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topological spaces and some of their properties.
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1. Introduction

The notion of similarity orbits of Hilbert space operators was first initiated by Herrero [7] where he described the
closure of similarity orbits of a normal with perfect spectrum. Since then, this concept has been investigated ex-
tensively by many researchers such as Fialkow [4], Rao[13] and Hadwin et al.[6]. In particular, [6] characterized the
norm-closure of the similarity orbits S(T) of bounded linear operator T on a Banach space X and established that if
T € B(X) is not the sum of a scalar and a finite rank operator, then S(T) is strongly dense in B(X) which has useful
application in showing that a transitive operator on X is an operator whose only invariant subspace are {0} and X. The
study of the denseness of norm-attaining operators was started by Lindenstrauss [9] where he showed that Bishop and
Phelps theorem [2] is not true for operators. However, Lindenstrauss [9] gave isometric conditions known as property
A and B on X and Y for which the set of norm-attainable operators from X to Y are dense in the space of all opera-
tors between these Banach spaces. In addition, Miiller [5] Characterized dense orbits where he established that given
T € B(X), theset {T"x:n=0,1,...} isdense in X if T is hypercyclic for all x € X. The concept of dense sets has been ex-
tensively investigated on both metric and topological spaces. Sompong [5] investigated some fundamental properties
of dense sets on bigeneralized topological spaces. Moreover, Al-shami [5] investigated somewhere dense sets as a new
kind of generalized open sets and presented necessary and sufficient conditions under which the union/intersection
of somewhere dense sets is also somewhere dense. In addition, Bourdon and Feldman [3], established that for a con-
tinuous linear operator T on locally convex topological vector space, if x € X has an orbit under T that is somewhere
dense in X, then the orbit of x under T must be everywhere dense.

Since similarity orbit is a sequence of elements which are operators, then it forms a set on which we assign a topology
to become a topological space. In this paper, we introduce the concept of dense sets of similarity orbits of norm-
attainable operators on invariant topological spaces and study their properties.
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2. Preliminaries

In this section we start by defining some key terms and a result that are useful in the sequel.

Definition 2.1.
([5]) The similarity orbit of an operator T € B(H) is the set S(T) = {XTX ~1. X isinvertible}. For a particular case,
similarity orbit denoted by, Sy 4(T) is the similarity orbits of norm-attainable operators.

Definition 2.2.
([5]) An operator T € B(H) is said to be norm-attainable if there exists a unit vector x € H such that | Tx|| = || T|l. The
set of all norm-attainable operators on H is denoted by N A.

Definition 2.3.
A subset S, ,(T) of an invariant topological space (Sya(T),Tsy, (1)) is dense if and only if for any nonempty open
subset @ < Sy 4(T) we have O n S;’VA(T) # Q.

Definition 2.4.
([5]) Let X be a topological space and let A be a subset of X. Then closure A of Ain X is defined to be the intersection
of all of the closed subsets of X that contain A.

Definition 2.5.
([5]) A topological space denoted by (X, 7) is a non-empty set X together with a collection of 7 subsets X (referred to as
open sets) that satisfies the following conditions:

i) the empty set and the whole space X are open sets.
ii) the union of any collection of open sets is itself an open set.
iii) the intersection of any finite collection of open sets is itself an open set.
Definition 2.6.

([5]) A subspace M of H is an invariant subspace of the operator T if for each x € M, Tx e M i.e T(M0 < M. M is also
referred as T— invariant or M is invariant under T.

Definition 2.7. . .
([5]) Let (X, dx) be a metric space. Aset D < X isdense in E< X if EC D and D is dense if D = X.

3. Main results

In this section, we characterize the denseness of similarity orbits. We derive various results concerning dense sets
such as union, intersection and transitivity.

