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Abstract

Let X be a Banach space and T : X — Y be a linear operator, then
T is compact if it maps bounded sequences in X to sequences in Y with
convergent subsequences, that is, if z,, € X is a bounded sequence, then
Tz, €Y has a convergent subsequence say, T'z,, in Y. The eigenvalue
of an operator T, is a scalar A if there is a nontrivial solution x such
that Tx = Az. Such an z is called an eigenvector corresponding to the
eigenvalue A. A vector space is complete if every every Cauchy sequence
in V converges in V. It is known that every finite dimensional normed
space is complete and that a Hilbert space is a normed space that is
complete with respect to the norm induced by the inner product. In this
paper we have established the conditions for completeness of a compact
operator T" whose norm is an eigenvalue.
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1 Introduction

The class of compact operators has generated a lot of interest from mathemati-
cians. This could be due to fact that it is fundamental in characterization of
operators. A bounded linear operator 1" acting on a Banach space X to a Ba-
nach space Y is compact if it maps every bounded sequence say, {z, }neny € X
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into a sequence {Tx,} € Y with a convergent subsequence, or equivalently
if every image {T'z,} € Y contains a cauchy subsequence. Every bounded
function is continuous, the sum of the two continuous functions is continuous,
and so is any scalar multiple of a continuous function. Every convergent se-
quence is cauchy but the converse is not necessarily true. As a result there
are sequences which are cauchy but not complete. Compact operators maps
weakly convergent sequences into strong convergent sequences. That is, sup-
pose T € B(X,Y) is a compact operator and (u,) is a sequence in X such
that u,, — u, then T, — Tu in Y. The set of compact operators K(X,Y)
is a closed linear subspace of the Banach space B(X,Y’), so that K(X,Y) is
also a Banach space [3]. If a linear transformation 7" maps bounded sets onto
precompact sets, then it maps the closed unit ball onto a compact set. A nec-
essary condition for compactness of T"is boundedness, which implies that every
compact linear operator is bounded [6, 7]. It is also known that the image of a
closed unit ball is strongly closed and in addition, if the image is precompact,
then the image is actually compact. This however is not universally true for
Banach spaces. Compactness conditions are consequences of continuity condi-
tions. Hence compact operators are also completely continuous [3]. Let T be
finite dimensional and self-adjoint operator on a Hilbert space H, then T has
an eigenvalue A and the set zy = {x € X : Te = Az} is the A\—eigenspace of
T on H. If the eigenspace x) is finite-dimensional, then all the eigenvalues are
real and |\ = ||T|| or [A| = —||T|| [6, 4]. Matthew [5] asserted that for any
compact self-adjoint operator A on an infinite dimensional Hilbert space H
we may find an orthonormal system of eigenvectors {uy, }nen corresponding to
the non-zero real eigenvalues {\, },en such that every z € H may be written
uniquely as z = > 07 | apu, +v where o, € C and Av = 0. If A has an infinite
number of distinct eigenvalues then we have A\, — 0 as n — oo.

2 Preliminaries

Definition 2.1. [2]. A sequence {1} € B(X,Y) converges strongly if lim,,_,., T,,x =
Tz, V¥V n € N for every x € X or equivalently, lim,, . || T,z — Tx| = 0 for
some T € B(X,Y) and for every z € X.

Definition 2.2. [2]. A sequence (z,,) of a normed space X is to said be Cauchy
if for every ¢ > 0 there is an N such that ||z, — z,|| < € for every m,n > N .

Definition 2.3. [2, 8]. The space X is said to be complete if every Cauchy
sequence in X converges (has a limit that is in X).

Definition 2.4. [2]. Let T': D(T) — Y be any operator ; D(T) C X and X
and Y are normed spaces . The operator 7' is said to be uniformly continuous
if for every € > 0 there is a § > 0 such that | Tx — Ty ||< e for all x,y € D(T)
satisfying || z —y ||< 6.
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Definition 2.5. The adjoint of a linear operator T' € B(X) is a linear operator
T* € B(X) defined by the relation

(Tw,y) = (z,T"y) Vr,y € X.

Definition 2.6. An operator T : V — W between two vector spaces is said
to be of finite-rank if its range is finite-dimensional.

Definition 2.7. If {7, },,cn is a sequence of operators in B(X,Y') and lim,, . || T, —
T|| = 0 for some T' € B(X,Y) then we say that T,, converges uniformly to 7" or
that T,, converges to T in the uniform or operator norm, topology on B(X,Y").

Definition 2.8. [1]. A bounded operator T : X — Y between Banach spaces is
compact (respectively, weakly compact) if and only if for every norm bounded
sequence {z,} € X, the sequence {T'z,} has a norm convergent (respectively,
weakly convergent) subsequence in Y.

Definition 2.9. [1]. An operator T' € B(X) between Banach spaces is said to
be power compact if there exists some k € N such that 7% is compact.

3 Main Results

Theorem 3.1. Let X be a Banach space, then there exists an operator T :
X — X which is compact. Moreover, there exists a subspace M of X which
is dense in X and complete.

