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Abstract

Let H be a complex separable Hilbert space and B(H) the algebra
of all bounded linear operators on H. In this paper, we give consid-
erable generalizations of the inequalities for norms of commutators of
normal operators. Let S,T € B(H) be positive normal operators with
the cartesian decomposition S = A + iC and T' = B + iD such that
ag < A<ag, by <B<by,cg <C<cepandd; <D <dy for some
real numbers ay, ag, by, ba, ¢1, c2, di and dy we have shown that ||ST—
TS| < %\/(ag —a1)? + (cog — ¢1)24/(bg — b1)2 + (dy — dy)2. Moreover,

orthogonality and norm inequalities for commutators of derivation

are also established. We have shown that if the pair of operators
(8,T) satisfies Fuglede-Putnam’s property and C € ker(ds ) where
C € B(H) then ||0s7X + C|| > ||C].
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1 Introduction

Studies on commutators and their norm inequalities have been considered
by several mathematicians [I], [2] and [3]. Very interesting results have been
obtained in special cases however, a generalization in infinite dimensional
complex separable Hilbert space remain interesting. At this point we start

by defining some key terms that are useful in the sequel.

Definition 1.1 An element S € B(H) is a commutator if there exist X, T €
B(H) such that S = XT —TX; is positive if ||S]| > 0; normal if SS* = S*S;
and self-adjoint 1f S = S*.

Definition 1.2 For S,T € B(H), let s denote the operator on B(H)
defined by dsr X = SX — XT is called the generalized derivation. If S =
T, 0sX = SX — XS is called the inner derivation induced by S € B(H).

Definition 1.3 Let S, T € B(H). We say that the pair S, T satisfies (F P)p(m
the Fuglede-Putnam’s property, if SC = CT where C € B(H) implies
S*C' = CT*.

2 Inequalities for norms of commutators

Our aim in this section is to establish some inequalities of norms of com-
mutators of normal operators that can be obtained naturally from cartesian
decomposition and various vector inequalities in inner product spaces for ex-
ample, reverse of quadratic Schwarz inequality. In the following result, we

obtain a norm inequality for commutators of normal operators.

Theorem 2.1 Let S,T € B(H) be positive normal operators with the carte-
sian decomposition S = A+ iC and T = B + 1D such that a; < A <

ag, by < B < by,c; < C < ¢y and dy < D < dy for some real numbers



ai, ag, b17 b27 C1, C2, dl and d2 then}

|ST = TS|| < %W@ — @)+ (2 —c1)? V(b = b1)? + (dy — dy)? (1)

Proof: Since S,T € B(H) are normal such that S = A+iC and T' = B+iD
are the cartesian decomposition of S and 7. Then S — z and T" — w are
normal for all complex numbers z and w such that a = %, b= @, c=

ate g=dik 5= q+icand w = b+ id. Then

|ST — TS|

1S = 2)(T" = w) = (T = w)(S = 2)||
< 5= 2T = w| + |7 = w5 = =]
< 2S = 2[l[|B = wl| (2)

Following an analogous argument of [4] we have

IS = 2| < A = a|* +[|C = || (3)
Similarly

1T = w|* < |B = b]* + |D — d||*. (4)

Suppose A, B,C, D € B(H) are self-adjoint with a; < A < as, by < B <
by, ¢ < C < cgand d; < D < d, for some real numbers ay, as, by, ba, c1, o, dy
and dy and @ = 9392 then —(44%2) < A—a < 232 and so |[A—al| < 3%,
Similarly, |[B — b|| < 22 ||C' — ¢|| < 242 and |D — d| < 4t%2. Which
upon substituting in Inequality [8] and Inequality [ we obtain

||S—Z|| < \/(a2—2a1)2 N (02—201)2. (5)

and

17— w < \/(62 —21)1)2 B (do —2d1)2. <6>

Substituting Inequality [l and Inequality [6] into Inequality 2] we obtain

|ST — TS| < 2\/((12 —2(11)2 N (co —201)2\/(52 _251)2 . (ds —2d1)2




which upon simplification yields

ST - TS| < %\/(fh —a1)? + (2 — 1)2y/(ba — b1)? + (da — ).

Corollary 2.2 Let S,T € B(H) be normal operators with the cartesian de-
composition S = A+ iC and T = B + 1D such that C and D are positive,
then

1
IST = TS| < SVAIAI? + IC1?4IBIP + D] (7)
Proof: Consider Inequality 2l and let a; = —||A||, as = ||A]], c1 =0, ¢c3 =
ICIl, b1 = —||B||, ba = ||B]|, d1 = 0 and dy = || D||. Substituting in Inequality

Rl we obtain

1
ST = TS|l < SVA4IAI? + ICI2 /41 BIP + [[1D]>

Remark 2.3 In Corollary [2.2 if we instead of the assumption that C' and
D are positive, we can assume that S and T are positive, then we obtain the

inequality

1
ST = TS|l < VAP +4ICIPVIBI? + 4] D]

Corollary 2.4 Let S € B(H) with the cartesian decomposition S = A + iC
such that A and C' are positive. Then ||S*S — SS*|| < 2(||A|* + [|C|)?)