Proposition 3.1.
Let S}, ,(T) be a subset of an invariant topological space (Sna(T), Tsy (1)), then S, ,(T) is dense in Sy 4(T) if and only
if the set of all limit points of S}, ,(T) coincides with Sy a(T).
Proof. Suppose that for every open set {0 € Tsy (1) : O # @}, S3,,,(T) N0 # @ holds. We consider two cases:
i) S{A(T) =Sna(T).

The proof of this is trivial since its closure (i.e. 3, ,(T) contains all its limit points) is equal to Sy 4(T) and this implies
that S, ,(T) is dense in Sy A(T).

ii) S%,4(T) # Sya(T).
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Let T € (S]‘(,A(T))C. Consider {0 € 15, : T € 0} with G n S]‘(,A(T) # @. This implies that T is a limit point of S;’VA(T).
Since @ intersect SK, A(1), then € contains T and contains points of S?’V 4(T). Hence,

S A(T) = 834 (T U (S 4 (1) = Sna(T). @

Equation 1 shows that all the points in Sy 4(T) are the limit points of Szov 4(T) and therefore S;’V 4(T)isdensein Sya(T).
Conversely, let S;’VA(T) be dense in Sya(T) and {G € Ts, (1) : O # @}. Suppose

O NS, (T) = 0. @

letTe®Oand T ¢ S;’VA(T), this implies that T is not a limit point of S;’VA(T) because T € 6 n S]‘(,A(T) = @ which is a
contradiction since S}’V 4(T)isdense in Sy4(T) thatis, S?v 4(T) = Sya(T) and this implies that each point not in Szov A(T)
must be a limit point of S]”V 4(T). The conditions that T ¢ S;’V 4(T) and S]”V 4(T) = Sya(T) contradict each other and this

in turn implies that Equation 2 is false and therefore @ n %, ,(T) # @ and this implies that S%, ,(T) contains all its limit
points as required. O

Lemma 3.1.
Let (Sna(T),Tsya(r) be an invariant topological space and S}, ,(T) < Sna(T). If 83, ,(T) is dense, then S"A(T)
Sna(T).

Proof. Suppose that S, (T) is dense, then we need to show that

8%,(T) = Sna(D). 3)
In order to prove Equation 3, we need to show that
i) 8, ,(T) < Sna(T)
i) Sya(T) <SS, ,(T) va()

i) In general, if S 2 a(T) < Sna(T), then So (T) 2a(T) < Sna(T). Hence, S S9 2:4(T) < Sna(T) is generally true.
ii) Take every open set O € Tsy,(1)\@, since S3; ,(T) is dense, then from Definition 2.3 we have S3,,(T)N0 # @. In
addition, since Sy 4(T) is also an open set, then replacing € by Sy 4(T) we have

Spa(MNSna(T) # @. 4)
From Expression 4 there are two possibilities, i.e. VT € Sya(T):
a) Te S} ,(T)NSya(T) or
b) T ¢ S3,(T)NSna(T)

a) From Proposition 3.1 there are also two possibilities, i.e. either T € S aMorTe S (T) 24(T). By Definition 2.4 of the
closure, S A(T) €8 (T) 24D, implying that

if T € S}, ,(T) then automatically T' € S0 (T) 2ra(D). (5)
Similarly, in b)
if T¢ S}, ,(1), thenT € 82, ,(T) a(D). (6)

Both conditions in Expression 5 and Expression 6 show that eventually T € S, ,(T). Moreover, since T € Sy4(T) and
TeS? 24(T) holds, this implies that S9 204(T) € Sna(T). Therefore, combining the two expressions S;’V A(T) € Sna(T)
and Sya(T) < So (T) 2r4(T) gives the desired result. O

Theorem 3.1.
If 8, ,(T) and S\ ,(T) are dense subsets of an invariant topological space (Sna(T),Tsy, (1)), then S, ,(T) NSy ,(T) is
dense.
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Proof. Let @ be any non-nonempty open set in Sy (T). Since the set S{,, (T) is dense, then invoking Lemma 3.1 we
have

ONSYAT) £ 0. @)