Proof. Let z,y € X, o, € C and ||T|| = |\ > 0, then || Tx| < ||T||z] =
|Al||z]|. Thus, T is bounded.

Now, T'(x+y) =T(x)+ T (y) and T(ax + By) = T(ax)+T(By) = aTx) +
BTy. Thus, T is linear.

Let x, € X be bounded such that z,, € X is cauchy, then since X is a
Banach space there exists an € > 0 and an N € N such that

1
|Zm — zn|| < 26 V'm,n > N. (3.1)
Then,
1
|zn — 2| < € Vn>N. (3.2)
Let ||T]| < 1, then
1
56 > [Mlzm — 2ol = 1Tlzm — 2ol 2 |1 T(2m — 2)[| = | T2m — Tzn|.

That is,
1
T2y, — T, <36 V'm,n > N. (3.3)
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Also,
1
3¢ > Mllzm = zll = ITl[llzm — 2l 2 1T (@m - 2)|| = | T@n - Tz
That is,
1
| Tz, — Tz <36 Vn>N. (3.4)

Without loss of generality, we may assume that z,,, = 2, and Te =y € X
we have,

| Txm, —Tx|| = |[|Tem, —Tr,+ Tx, — Tx||

1 1
< |NTxpm, —Txy|| + || Tx, — Tx|| < g€t ge=¢
| T, —Tx| < e This implies that Tx,,, — y. Thus, T is compact.
For instance, the operator T" : X — X, where n is a finite natural number
is compact. For since if [|[T"] < 1, then

%6 > T [|m — @all 2 T (@m — )| = |T" T — T" 24|
That is,
T — T < %e, Vm,n> N, (3.5)
Also,
%6 > T |zm — 2|l = 1T (xm — 2)|| = | T"2m — T z]|.
That is,
T — T < %e, Vn> N (3.6)

Now, let M = R(T") such that for ally € M, y = x — T"z and z,z € X.
Then, T"x € M and there exists a ¢ € N such that T""%y = T9%. Implying
that

Ty — Tl =TTy —2)=0 = Ty —x=0 = z=T"y.
Substituting in y we obtain
y=x—T"z2=T"y—-T"2=T"(y+(-2)) e R(I =M = ye M.
Let yy =21 —T"z and y, = x5 — T"29 be in M, then
yi1tys = 21—T" 214 09—T" 29 = 21+20—(T"214+T" 29) = 21+xo—T"(21+22) € M.
That is, y; + y2 € M. Also let a € C then,

ayy = alry —T"z) = axy — T az € M.
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Therefore, M is a subspace of X.

Let {ym} = {xm — T2}, {ui} = {1 —T"z} € M and by 3.1 and 3.5,
then

[ym — vl = Nzm =T 20 — (21 = T"2)||
= |lxm =T 2z — 2+ T"z||

= |lzpm —x+T"2 — T" 2|

1 1
= |lzpm —x|| + || T"2 — T" 20| = 3¢ + JE=¢
That is, there exists an € > 0 and an N € N such that
[ym — il <€, Ym,l > N. (3.7)

So that {y,,} € M is cauchy.
Also, by 3.4 and 3.6, we have

[Ym =yl = N#m —T"2m — (x = T"2)]
= ||@m =T 2 — 2+ T"2||

= |lzm—c+T"2 =T 2,

1 1
= lzm =2l +[|1T"2 = T"20|| = ge+ ge=e.
That is, there exists an € > 0 and an N € N such that
[Ym — yll <€ ¥m > N. (3.8)

So that {y,,} converges to y € M which is also an element in X. Thus M = X.
From 3.7 and 3.8, M is complete. O

Theorem 3.2. Let X be a Banach space, Suppose Fj is a finite rank filter of
idempotents on X such that V 2 € X* then Fzx* — 2" in norm and Fj is
complete.

Proof. Let X be a Banach space, Suppose F}j is a finite rank filter of idempo-
tents on X such that V 2* € X* and 2* € X* then Ja y* = 2* — T" z* € M*.
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Let Fj: M* — X* then, Fs =y* ® x and Fpy* = F = (y* @ 2)y*

(Fpy™, x") (y" ®@2)y", 2%)
= ((y"®@z)y",27%)
= y'(y")z" ()
= ((v", (y" ®@y)z"))
= ((y" (Y'2" ®@y)))
= (v, v (=" ®y)))

¥y, (z* ®y)))

Thus,
<F,3y*7x*> - <y*,x*> = <ng*,$*> - <y*,l‘*> =0= <F,3y* - y*,x*) =0,

= Fgy* — y* weakly = Fy(a*—T" 2*) = Fpa*—FT™ 2* = Fgax*—FgT™ 2* —
o =T 2" = Fga* —a* + (T 2* — FgT™ 2*) — 0. That is, Fypz*—%z* and
T 2* — FgTm 2* =T 25 =T Fgz* =T (2" — Fp2*) = T*(2* — Fj2*). Since
T is compact, it maps weakly convergent sequences to strong ones. Hence
|T*(2* — Fz*)|| < || T*||]|(#* — Fzz*)||. We choose a z* € X* and a A associated
with z € X with |A| < 1 such that

IT*( — Byl = [T 12* — Faz*ll = |71 Fs* — 2] = ITY | B2 — 2*] =
IM||Fgz* — 2% = 0 = ||[Fgz* — 2*|] — 0 and since z* € X* is arbitrary,
| Fpa* — a*|| — 0 for all z* € X*. O

Theorem 3.3. Let X be a Banach space then there exists a compact operator
T whose norm is an eigenvalue which forms a complete space.

