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Abstract

Positive maps are essential in the description of quantum systems. However, characterization of the
structure of the set of all positive maps is a challenge in mathematics and mathematical physics. We construct
a linear positive map from My to M5 and state the conditions under which they are positive and completely
positive (copositivity of positive).
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Choi [1] noted that the positive map ¢ is congruence if and only if ¢ is of the form
¢ (X) = V*XV for all A € M,,, with V being an m x n matrix. Though it was conjec-
tured that extreme rays of positive maps from IM,, to IM,, are all congruence maps, choi
established by a counterexample in biquadratic forms to disapprove this conjecture. The
famous Choi result in [1] affirms that a map ¢ is completely positive if and only if it’s
Choi matrix Cg, is positive definite. The positive map ¢ is completely positive if and only
if the block matrix [¢p(A)] is positive , otherwise it is not completely positive. It is more
convenient to express n-positivity by using a block matrix notation. Since (Xy;) is positive
semidefinite matrix, then (J,, ® ¢)(Xj;) is the induced map, represented by the block ma-
trix (X ).

The construction of Choi’s map [1], [2], [3] and Robertson’s map [4], [5] among
other indecomposable maps have been used to justify the importance of these maps in
their application in quantum mechanics. On the other hand, indecomposable maps may
be considered as a huge obstacle in getting a canonical form for a positive map. The
first example of indecomposable map was given by Choi [6] and [7] for a M3 commonly
refereed to as the Choi map.

A family of indecomposable maps for an arbitrary finite dimension n = 3 was con-
structed by Kossakowski [8]. Several methods of construction of indecomposable maps
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have been proposed by Kim and Kye [9] , Osaka [10], [11] and Tang [12] most of which
are in the context of quantum entanglement. In this paper we have constructed a map
from M, to M5 like the two maps [7] and [13] with the off diagonal entries being a
product of a negative parameter.

The rest of the paper is organized as follows. In Section 2, we introduce some no-
tations, definitions and the construction of our map. Section 3 concept of biquadratic
polynomial is used to state the positivity of the map. In Section 4, we establish the condi-
tions under which the map is completely positive and completely copositive in Proposition
2.4 and Proposition 2.5. Finally we gives a concrete example in Example 2.6

By IM,, we denote the set of positive semidefinite matrices of order n, thatis A € M;,.
The identity map on M, (C) and the transpose map on M, (C) are denoted by J,, and T,
respectively. Let A be a n x n square matrix, A is positive semidefinite if, for any vector v
with real components, (x, Ax) > 0 for all x € R™ or equivalently A is Hermitian and all its
eigenvalues are non negative and positive definite if, in addition, (x, Ax) > 0 for all x # 0.
A linear map ¢ is from M, (C) to M, (C) is called positive if ¢p(IM,,(C))T € M, (C)*.
A map ¢ : M, (C) — M;,(C) is n—positive if I ¢ : M, @ My, — My @ My, is
positive. On the other hand, ¢ : M, (C) — M, (C) is n—copositive if the map T, ® ¢ :
M, ® M;, — M, ® My, is positive.

We construct a linear map ¢, ¢, c,,c,) from My to M5 and study its properties of pos-
itivity, completely positivity and decomposability. The values of parameters , c1,cp,c3 €
RT.

Let X € M, (C) be a positive semidefinite matrix written, X = (xm}‘), where x; =

(X1,...,%n)" € C™ is a column vector and x;“ is the transpose conjugate(row vector) of
xi. The diagonal elements of the positive semidefinite matrix X given by x} xn = |xn| are
positive real numbers. We denote the diagonal entries x,,x}, € R by «,.

Definition 0.1. Let X be a 4 x 4 a positive semidefinite matrix with complex entries. Let
ci,¢c,c3 € RY, 0 < p < 1and r € N. Then we define the family of positive maps
P (wey,co,cq) as follows:

Piereaes) : Ma(C) — Ms5(C).

