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Abstract— The equation   4
, , , , , 0F x y y y y y     is a 

one-space dimension version of wave equation. Its solutions can 

be classified either as analytic or numerical using finite difference 

approach, where the convergence of the numerical schemes 

depends entirely on the initial and boundary values given. In this 

paper, we have used Lie symmetry analysis approach to solve the 

wave equation given since the solution does not depend on either 

boundary or initial values. Thus in our search for the solution we 

exploited a systematic procedure of developing infinitesimal 

transformations, generators, prolongations (extended 

transformations), variational symmetries, adjoint-symmetries, 

integrating factors and the invariant transformations of the 

problem. The procedure is aimed at lowering the order of the 

equation from fourth to first order, which is then solved to 

provide its Lie symmetry solution.  
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FOURTH ORDER NONLINEAR ORDINARY 

DIFFERENTIAL EQUATION 

e consider the fourth order nonlinear ordinary 

differential equation:  

(yy'(y(y')
1

)'')'=0                           (1) 

                                                                                     

which is a special case of  

F(x,y,y',y'',y''',y
(4)

)=0                   

                                                                                        (2) 

This case arises in studying the group properties of the 

linear wave equation in an inhomogeneous medium.    

To solve equation (1) analytically using Lie symmetry 

analysis we decompose it in the form 

y
(4)
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We thus have: 
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Since the equation is a fourth order differential equation, we 

use the fourth extension of G, which from the n
th

 extension of 

the form [5]:  
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is given by  
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Where the generator  
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
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is a symmetry of the differential equation  

 

 f(x,y,y',y'',...,y
(n)

)=0 (6)  

  

if and only if  

 

G
[n]

f|
f=0

=0,                                      (7) 

which means that the action of the n
th

 extension of G on f is 

zero when the original equation is satisfied ([1],[4],[7]). 

When G
[4]

 acts on the differential equation (3) we obtain  
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We recall that primes in equation (8) refer to total 

derivatives and so the first, the second, the third and the fourth 

total derivatives of  can be expressed in terms of partial 

derivatives as follows:  
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and equivalently for  

Subject to equation (3),  
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
2


xy
6(y')

2
(y''') 


2


y
2
6(y'')(y''') 



y
 

4(y'') 

3


x
3
12(y')(y'') 


3


x
2
y
12(y'')

2
 

2


xy
4(y'')(y''') 



y
 

12(y')
2

(y'') 

3


xy
2
12(y')(y'')

2
 

2


y
2
4(y')

3
(y'') 


3


y
3
(y') 


4


x
4

 

4(y')
2
 

4


x
3
y
6(y')(y'') 


3


x
2
y
4(y')(y''') 


2


xy
4y

1
(y')(y'')

2
 


y
 

+4(y')
1

(y'')
3
 


y
5(y'')(y''') 



y
+y
2

(y')
3
y'' 


y
+3y

1
(y')

2
(y''') 



y
 

3(y')
3
 

4


x
2
y

2
9(y')

2
(y'') 


3


xy
2
4(y')

2
(y''') 


2


y
2
3(y')(y'')

2
 

2


y
2

 

4(y')
4
 

4


xy
3
6(y')

3
y'' 

3


y
3
3(y')

3
 

4


x
2
y

2
3(y')

2
(y'') 


3


xy
2
 

(y')
5
 

4


y
4

=0 (13) 

Equation (13) is an identity in x, y, y', y'' and y''', i.e., it holds 

for any arbitrary choice of x, y, y', y'' and y''' [2]. Since  and  

are functions of x and y only, we must equate the coefficients 

of the powers of y', y'', y''' and their combinations to zero. We 

obtain the following systems of partial differential equations 

known as determining equations ([2], [3])  

(y')
3
y''y''':8y

1
 

2


y
2

=0 (14) 

(y')
2
y''y''':8y

1
 

2


y
2

+16y
1

 

2


xy
=0 (15) 

(y')
1
y''y''':16y

1
 

2


xy
+8y

1
 

2


x
2

=0 (16) 

(y')
0
y''y''':8y

1
 

2


x
2

+5 


y
5 



y
=0 (17) 

Integrating equation (14), we find  

 

8y
1

 