Moreover, since @ is an open set and for Equation 7 to hold, then it is sufficient for S, ,(T) to be open but S}, , (T) can
be any dense set. Hence, G N S{, ,(T) # @ is an open set as intersection of open sets. Now for the set S ,(T), given a
point T € Sy4(T) and open subset € such that T € 0, we need to show that S;\,A(T) N (SI‘(,A(T) NO) # @. Since S]‘(,A(T)
is dense and from Equation 7, let

Ty € (S (T) N (84 4(T) NO)). 8)

Expression 8, implies that S}, , (T) N (S, ,(T) N©®) is not empty and since S}, (T) is also dense, then by associativity we
have:
Sya(M N (8 4(T)NG) = (8,(T) NSy, ,(T))NO # @. Hence S, ,(T) N Sy ,(T) is indeed dense in Sy (7). O

Theorem 3.1 gives a sufficient condition that for the intersection of two sets to be dense then one of the dense sets is
open. Below we construct a counterexample showing that the intersection of two dense need not be dense.

Example 3.1.

Let S;’VA(T) and S?VA(T) be dense subsets of an invariant topological space (Sy4(7), 1), then S;’VA(T) n SQVA(T) = Q.
Indeed, if welet Sya(T) =R, S}VA(T) =Qand S;’VA(T) = SNA(T)\S;VA(T), then Q is closed which will imply that SI‘(,A(T)
isopen. Let T) € SI‘(,A(T), then there exist a neighborhood N7, of T7 such that givene >0, (T; —¢,T1 +¢€) € S;’VA(T). But
this is not true since every interval of S ,(T) contains a rational number. Therefore this implies that S%; ,(T) is not
open. Hence S]"\,A(T) n S;VA(T) =@ isnotdensein Sya(T).

For a more general phenomenon, in any an invariant topological space, the intersection of a finite collection of open
dense sets is necessarily dense as proved in the following corollary.

Corollary 3.1.
If (Sna(T),Tsy () is an invariant topological space such that, for every finite subsets (S, ,(T)), and (Sy ,(T))n of
Sna(T) are open and dense, then their intersection is also open and dense.

Proof. For n =1, we have two open dense sets S%,,(T) and S} ,(T) where the proof follows from Theorem 3.1 and
by the fact that the intersection of two open set is always open. For the general case of an arbitrary non-empty set
Sna(T), let n>1, and (S]‘(,A(T))n be open dense sets. Since the intersection n’ri:l (S]"\,A(T))n is open dense, then by
induction we need to show that it is also true for (S, ,(T))k+1. Hence m’flzl SRATNn N (S A (T k41 = m'f;} (S A(Mn
which is open and dense. O

Remark 3.1.

For infinite intersection of dense open sets, Corollary 3.1 is not necessarily true. Particulary, if we consider
(Sna(T),Tsy.()) to be a cofinite topology for Sya(T) being countably infinite, then for every T € Sy4(T), the set
Sna(T)\{T} is open and dense. The countable intersection N,en(Sya(T)\{T}) = @ and hence not dense.

Corollary 3.2.
Let Sy a(T) be a Banach space, then the intersection of any collection of dense open subset of Sy A(T) is dense in Sy a(T).

Proof. Let (S;’VA(T))H for all n € N be an arbitrary sequence of dense open subsets of a Banach space Sy(T) and
let S;’VA(T) = ﬂneN(SX]A(T))n- We need to show that (S]‘i,A(T))n is dense in Sy4(T). Let @ be any nonempty open
subset of Sy (T). Since (S 4(T))1 is dense in Sy4(T), then by Theorem 3.1 the open subset @ n (8%, ,(T))1 # . Let
T €0 N (8%, 4,(T))1. Then there exist a positive number r1 < 1 such that

By, (T1) € Sna(T) €O N (S 4(T)1- )