P1 —C1X1X5  —C2X1X3 0 —uX1Xy
—C1X2X>1k Pz —szzxg< —C:J,szzlk 0
X= | —coxzx] —cCax3x; P3 —C3X3X} 0 ,
0 —CnX4X5; —CnX4X3 Py 0
—puxg X} 0 0 0 Ps
where
Py "o +eroop’ +coasp” + czoun’)
Py = (a2 +crogp’ +ogeop’ + ogesp’)
Ps = u '(ag+croqp’ + agcopn’ + azezp’)
Py = pw ' (og + o+ o3+ o)
Ps = u(og+croqp’ +cooop’ +czoupn’)
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1. Positivity

A crucial problem in applications of positive maps is checking whether or not they are
positive. It is well-known that determining positivity of linear maps is equivalent to de-
tecting nonnegativity of biquadratic forms. it is known that there is a positive semidefinite
biquadratic form that is not the sum of squares of bilinear forms [7], Theorem 1.

A linear map ¢ from M,,(C) to IM,,,(C) preserving symmetry is said to be positive if
the matrices ¢(X) are positive semidefinite for all symmetric positive semidefinite matrices
X € M (C). The linear map ¢ is the image of positive semidefinite matrices of rank
1. That is , if the matrix xixjf* has rank 1 where x is a column vector. Then, from the
definition of positive semidefinite matrices positivity of the map ¢ give by the biquadratic
polynomials of ¢(X). The linear map ¢ is uniquely determined by the polynomial function;

VT

F(z,x) == Zcb(cl Cn_1) (Xin )z

.....

as a biquadratic function in x := (X1, ...,Xn) and z == (zy, ..., zn11). The map ¢, ¢, ;) iS
positive if and only if the biquadratic form F(z, x) is positive semi-definite (the biquadratic
function is a sum of squares).

Lemma 1.1. Then the function

F(z1,22, 23,24, 25, t) = c3ltlz} + (c3 + caltl — 21" ¢3)23 + (calt] + c3)23
+(Bu T+ 1Tt = 3uTcsRe(t)?)z2 + (e +ca +c3 4 [T — u2 T TRe(t)?)22

+c1(z1 — 22)% + ca(z1 — 23)?
—7T

+ HZ (z3 —21"C22p)* 4+ 1 T (2o — 21" csRe(t)z4)?

+1 (25 — 21" csRe(t)za)? + 1T (21 — p T Re(t)25)?

is positive semidefinite for every z1, 25,23, 24,25 and t € C whenever it satisfy the inequalities,

Wt > 2c3, (1.1)
W= 2cq, (1.2)
' >cy, (1.3)
> c%. (1.4)
Proof. If z; = 0. Then,
F(0, 25, 23, 24, 25, 1)

= W T(1+cp” +caltln” +cau")zg + w0 (14 cqftln” + cop” + cap’)z3
(B3 t)23 + w1t + eru” 4 con” + caut)z2
—2¢02p23 — 2c3Re(t)zoz4 — 2c3Re(t)z324

= T (1+cap)B+ et —1)z3 +u (1 +cltln™)z3 +3u 723

([t e+ cop” + cap)zE + ca(zs — c2)? + c3(za — Re(t)zy)?

It It
+(uT S —caRe(t)!)z] + ca(z3 —Re(t)zs) + (" —caRe(t)?)z}.

From the coefficients of z3 and z2 we have,

W +cr+cltf—c = (0T —ca2)+cp+colt
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and
B3u "+ p Tt —2csRe(t)? = BT+ (X + [yl?) — 2c3/x?

respectively. The function F(0, z, z3, z4, z5, t) is positive whenever it satisfy the inequali-
ties, w " > crand " > 2c¢s.

If z = 0. Then,
F(z1,0, 23,24, 25, t)
= w14 cap +ean” +ealtln)z + 1w T (1 + erltln” + cop” 4 cspt)z3
T3+ [th)zE + 1T ([t et + cop” + cap”)23
—2¢oz123 — 2c3Re(t)z3z4 — 2uRe(t)z125
= (c1 +ealthz + (ciltl 4 ¢3)25 + 31 "z3 + (c1 + o + ¢3)22 + ca(z1 — 23)?
+1 (23 — wesRe(t)ze) + (bt — n"c3Re(t)?) 25
1 (21 — W Re(t)z5)? + (u Tt — n¥ T Re(t)?) 23
> 0
whenever the coefficients of z3 satisfy the inequality

LB ) — 3Re(t)? = BuT 4 (X 4 lyPP) — c3x
0 (1.5)