Proof: Let S € B(H) has the cartesian decomposition S = A + iC.
Also let A and C be self-adjoint and S*S — §S* = 2i(AC — C'A). Using

[[1], Inequality 36] and the arithmetic geometric mean inequality, we have

15*S — 88*|| = 2||AC — CA|| < [JA[[IC < 3(IAI* + IC]?).



Theorem 2.5 Let S,T € B(H) be normal operators with the cartesian de-
composition S = A+iC and T = B + 1D such that a; < A < as, by < B <
by, c1 < C < o anddy < D < dy for some real numbers ay, as, by, by, c1, co, dy
and dy and X andY are compact then, s;(SX—=YT) < max(||A], || B||)s;(X®
Y) forj=1,2,..

Proof: Let q = @d%2 p = Wi o — ate g - ddd 5 — 44 jc and

w = b+ id. We have, (SX —YT) = (S — &)X — Y(T — #5%). Taking the

norms we obtain s;[|SX — YT| < ||(S — &) + [|IT — (552)|s;(X @ V).

Since S and 7' are normal then S — z and T' — w is normal. It follows by

analogy that

SISX YT < (S —2) = 252+ (T - w)
~ I sx @ ). (5)
< (IS =2l +IT = wl+ |z = ws;(X ©Y).
< (VIA=aP+1C—eP + B8P+ D - dP

+(a—=b)?2+ (c—d)?) by (Equation)

< (IA=al +[[B=bl+C=cll+[D—dl+]a=b]+|c—d))s;(X DY)
S (ag—a1+b2—bl—502—cl+d2—d1+
— by — b — do — d
||a2 aj + b7 1+202| |1 + da 1||)sj(X@Y)
_ (br—a1) + (ag =) + (b2 — a1) — (az — by)|
2
+(d2—01)+(d2—01)+|(d2—01)—(d2—01)|8j<X@Y>

2
= (maX(62 — a1, 09 — bl) -+ (max(d2 — C1,Co — dl)Sj(X D Y)

Letting a1 = ay = by = ¢y = o = dy; =0, by = ||A|| and dy = || B|| then we
have

s;(SX =YT) <max(||Al, ||B|)s;( X ®Y) for j =1,2,...
Corollary 2.6 Let S € B(H) be normal with the cartesian decomposition
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S=A+iC ifay < A< ay and c; < C < ¢y for some real numbers ay, as, ¢q
and ¢y and if X,Y are compact, then s;||SX — YT| < ||Al|s;(X ®Y) for
j=1,2,..

Proof: From Inequality Breplacing T, b, d and w by S, a, ¢ and z we obtain

5i(SX =YS) < [[S—z|+[I5—=2] <2|5 - =]

IN

ag —ay)? (e —cp)? ;
2\/( 2 5 1) +(2 5 1) sj(XGBY) by (Equatzonﬁl)

< Vl{m—a)?+(@—a)s(XeY)

Let a; = ¢; = ¢2 = 0 and |[|az|| = ||A]| we obtain s;(SX —Y.S) < [|A|s;(X &
Y)forj=12..

Lemma 2.7 Let S,T € B(H) be normal operators belonging to the norm
ideal associated with the Hilbert Schmidt norm ||.||2 such that there product

ST is normal. Then
[ST|la < [|TS]]2. 9)

Proof: Let w(A) denote the numerical radius of S. Then from w(S) < |||
and if S is normal, w(S) = ||S||. Moreover, for any two normal operators S

and T" we have
w(ST) = ||T'S]|. (10)
Suppose ST is normal, then we have;

15Tz < w(ST) = w(TS) < TS|

Lemma 2.8 Let S and T be as Lemma[2.7 above. If ST is a normal operator
1 1
then ||[ST[2| < [[[TS]>]]



Proof: Invoking Equation [0 we have |||ST|2|| = w(|ST|2) = w(|TS|2) <
1
TS

Theorem 2.9 Let X be a positive definite operator and let S and T be nor-
mal operators belonging to the norm ideal associated with the Hilbert Schmidt

norm ||.|[a. Then ||S — T3 < [|SX — XT|j3|| XS —TX |3

Proof: Suppose S and T are self-adjoint then we can write ||S — T'||2 =
11(S=T)22|]» = |||(S=T)X 2X2(S—T)|2]». Using Lemma 27 and Lemma
2.8 we get

IS =Tl < [IX2(S —T)2X 3|2,

IN

=

(1X3(S = T)X 3o X 3(S = T)X 2||2)

IN

< (|Rel(S — T)X]lls| RelX (5 — T)]ll2)?.

Since TX — XT and TX ' — X~!T are skew-Hermitian [5] then

Re[(S — T)X] = Re[(S — T)X + (TX — XT)] = Re(SX — XT), and
Re[X Y (S—T)] = Re[X Y (S—T)+(TX '—X"'T)] = Re(X 'S —-TX1).
This implies that [|S — T[]y < (||Re(SX — XT)||s||Re(X 15 — TXY)||,)=.
But [[ReS|| < ||S]|| for any operator. So we have ||S — T2 < (||[SX —
XT||s]| X 1S =T X||5)2 which upon squaring we obtain the required result.