Similarly, Since (S;’VA(T))Z is dense in Sy4(T) the open set B, (T1) N (SZ‘(,A(T))Z #¢.Let T, € B, (T1)Nn (S;’VA(T))Z, taking
a positive partitioning of r; then there exist a positive real number r, < % such that

By, (T3) € By, (T1) N (S 4(T)2. (10)

From Expression 9 and Equation 10 we deduce that B;, (T2) < By, (T1). Inductively, we obtain for every n € N a point T},
and a positive real number r, < % such that B;, (T,) € Sya(T) € By,_, (Th-1) N (Sl‘(,A(T))n. Since By, (Ty) € By,_, (Th-1),
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we obtain a decreasing sequence By, (T)) of nonempty closed sets such that diam(B,,(T,)) — 0. This shows that the
sequence converges and since a Banach space is complete, then the sequence converges to a point. Let T € Sya(T)
such that NyenBr, (T) = T, then

T €B;,(Tn) € By,_, (Tn-1) Npen (S?VA(T))nfl SO Npen (SX]A(T))n-

Hence T € O N (83, 4(T))n. This implies that T € @ and T € Npen(SY, ,(T))p, and therefore Npen (SR, ,(T))y is dense in
Sna(T). O

For a countably collection of dense open sets in Sy 4(T), the Banach space in Corollary 3.2 becomes a Baire space.

Any set containing a dense set is also dense as shown in the following theorem.

Theorem 3.2.
Let (Sna(T),T) be an invariant topological space, S%; ,(T), Sy, ,(T) and S, , (T) be subsets of Sy a(T), then the following
properties hold:

i) Aset Sy ,(T) containing a dense set S, ,(T) is dense.
it) If S§, ,(T) is a dense set and Sy, ,(T) is dense in S, , (T), then S\, ,(T) is also a dense set.
Proof. i) Let SIOVA(T) c S;‘VA(T), then from [[8], Theorem 3.24] it follows that S%, ,(T) A< S* ~va (D). Since S;’VA(T) is dense,
we have S, (T) = Sya(T), then we can have
Sna(T) € Sy 4 (D). 11
Similarly since S} a1 € Sna(T) and by Lemma 3.1 we have
Sya(T) € Sna(T). 12)
Hence, from Expression 11 and Expression 12 we get Sy, ,(T) = Sya(T). This therefore shows that Sy ,(T) is dense in

Sna(T).
ii) Suppose S¢ 24T is dense, then S (T) 24(T) = Sna(T). Since S;VA(T) is also dense in S;’VA(T), invoking Definition 1, this

implies that S, , (T) < S, ,(T). By closure property from [[8], Theorem 3.24], we have

n

S3a(D) € Sy (T)
Sy 4(T).

which shows that S, (T) A s S () val(D). Thus, Sya(T) = A(T) cS. (1) a1 Which implies that

Sna(T) € Sy 4(T). (13)
But since S ,(T) € Sya(T), then we have

S;VA(T)QSNA(T)- (14)
Hence from Expression 13 and 14 we get S A(T) = Sna(T) which implies that SgVA(T) isdense in Sy (T). O

Corollary 3.3.
Let (Sna(T), Tsya(T) be an invariant topological space, SIOVA(T) c SQVA(T) < Sya(T) and SIOVA(T) be dense in S?VA(T),

then S, ,(T) is dense in Sy, , (T).

Proof. Suppose that S, , (T) be dense in Sy ,(T), then we need to show that S}, (T) € %, ,(T). Let T € S, ,(T) and @
be an open set containing T, & N S}, , (T) # @. This implies that S, ,(T) € S}, (T). Let T1 € 6 n S}, ,(T), by intersection
properties we have that T; € S}, (T) and since S%; ,(T) is dense in S ,(T), by Theorem 3.2 we have S}, ,(T) € S0 (T) 2ra(D
and S¢ A< S0 (T) 24(D), it then follows that also T; € S;’VA(T) and

NS ,(T) # 0. (15)

Expression 15 implies that T; € S (T) A(T) and hence T; belong to both S A(T) and SIOV A(T). This therefore shows that
§%,4(T) is dense in Sy, , (T). O




P O. Mogotu et al. / Int. J. Adv. Appl. Math. and Mech. 6(4) (2019) 14 -21 19

Denseness is transitive as demonstrated by the following theorem

Theorem 3.3.