WV

whenever (1.1) hold.
If zz = 0. Then,
F(z1,22,0,24,25,1)
= p T (1+cp’ +cop” + eaftin")zf 4+ p (14 e + coltln” + cap’)zs
"B+ [th)zg 4+ 1T ([t et + cop” + cap’)z3
—2¢1z122 — 2c3Re(t)zoz4 — 2uRe(t)z1 25
= (cp+ C3\t|)z% +(c1+ czltl)z% + Bu_‘”zi +(er+cer+ 03)z§ +c1(z1 — 20)?
+(cs—c1)Z3 + 1T (z2 — WeaRe(t)z4)? + (It — wTc3Re(t)?)22
+u " (z1 — p T Re(t)z5)? + (1Tt — p* T Re(t)?)23
> 0
with the coefficients of zﬁ satisfying the inequality (1.1).
If zy = 0. Then,
F(z1,22,23,0, 25, 1)
= (I +ap +ep +eltn )z + u (14 ap’ +eltln” + cu’)z
T (L4 cqltln” 4+ con” +cap)z + w ([t 4 et + o + cap)23
—2¢1212p — 2C02123 — 2C22p23 — 2uRe(t)z1 25
= caltlzf +e1zg+ (T4 eqftln + ean)zg + p (1t + e’
+eop” +cap”)zE 4 c1(z1 — 22)% 4 e2(z1 — 23) + 1 T (z3 — W cz2)
+(ealtl — 1'e3)z5 + 1T (z1 — w! T TRe(t)z5) + (0TIt — p* T Re(t)?)23
0

2

WV
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The function F(z, 2, 23,0, z5,t) is positive if the coefficients of z% satisfy the inequality
(1.4).

If zs = 0. Then,
F(z1,2,23,24,0,1)
= w1+’ +eop” +ealtlut)z + (14 e’ + eoltin” + cap’)z3
AT (1 e tuT + cou” + cap™)zZ3 + w3+ [t)23
—2¢1212p — 2Cp2123 — 2Cp2023 — 2¢3Re(t)zpz4 — 2c3Re(t)z324
= u "(1+ C3|t|pr)z% + C3z§ + u’rzé + 3p’rzﬁ +c1(z1 — 20)% + ca(z1 — 23)?
+ea(ltlza — 23)2 + (caltl — €2)Z3 + 1" (22 — c1 " Re(t)zq)?

_ |t| T -
+ (1 TE — p"ciRe(t)?)z] + c3(z3 — Re(t)zg)* + (p TE —csRe(t))z]

The function F(z1,25,23,24,0,t) is positive whenever the coefficients of z% satisfy (1.3)
while the coefficients zﬁ satisfy the inequalities (1.1) and (1.2).

Letz; # 0,1 =1,2,3,4,5 and assume that there exist z1, 25, 23, 24, z5 € Real and t € C such
that z; # 0 and F(z1, 20, 23, 24, 25, t) < 0. Since 0 < w < 1 and c1,cp > 0. Then,
F(z1, 22,23, 24, 25, 1)
= (14 +en” +ealtln )z + (1 +egp”
+oaltlu” + cap”)zs + T (14 caftln” + cop” 4+ cap’)z3
+u T (B [tz + w1t + ean” 4 cop” + can’)z3
—2¢1212p — 2Cp2123 — 2Cp2023 — 2¢3Re(t)zpz4 — 2c3Re(t)z3z4 — 2uRe(t)z125
= caltlZf 4T T2 30Tz (o F oo Fe3)zE ez —20)?
+ea(er — e3)% + calltlzo — z3)* + (caltl — c2)23 + c3(z2 — Re(t)z4)?

t t
+(p*|2| —c3Re(t)?)z] + c3(z3 — Re(t)z4)* + (HT2| —csRe(t)?)z]

+1 (21 — w7 Re(t)25)? + (It — WP TRe(1)?)23
< 0

is a contradiction when the inequalities (1.1) and (1.3) hold . Thus
F(z1,22,23,24,25,t) > 0 for every z1,2y,23,24,25 € Real and t € C O

Proposition 1.2. The linear map ¢
is satisfied.

wep,cacs) - Mg — Ms is positive provided Lemma 1.1

Proof. We need to show that,

d)(FL/Cl/CZ/CS) (q s u {) EM;