Proof. Let X be a Banach space then there exists a bounded sequence {x,} €
X an € > 0 and an N € N such that ||z, — z,]| < ¢, ¥V m,n > N and
|z, —z|| <€, Vn>N.

Now, [Tz, — Tx,|| < |T|||1wm — xnll = |A|||2m — za||- Let |[A] < 1 then,
(Al[zm = nll < [|zm — all <e

Thus, || Txy — Tx,| <€, Vm,n> N.

Similarly, [Tz, — T|| < |T|[||zn = z[| = N|lzn = || < fzn — 2] <€ =
|Tx, — Tzx|| <€, ¥n> N. Thus the space TX is complete.

Without loss of generality, assume that there is N7, Ny € N such that

1
|Zm, — znll < 26 YV mg,n > Ny
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and i
|zn — || < 26 V'n > Ns.
Let N = max{Ny, Na}, then ||Tx,,, — Tzl = || Txm, — T2, + Tx, — Tz|| <

| T, — T + | Txn — Tzl < T 2m, — zoll + 1T |20 — T2]| = [M||Tm, —
ol + N[0 = Tz|| < fe+ je = e

T2y, —Tx|| <€ ¥Vmg > N.

Implying that T is compact. O]

Theorem 3.4. Let T" be a compact operator, on Banach space X, whose
norms are eigenvalues. Then the following conditions are equivalent:

(i) T is uniformly continuous.
(ii) T is bounded.
(iii) 7 is limit point.

Proof. (i) We show that (i) = (ii). Let 7" be uniformly continuous, |A| =
|T|l > 0 and X be a Banach space, then for every € > 0 there exists 6 > 0

such that for every z,y € X with ||z — y|| < § we have ||Tx — Tyl < e.
Thus,

[Tz — Tyl = |T(x — y)|| < IT|llz —yll < [Alllz =yl
Hence T is bounded.

(if) That (ii) = (iii). Let 7" be bounded such that ||T}, — T41| < 5. Let also
S € B(X) such that S =T,.1, n € N then

”Tn - Tm” = HTn -5+5- Tm”
< T =S+ 115 =Tl
T = Tt | + 1 Toss — Tol
1 1
on + om”
1 1
I = Tl < 57 + 5 (3.9)

Taking limits as m,n — oo on both sides of inequality 3.9, we have

11
lm |7, — Tl < Mn{—+—}
m,n— o0

m,;n—oo | 21 om

.1 1
— AN
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Also, limm,n—>c>o ||Tn_Tm|| < hmm,n—>oo{||Tn||+”TmH} = hmm,n—>oo{|/\n|+
Am|} = limy o0 [An| 4+ im0 [Am| = 0.

Therefore, {7}, } ,en is Cauchy and since {7}, },en is complete by theorem
4.19, every Cauchy sequence converges. Hence T, converges say, to an
operator T, that is, for every € > 0 there is an N € N such that ||7},, —
T|| <e, Vn> N. Thus, T, converges uniformly.

Also, since {7, },en is Cauchy, then for every € > 0 there is an N; € N
such that

1
| Thx — Thx| < 6 V'm,n > Nj.

Since {7} is bounded and compact, there is a subsequence 7;,, € B(X)
such that for every e > 0 there is an Ny € N such that

1
| Th,x — Tz|| < 36 V ny > Ns.

Choose N = max{Ny, Ny}, then

T —Tz|| = ||The -T2+ T,x—Tx|
< NTow = Tyl + | Tnz — T
= jetge=e

Thus, T, — T strongly.

(iii) (iii) = (iv). Let T be a limit point. Then ||7,, — T'|| — 0 as n — oco. Let

x,y € X and since T" and T,, are compact and X is complete, there is
a n,m € N such that Tx,, = Tx and Tx,, = Ty. Choose z, € X such
that T, x, = y. We have,

[Tz = Ty|| = |Tzy — Towl| = [|Tzn—y+y— T

[Tz, =yl + lly — Tl

= ||Tx, — Thxy|| + (| Tnzm — Txm|

= (T = To)znl + [[(Ton = Tz

1T = Talll|wnll + 1T — Tl[{|lzm|l — 0.

IN

IN

Thus, for every € > 0 there exists a § > 0 such that [|[Tx — Ty| < €
whenever ||z — y|| < and choose a § = my Where |A| = ||T"||. Hence the
assertion follows.

]

Notes and Comments

Let X be a Banach space, then there exists an operator 7' : X — X whose
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norm is an eigenvalue which is compact. Moreover, there exists a subspace M
of X which is dense in X and complete. T" is uniformly bounded, continuous
and a limit point of a sequence {7}, },en of compact operators whose norm is
an eigenvalue.
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