Let S%; ,(T), Sy 4,(T) and S}, ,(T) be subsets of an invariant topological space (Sna(T),Tsy,(1)) such that S, ,(T) <
Sa(T) € Sy 4 (T). If S, ,(T) is dense in Sy ,(T) and Sy ,(T) is dense in Sy, ,(T), then this implies that S ,(T) is also
dense in Sy, , (T).

Proof. Let 8% ,(T) € Sy ,(T) € S, ,(T) such that S, , (T) is dense in S} ,(T) and S, ,(T) is dense in S}, ,(T). Then we
need to show that S]“V 4(T) is also dense S;(, A(T). It suffices to prove that:

i) S ,(T) 8% ,(T).
i) % ,(T) < S} ,(T).
iii) 8% ,(T) € 8%, (D).

i). Suppose S%, ,(T) is dense in S} ,(T), then S, ,(T) is contained in the closure of %, ,(T) i.e. Sy ,(T) € S ,(T). If
Te S?VA(T), the proof is trivial. Let T ¢ S/ na(D), then T€ S, (T) A(T), so for every open set 0 € Tsy,(T) contalmng T we
have & N SQVA(T) # @. This implies that @ contain a point T; of S/ Al and thus of S, , (T) A(T) since S’ na(D) < S° (1) A(T) If
T € Sf\,A(T) then its trivial. Suppose T} ¢ S;(,A(T) and T € (S;’VA(T))’ then every limit point of S¢ 2r4(T) is also a point
of S 4(T) since S%; ,(T) < Sy ,(T). This implies that for every open set @ containing T, we have & n S%,,(T) # . But

§%4(1) 28}, ,(T) hence, 6N S, ,(T) 20N Sy, ,(T) # @. So Ty € (3, ,(T)) implies that Ty € (S, (1))’ thus
(S a(T))' € (8% 4(D)). (16)

This therefore implies that the arbitrary intersection of 6N S’ A(T) must contain a point of S¢ A(T) Moreover from

Expression 16 we can deduce that S LD < S 4(T) and thus T € S (7). Hence S}y, (T) © S 4(T).

The proof of ii) follows similarly as of i).

iii). 8%, ,(T) € S}, ,(T) due to the fact that S{ ,(T) € Sy ,(T) and S, ,(T) € S}y, ,(T). From i) we have that since S}, ,(T)
is contained in the closure of S?V 4(T) and S;\, 4D = S;{, 4(D), then this implies that SX, 4(D)is contained in the closure
of S;(,A(T). Therefore, S]‘(,A(T) to be dense in S;(,A(T). O

Denseness is preserved by continuous functions as shown in the following theorems.

Theorem 3.4.
Let (Sna(T), Tsy ), (S§VA(T)’TS§VA(T)) be an invariant topological spaces, S;’VA(T) be a dense subset of Sya(T) and
T :Sna(T) — Sy ,(T) be continuous, then T(S%, ,(T)) is dense in S}, ,(T).

Proof. Let (Snya(T),7sy, (1)) be an invariant topological space. From Definition 2.3, SZ‘{,A(T) c Sya(T) is said to be
dense in Sy4(T) if for any non-empty set O; € Ty, (1), we have O1n S;’VA(T) # @. Suppose that O, is a non-empty set in
Tg) (1) then from Lemma 3.1 it suffices to show that O, N T(SY, ,(T)) # @. By continuity of T, this implies that T71(0,)

is a non-empty open subset of Sy 4 (7). Moreover, since S;’VA(T) is dense in Sy4(7T), then we have S;’VA(T) NT1(B,) #

@. Then it follows that G> N T(SY, ,(T)) # @ which completes the proof. O
Theorem 3.5.
Let Ti, T, : Sy,T) — S{,(T) be continuous functions on an invariant topological spaces

(SNa(T), Tsy (1), Sy 4 (D), Tsy (1)) and Sy, ,(T) be To—spaces. In particular, if S, ,(T) is a dense subset of S, , (T) such
that T1 |SI.<IA(T): TZ |SI’<IA(T)’ then T1 = Tg.