“+ 2 » a

for every q,s,u,t € C.
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That is,
T _ _ —
z p1 —¢c1q8 —cqi 0 —pqt Z
%) —C18q P2 —cpsii —cg3st 0 Z
z3 —coud —cpus P3 —czut 0 zz | =0 (1.6)
Z4 0 —c3ts  —c3tu P4 0 Z4
z5 —utq 0 0 0 P5 z5
where,
p1 = w T (qP +IsPoip” + ulfean” + caltin”)
p2 = w (s + ulfein” + caltln” + Iqlcsp)

ps = w"(IqP +IsP +uf + [t])
ps = u'

for every z1,25,23,24,25 € Rand q,s,u,t € C.
Taking q =s =u =0,

o
[T
ps = W ([P +cltln” +1qfcan” + IsPeap’)
o
(T

[t + IqlPerp” + IsPeap” + ufesp”)

c;;ltlz% + czlt\z§ + clltlzg + u’rltlzﬁ + u”ltlz% > 0.

If g =0, given that 0 < pu < 1. Then,

(c1+ca+eafthzi+u "(1T+cp’ +caltln)z5 + (1 + cp” + c3p”)z3

T (24 [tz + (1t con” 4 cap”)z3
—2¢Cp2023 — 2¢c3Re(t)zpz4 — 2c3Re(t)z324

= (a+ce+althz+az+u "B+ 20 Tz +p Tt + e’

C1 _
+eapt)zE 4 co(ltlzp — 23)* + (?2 —1)23 + 1 " (z2 — u'caRe(t)zg)?

t
F Y GRe(02)2 + ealzs — Relt)za)? + (T

2
is positive by inequality (1.1) and (1.3).
If s =0. Since 0 < u < 1. Then,

W (14 cop” + ealtln")zt + (e1 + caltl + ¢3)z5 + 1T (1+ caltln” + cop”)z3

+TT (24 1thzE + p (1t 4+ e + eap)Z5
—22pz3¢) — 2z3z4Cc3Re(t) — 2z1z5uRe(t)

= 03|t|z% +(c1 +colt| + C3)Z% + clltlzé + ZLL_TZi +(c1+ C3)Z% +co(z1 — 23)2

17T (23 — nTesRe(t)ze)? + (0TIt — weARe(1))2]
+1 T (z1 — w T Re(t)2z5)? + ([t T — p? T Re(t)?)23
is positive when the inequality (1.3) hold.
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Ifu=0and 0 < u < 1. Then,

w1+ e + ealtln”)zt 4+ u (1 + coltlu” + can”)z3
+(ealtl + c2 4 3) 23 + w2+ [t ZE + wT ([t + ean”
+co u’”)z% —2¢12122 — 2c3Re(t)zpz4 — 2uRe(t)z125

= C3|t|Z% +u 1+ czltl)z‘% + (et +ca+ C3)z§ +2u T2 + (c1 +cp)2B
+ep(z1 —22) + (07 —¢1)23 + calz2 — Re(t)z4)* + (1 T[t| — csRe(t)?)z]
+1 " (z1 — wTTRe(t)2z5)? + ([t T — p? T Re(t)?)23

is positive when the inequalities (1.1) and (1.2) are satisfied.
Now if ¢, s and u are not equal to zero. Assume that ¢ = s =u = 1. Then, by Lemma 1.1

ZTd)(HrCerZrCB) (1 11 t) z

* o

is positive for every z = (z1,2,23,24,25) € R> and t € C O

2. Completely positivity

The tensor product of positive semidefinite matrices M;, and M, ;1 is isomorphic to
the block matrices M, (M, 1). Thatis, M, (M, ;1) = M, @ M, 1.

M, @ Mp11 = Mp(Mp41) = M(Mg) for some k € IN.

This gives the Choi matrix described in [14] which we write as,

a C1><m 0 Y2><m

_ C:TLXl Bm><m Ziwd Tm><m
=170 Ziem | 4 Oim @D

Y:;1><1 T:nxm 0m><1 umxm

where A, D € M, are positive diagonal matrices. B and U are positive semidefinite ma-
trices in M, 11, T € My 11 not necessarily positive and C,Y,Z € My, (1,4+1). The map
¢ — Cg is linear, injective and is surjective, and given an operator Z{szl Ei; ® ¢(Ey;) €
M, ® My, 11. By and canonical shuffling the Choi matrix of the linear map ¢ (¢, c,) is
such that C¢y € Magq.