Corollary 2.10 Let S,T,X € B(H) such that S and T are positive, then
1SX = XTlo| < [ Xl2([S115 + 1 T11)=.

=

Proof: ||SX —XT|y=|(S—T)X]|2 <||S—T|2|[X||2. Since S and T are
positive i.e [|[S — T = (|S]|2 4 | T||2)z, then we have by [1]

1
ISX = XTl> < [IX[l2(1S13 + 177113)=

Theorem 2.11 Let S, T € B(H) be positive and self-adjoint operators and
ST —TS be also positive. If n > 0 is defined such that ||ST — TS| < n, then

1
IST|* = S (|STwl|* = [(ST)’w, )[") Vo € H, , |l = 1. (11)
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Proof: We employ the reverse of quadratic Schwarz inequality in i.e.

1
0 < flall* o]l = [{a, 0)|* < WII@IIZIIG —ab|]*.

For every a,b€ H,let a =1 ,a=ST,b=TS, we have
|STz||?|TSx||* — {(STxz, TSx)| < ||STx|?|STx — TSz|>.

Since ST = T'S, we have [|STz||* — |{((ST)%*z,z)| < n?||STx|/*> which upon
simplification yield, ||STz||? > 5 ([|STz||* — |{(ST)?*x, x)|?). 5 is the best
constant possible in Inequality [[1l in the sense that it cannot be replaced by

a smaller quantity in general. The equality case is realized in Inequality [11]

1 1 0 1
if, for instance one takes S = , T = and a unit vector
1 -1 10
xr = . Therefore Inequality [L1] becomes
1

IST=)|* > 3(ISTz||* — [{(ST)*x,x)|?) Vo € H, , ||| = 1.

3 Orthogonality of commutators of deriva-

tions

In this section, we give some new results on orthogonality of commutators
of normal derivation with respect to Fuglede-Putnam’s property and norm-

attainable operators.

Lemma 3.1 Let S,T,C € B(H). Then the following are equivalent
i. The pair (S,T) has the property (FP)pm).

ii. If SC = CT, then R(C) reduces S, ker(C)* reduces T and S|y and
T|ger(cyr are mormal operators where R and the ker denote the range

and the kernel.



Proof: (1) = (2) Analogously by the proof of [3] Since SC = CT and the
pair (S,T) has the property (FP)pm), S*C = CT* this implies that R(C)
and ker(C)* are the reducing subspaces for S and T. If S(SC) = (SC)T, by
(FP)pm) we obtain S*(SC) = (SC)T™* and the identity S*C' = C'T* implies
that S*SC' = SS*C. This shows that S|zzy is normal. Indeed, (77, S%)
satisfies (F'P)p(y) and (I"C* = C*S™. Similarly T"|zzy = (Tlker(c))”

(2) = (1) If C € B(H) such that SC = CT. Let S = S| & Sy with respect to
the orthogonal decomposition H = R(C) @ R(C)*+, T = Ty @ T, with respect
to H = ker(C) @ ker(C)* and X : R(C) ® R(C)*+ — ker(C)* @ ker(C)

X1 Xy

have the matrix representation X = From SC = CT, it follows
X3 Xy

that S1C7; = CyT;. Since S; and T are normal operators, then applying

the Fuglede-Putnam’s property, we obtain S7Cy = C17} which implies that
S*C'=CT.

Theorem 3.2 Let S,T,X € B(H). If the pair of operators (S,T) satis-
fies Fuglede-Putnam’s property and C' € ker(dgr) where C € B(H) then
1657 X + Cl = [|C]].

Proof: Since the pair (S, T) satisfies the (FP)p) property it follows that

from LemmaBdthat R(C) reduced S, kert(C) reduces T and Sla@eys Tlrert(c)

are normal operators. Letting C, : kert(C) — R(C) be the quasi-affinity de-

fined by setting C1z = Cx for each x € kert, then it results that d¢r(C,) =

dsr1:(C,) = 0. By Lemma [BI, we have the matrix representation S =
Sy 0 7y 0O c; 0 X Xo

T = C = , X = Since

0 S, |’ 0T |’ 0 X; X,

1) X+C1
S1,T1 1 || >

Sy and T; are two normal operators, then ||0g7(X)+C|| = ||

105, 7, (X) + Cu = [[C.

Corollary 3.3 Let S,T,X € B(H) and C € ker(dgr) then ||0s7X + C|| >



1C1)-

Proof: On H @ H consider the operator M, N and Y defined as:

S 0 0 C 0 X
N= M = Y =
0 T 0 0 0 O
0 dsr X +C

Then N is normal, M € N and 65(Y) + M =
0 0

Applying Theorem to the operators N, M and Y and M € dgr and
|0nY + M|| > || M]|. Therefore, C' € ésr and [|6srX + C| > ||C]].

4 Conclusion

In this paper, we have given results on norm inequality for commutators and

also orthogonality of these commutators in Banach algebras.
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