Proof. Let Ae S’NA(T)\SI‘{,A(T) and T;(A(x)) # T»(A(x)), for all x. Since SX,A(T) is a T, —spaces, there exist disjoint
open subsets 0 and 0, of S}, ,(T) such that T; (A(x)) € 0) and T>(A(x)) € G». Hence T; ' (61) and T, ! (6,) are open in
SEV 4(T) since Ty and T3 are continuous. Since the intersection of open sets is an open set, then T, Lenn T L@,) =04
is an open set containing A and thus €5 is a non-empty subset of SQVA(T). But A € S;VA(T)\SZOVA(T) and S]‘(,A(T) is
dense, then from Proposition 3.1, this implies that A is the limit point of 87\7 4(T), invoking Definition 2.3, it follows
that 03 contains at least one point B of $% ,(T). Then we have B€ T, '(0),, B € T; ' (0)2, then T1(B(x)) € Ty T} 1 (0), <
O\, T, 1(@), < 0, for all x and G,NG» = @ since they are disjoint which gives that T; (B(x)) # T»(B(x)) a contradiction
since B € S;’VA(T). Therefore T; (B(x)) = T»(B(x)) and hence T} = T5. O
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It's known that similarity orbits forms a sequence of operators which can be of the form T = {To...o T}. Then, the
theory of dynamical systems can be introduced on similarity orbits. In this case we let T € Sy4(T) be a continuous
linear operator and ((H, T), 7y) a topological space. The ordered pair (H, T) constitute a dynamical system.

Proposition 3.2.
LetT: (H,7y) — (H,Tp) be a dynamical system. Then the following conditions are equivalent.
i) if M, N € H, such that M is T-invariant, M and N have nonempty interior, then H # M U N.

ii) for any pair U, V subsets of H, there exists some n = 0 such that

T"U)NV £ @. a7

iii) If U # ¢ is an open subset of H, then the set U® 0 T™(U) is dense in H.

n=
iv) for any nonempty open set subset U of H the set US> (T~" (V) is dense in H.
Proof. i) =iii)Let M = u‘,’lo:0 T"(U) and N = H\M. Hence, M and N are disjoint, that is; Mn N = @. Since M € H,
then T : M — M, this implies that M is T-invariant and has a nonempty interior since it contains U. Moreover, since

H # MU N, then N must have an empty interior. Invoking [[1], Theorem 3.8], this implies that M is dense in H.
ii)=>i)Let H=MUN,MnN=¢ and T(M) € M. Then int(M) and int(N) are open sets with

T"(intM)nint(N)SMnN = g, (18)

V n = 0. By Equation 17, Equation 18 can only hold if either M or N has has an empty interior. Hence, the proof.
i) © iii) The proof is an immediate consequence of definition 2.3.
ii) © iv) Since T is continuous, then applying T~" on both sides of Equation 17 we get

TMT"NVIZT @) = (T"THWUNT "V #¢
= UnT™MV)#£¢.

By continuity of T' and Definition 2.7 it completes the proof. O

Remark 3.2.
Let T € Sya(T) and T : H — H be a dynamical system, then Orb(x, T) := {x, Tx, T?, ...} is the orbit of x under T for all
xeH.

4. Conclusion
In this paper, we introduce the concept of dense sets of similarity orbits of norm-attainable operators on invariant

topological spaces and study their properties. The results obtained in our paper may be applied in numerical analysis
and approximation theory.
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