The Choi result in [1] affirms that a map ¢ is completely positive if and only if the
Choi matrix Cg is positive definite. For convenience we express n-positivity by using a
block matrix notation. Since (Xij) is positive semidefinite matrix, then (J,, ® ¢)(Xj;) is
the induced map, represented by the block matrix [¢p(Xi;)]™. We need to note that the
positivity of the Choi matrix depends on the choice of matrix units (E;).

Note that the positive map ¢ is completely positive if and only if it is k-positive. Since
our map ¢ from M,, to M, is 2-positive, we look at the conditions for complete posi-
tivity and complete copositivity of this map by applying the next propositions in [14].

Proposition 2.1. ([14], Proposition 3.1) Let ¢ : M, — My, 1 be a 2-positive map with
the Choi matrix of the form, 2.1. ¢ is completely positive if the following conditions hold.
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(. Z=0.

(i)). C*C < B.

(ii). dU > 0.

(v) Y*Y < W

(v) if B is invertible, then T*B~1T < U.

Remark 2.2. The transposition in this case imply the Partial Positive transpose of the Choi
matrix Cy € My (M 41). The transposition is operated with respect to the blocks M.
This leads to the Partial Positive transpose Choi matrix CE) € My, (M, 1) with the struc-
ture;

a Cum | 0 Lunm
Cr _ Cm><1 Bmxm | Ymx1 T;klxm
4> 0 Y.l d  Om

Z111><1 Tm><m O111><1 um><m
We show the proof of (i)since the other parts of the proof follows from the proof of Theo-
rem 2.1

Proposition 2.3. ([14], Proposition 3.2) Let ¢ : My, — My, 1 be a 2-positive map with
the Choi matrix of the form, 2.1. ¢ is completely copositive if the following conditions hold.

0. Y=0.

(i)). C*C < B.

(ii). dU > 0.

(iv) 2*Z < U

(v) if B is invertible, then T*B~!T = .

2.1. Completely (co)positivity of & ((y,cy,cp,cs)
Proposition 2.4. Let ®((,c,c,,c;) be a positive map given by (1.6). Then following condi-
tions are equivalent:

(1) ®(ucycac5) s completely positive.

(i) & (pcq,cq,cs) IS 2-positive.

Proof. (ii) = (iii).

Assume § (¢, c,,c,) i 2-positive. Consider a rank one matrix P = [x;x;] a positive element
in M, (IM5(C)) where x; = (1,1,0,0,1,1,0,0,1,1)T, we have that,
ot —C1 —C2 . —K
C3
C2 .
u—r
€1
D2 ® O (p,e1,0005) (P) = o (2.2)
—C1 . . . . . " —cp —c3
—Cr .. . . . —Cc u ' —c3
. —c3 —C3 u '
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in M;(IM5(C)) where zeros are replaced by dots. Since ¢

matrix is positive definite. Therefore,

T

H,C1,€2,C3

) is 2-positive, the above

p —c —C . P
—€1 w ' - —cC3
—Cy —C» pir —C3 >0 (2.3)
—Cc3 —¢3 W'
1 u
provided
uw'">c, WT>cp and pu T = 2c3 2.4)
. The Choi matrix Cy, S;
K,cq,9,€3)
pr —c1 —C2 —p
C3 .
Co .
T
. C1 .
. C1 .
—C1 pr —C2 —c3
. C3 .
Hfr
. Co
C2
Cq1 .
—Cs —Cy ur . —c3
. ur
C3 .
C3
Co .
C1 .
. —c3 —c3 Tl .
—p oo
Sincea >0,
a0 0 0 0 0 0 0 0
0 cop T 0 0 0 0 0 0 0
0 0 Tl 0 0 0 0 0 0
0 0 0 au T 0 0 0 0 0
aB—-C*C = 0 0 0 0 aqu " 0 0 0 0
0 0 0 0 0 o —c? 0 0 0
0 0 0 0 0 0 cau " 0 0
0 0 0 0 0 0 0 p2r 0
0 0 0 0 0 0 0 0 cou T




0
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0
0
0
0

—c3
0

—cau "
0 0 0 0 O
0 0 00 O
0 0 0 0 O
0 0 00 O
0 0 0 0 O
0 0 00 O

0

0
0
0
0

—cy
0

0

0
0
0
0

0 0 O
0 0
0 O
0 0
s

0
0

C2

du

is positive since p~2" > ¢3 + ¢3 provided " > cp and p T > cs.
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u—T*BT

The inequality hold when p=" > ;.
The inequality dU > 0 holds when u=" > cs.

