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Abstract

In this paper, we present results on the necessary and sufficient condi-
tions for positivity of operators in non-unital C*- algebras.
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1 Introduction

In this paper, we present some important results pertaining to the neces-
sary and sufficient conditions for positive operators in non-unital C*-algebras.
Throughout the paper, by Ci we mean non-unital C*-algebras and (fj{,U, their
unitization.
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Definition 1.1. A C*- algebra A is said to be unital or have a unit I if it has
an element, denoted by I, satisfying A = Al = AV A € A. The element [ is
called the multiplicative identity.

Definition 1.2. A C*- algebra Cy is said to be non-unital if it does not
admit a multiplicative identity I.

Definition 1.3. An operator T' € B(#H) is said to be norm-attainable if there
exists a unit vector « € H, such that ||Tz| = ||T|.

2 Preliminary

Lemma 2.1. Let Ci; be a non-unital C*-algebra, let Ciyyy be the unitization
of Cyy, and let ¢ = Cyyy — C be a positive linear functional. Then ¢ has a
unique positive extension @ : Cxy — C such that ||@]] = ||¢||-

Proof. Assume that ¢ : Ci; — C is a positive extension of ¢ such that
lell = [|@ll, then ¢(]) = [|@] = [¢]l. Now, define @ by @A+ A) =
M) + [|@(A)]| = M|l + lle(A)||. Then, if there is a norm-preserving
positive extension of ¢ it must be unique.

To show that @ is positive we need to show that ||@|| = @(I). Let (E))a be
a C*-bounded approximate identity for A. Since ¢ is positive, then ||¢| =
limpygp(Ey). Since ¢ is positive, we have for all al + A € Ck,; that

[plal +A) = |p(al)+@(A)
= lap(l) +o(A)]
= lallell + lle (A
~ limlag (By) + ¢ (ABy)
= li/r\n\go(aEA+AE>\)]

< lim sup o] [|(al + A) B,
< lim suplegf} [[(f + A I E5]
= lelll(ed + A
Hence ||@]| < ||¢]]- Since, ||| > ||2]], the result follows. u

Theorem 2.2. Let Cyyy € B be a non-unital C*-algebra and let ¢ : Cyyy — C
be a positive operator. Then there exists a positive linear operator ¢ : B — C

such that 1 Ciy =@ and 9] = [l¢ll -

Proof. Let B be the unitization of B if B is non-unital. Consider the *-algebra,
Clg +Chy ={Mg+A:AecCyy, A€ C} CB. Let Cyy, be the unitization
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of Ckyy and define 7 : Ciy, — Clg + Cipy by W()\Iéj{m + A) = Mg + A. Hence,
7 is a *-homomorphism. As the domain of 7w is a C*-algebra and the range
of 7 is embedded inside the C*-algebra B, the range of m is a C*-algebra as
7(Ckyy) = Clg 4 Ciyy, Clg + Ciypy is a C*-subalgebra of B with the same unit.
Moreover, if 7r()\I~Xm + A) =0 then Mg = —A € Cyy. As Cyyy is non-unital,
this implies that A = 0 and hence A = 0. Therefore, # must be injective and
thus CIg + Cxys is *-isomorphic to Clg + Cryp -

By Lemma 2.1, ¢ extends to a positive linear functional ¢ : Clg + Cxpy — C
such that ||@|| = ||¢||. Since Clg + Cipy € B are C*-algebras with the same
unit, ¢ extends to a positive linear functional ¢ : B — C such that ||@| = |||
Let ¢ : B — C be defined by ¢ = 1;] 5. Since the restriction of a positive linear
operator is clearly positive, 1 is a positive linear operator. Moreover, 1 extends

o and [[9]] <[4l = [le]l < [¥]l -

3 Main Results

Lemma 3.1. Let T' € Cyyy, then the operator T is positive if it is normal and
self adjoint. Moreover, it is completely positive if T is norm-attainable.

Proof. Clearly, ||T|| > 0,YT € Cyy. Let T* : H — H be the adjoint of T
Then clearly since T is a bounded linear operator, it commutes with its ad-
joint i.e. T*T = TT™* hence normal. Also the norm of T is equal to the norm
of T* i.e. [|T| =T

Now, let T be completely positive. Define T;, : M,,(A) = M,,(B) by, T,,(A;;) =
T(Ay). then lim [|T,(Ay)]| = |T(Ay)]| = | T since [| 4] = 1. Hence T is

norm-attainable. O]
Corollary 3.2. Let T' € Cxy, then the following properties are equivalent.

(i) T is normal.

(ii) T is norm-attainable.

(iii) T is positive.
Proof. (1 = 2) Let T' € Cxy be a normal operator, then there exists a unit
vector © € H such that | Tz|| = ||T||. Hence T is norm-attainable.
(2 = 3) If T is norm-attainable, then by Lemma 3.1 it is completely positive
hence positive.
(3 = 1) Let T be positive, then |T'|| > 0,V, T € Cyy. Let T* : H — H be

the adjoint of T'. Then as T is a bounded linear operator, it commutes with
its adjoint i.e. T*T = TT™* hence normal. O]

Next we characterize convergence of positive elements in a non-unital C*-
algebra.
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Theorem 3.3. Let Cx; be a non-unital C*-algebra. Suppose that (¢m)m>1 €
Cyu 15 a sequence such that lim ¢, = ¢ € Cxy and ¢, > 0 for all m € N,
n—oo

then @ is positive, self-adjoint and normal.
Proof. Let C}'{,U be the unitization of Cy;. By the continuity of the adjoint,

"= lim ¢, = lim ¢, = ¢
m—r0o0 m—ro0

showing that ¢,, is self-adjoint.
Let C' = supl|om| < oo, then ||¢|| < C. Since 0 < ¢, < CI for all m,
m>1

0 < 20, < 207 for all m and thus —CI < 20, — CI < 2CL for all m.
Thus by the Continuous Functional Calculus, |2¢, — CI|| < C for all m.
Since lim ¢, = ¢, lim 2p,, — CI = 2p — CI. So, ||2¢,, — CI|| < C. Hence,

n—oo n—oo
—CI < 2¢,, — CI < 2CL, thus 0 < ¢ < (1. Therefore ¢ is positive as
required. O]

4 Conclusion

In this paper, we have established the necessary and sufficient conditions for
positivity of operators in non-unital C*-algebras. The question which arises
is; Are positive operators in non-unital C*-algebras completely positive?.
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