeere[50]

weeere[51]

[52]

w..[53]
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CEICRE

The Identity of Binomial-Arc-Sine is
D> (-1 j‘x(_]B(j+§,§ =B(x+1,n—x+1) eeveer [54]
j=x j=x

Expressed in recursive form we get
(n—x)(x+3)
(x+D)(n—x+3)

with f(n+1) =0.
And the corresponding differential equation becomes

s1-9)G"(s)—[(n+2)-(n-2)slc'(s) + gG(s) =0 eonn [56]

Hypergeometric form of Binomial-Arc-Sine is

f(x) [XQ%J x=0212,..n ceeenes [57]

The mean of Binomial-Arc-Sine is

f(x+1) = f(x), x=012,..n cenrenr [55]

Moments:

n
E(X)=— veeeen. [58
(X) 5 (58]
And the variance becomes
Var(X) = w . .. [59]

For the two stage group screening design

f(r):( jz( 1)(j kl+(kg kr+1)

1=0

And the total number of tests are

E(T)=N {—+Z( 1)“1( jB(J(JF%’; } eeeers [60]

5.0 Discussion
When treated as random variable, parameter p from the binomial distribution takes beta

prior distribution to form a continuous random variable. And the mixed distribution obtained
becomes a random variable with the domain (0,1). Both methods of construction of the binomial
mixtures, that is, explicit and expectation forms proved to produce results that are identical. The
moments of the binomial mixtures are obtained using probability generating function technique. In a
two stage group screening, it is noted that the number of tests done in the second stage are more
than the number of tests done in the first stage since the defective groups are retested involving
each member of the group. There is a strong relationship between binomial mixtures and negative
hypergeometric distribution. This relation is applicable to special cases of beta-binomial distribution
such as Uniform-Binomial distribution, Binomial-Power distribution and Binomial-Arc-Sine
distributions.
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6.0

Conclusion
Binomial mixtures demonstrate a good example of mixed distributions. It addresses the

challenge of over-dispersion that is caused by the randomized parameter p from the binomial

distribution. The mixed distribution obtained can be applied in group testing design, aprocess which

is cost effective and more precise in estimating disease prevalence. The binomial mixtures can be

extended to include generalized beta distributions as mixing distributions.
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