0
0
0
0
0
0
0
0 0 O
0

coocococoo o
o [sel
Or_VOOOOOP_VO
[=NeNoNoNoNoNoNeNal
[=NeNoNoNoNoNo NNl
.
[N eNoNoNoNoNo NNl 00000000,”
cCoOococOocOoCOooO
se] =
Q
cCooco0O0oO0COoO OO O_OOOOO_HO
=
3
203
cocooco oo o o8 |
coocococoyoo
coocoocococofiyo )
o
I
© oo o o oo o 5

cocoocoohooo coocoo J§ooo
Cooco-oo oo D000 §oOoOo oo
coorioococooo @0 Jooooo
cohoooco0o0o0 ool ooocoooO
o —-fooc oococ oo e

~“fo oo oo o oo
SJoocoooocooo

X
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All the principal minors of U — TB™!T are positive when cjpu" — (¢3 + ¢%) > 0 and
"> cs.

Hence the set of inequalities (2.4) are satisfied, consequently Cg
semidefinite. Hence, complete positivity of ¢ (

weepey) 1S POSitive
) follows. O

H,€1,€2,C3

Proposition 2.5. Let & ((y,c,,c,c;) be a positive map given by (1.6) . The positive map
P ((1,c1,c0,c5) 18 completely copositive if the following conditions holds.

(D) b (eq,epcq) IS 2-cOpositive.
(i) & (,cy,co,c,) 1S completely copositive.

Proof. Assume &, ¢, c,c,) iS 2-copositive. Consider a rank one matrix P an element in
M, (M5(C)) where x; = (1,1,0,0,1,1,0,0,1,1) 7, we have that,

T ® d)(u,cl,cz,C3) (P)

—r

i
C3 . . . —C1
C2 . . —C2
pot .
_ . . . . C1 —H . . . . (2.5)
. —C1 —C2 . —H| C . . . .
pw'to—ca —c3
—C2 W —C3
—c3 —C3 p '

—T

w

in M>(IM5(C)). By computation of the minors, J» ® ¢ (¢, cy,c5) (P) is positive semidefinite
on condition that;

W'>c, W'>c w'>2c3 c3=2c and ¢ = e (2.6)
hold.
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The inequality hold when c3 > ¢;.



27

C. A. Winda et al / Completely positive maps

Since F is a zero matrix, dU — FF* is positive when the inequality c;pu™" > c% hold.
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copositive but is not easy to find the values of p, t1, tp, t3 € [0, 1] for which it is decompos-

Example 2.6. Let v = 3 The map ¢ 1213 is both completely positive and completely

hold.
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) yields the Choi matrix Cg, as,

able. B computation the 2-positive map of

1_,20000000000000000008
00000037000003,_40000080
clococoocoocoococoollclcococ oo camo o
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1m5000001ﬂ5000 008000003_,40
clococococococo ofllchimo o oo oo oo
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clocoowocoocococoollclccccocococoo
clo-vo o oo oo ollclcococococ oo oo
optro oo oo oo ofllclccocococ oo oo
8000002ﬂ3000 002,_30000001,_2

with eigenvalues

9.18471,8.53052,8.13487,8.,8.,8.,7.51328,6.63662,0.75,0.75,

0.75,0.75,0.666667, 0.666667, 0.666667,0.666667,0.2,0.2,0.2,0.2.

 yields the Choi matrixCy, as,

The 2-copositive map ¢
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O OO O OO O OO|IOD)ODDOD OO OO oo o

with eigenvalues

8.07592,8.07146,8.,8.,8.,8.,8.,8.,1.3763,1.21007,0.912628,0.75,

0.590748, 0.504039, 0.4, 0.2066,0.2,0.128539, 0.0403659, 0.
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