2


y
2

=0⇛ 

2


y
2

=0 

⇛ 


y
=c

1
⇛=c

1
y+c

2
 (18) 

where c
1

 and c
2

 are arbitrary functions of x. We substitute 

equation (18) in (15) and solve to find  

 

 8y
1

 

2


y
2

+16y
1

 

2


xy
=0⇛ 


2


y
2
2 


2


xy
=0 


2


y
2

=2 


x
(c

1
)⇛ 


2


y
2

=2c
1

1
⇛ 



y
=2c

1

1
y+c

3
 

⇛=c'
1
y
2

+c
3

y+c
4
 (19) 

where c
3

 and c
4

 are arbitrary functions of x. Substituting (18) 

and (19) in (16) we have  

2 

2


xy
+8y

1
 

2


x
2

=0⇛16y
1

 


2


xy
+ 

2


x
2

=0 

⇛2 


x
(2c'

1
y+c

3
)+c''

1
y+c''

2
=0 

⇛2(2c''
1

y+c'
3
)+c''

1
y+c''

2
=0 

⇛4c''
1
y2c'

3
+c''

1
y+c''

2
=0 

⇛3c''
1
y2c'

3
+c''

2
=0 (20) 

Since c
1

, c
2

 and c
3

 depend on x only, we can now equate the 

coefficients of powers of y to zero. This yields  

 

y
1

:3c''
1

=0 (21) 

y
0

:2c'
3

+c''
2

=0 (22) 

Now we substitute (18) and (19) in (17) we obtain  

8y
1

 

2


x
2

+5 


y
5 



y
=0 

⇛8y
1

 

2

x
2
(c

1

1
y
2

+c
3

y+c
4
)+5c

1
5(2c'

1
y+c

3
)=0 

⇛8c'''
1
y8c''

3
8c''

4
y
1

+5c
1
10c'

1
y5c

3
=0 (23) 

Again we can equate the coefficients of powers of y to zero 

and we obtain  

 

y
1

:8c'''
1
10c'

1
=0 (24) 

y
0

:8c''
3

+5c
1
5c

3
=0 (25) 

y
1

:8c''
4

=0 (26) 

We can now solve the differential equations (21), (22), (24), 

(25) and (26) as follows. 

From (26) we have  

 
8c''

4
=0⇛c''

4
=0⇛c'

4
=H

1
⇛c

4
=H

1
x+H

2
 (27) 

Now from (21)  

 
3c''

1
=0⇛c''

1
=0⇛c'

1
=H

3
⇛c

1
=H

3
x+H

4
 (28) 

Then considering (25), we have  
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8c''
3

+5(H
3
x+H

4
)5c

3
=0⇛8c''

3
+5c

3
=5H

3
x+5H

4
    (29) 

since c
1

=H
3
x+H

4
. The equation (28) is a nonhomogeneous 

differential equation. So on solving by using undetermined 

coefficients method, we find the complimentary solution from  

 

8c''
3
+5c

3
=0 (30) 

The characteristic equation for this differential equation and 

its roots are  

8r
2

+5=0⇛r=  
5

8
i (31) 

The complimentary solution is then given by  

 

c
3H

=H
5

cos  
5

8
x+H

6
sin  

5

8
x (32) 

Now proceeding with a particular solution  

 

c
3P

=Ex+F (33) 

where E and F are arbitrary constants, we find  

 

c'
3P

=E⇛c''
3P

=0 (34) 

Applying (32) and (33) into (28), we have  

 

8(0)+5Ex+5F=5H
3
x+5H

4
 

⇛5Ex=5H
3

x⇛E=H
3

 

⇛5F=5H
4
⇛F=H

4
 

⇛c
3P

=H
3
x+H

4
 (35) 

Hence  

c
3

=H
5
cos  

5

8
x+H

6
sin  

5

8
x+H

3
x+H

4
 (36) 

Finally from equation (22), we find  

 

c''
2

=2c'
3

 

c''
2

=2(H
5

cos  
5

8
x+H

6
sin  

5

8
x+H

3
x+H

4
)' 

  

c''
2

=2(  
5

8
H

5
sin  

5

8
x+  

5

8
H

6
cos  

5

8
x+H

3
) 

c''
2

=  
5

2
H

5
sin  

5

8
x+  

5

2
H

6
cos  

5

8
x+2H

3
 

c'
2

= 
5

4
H

5
cos  

5

8
x+ 

5

4
H

6
sin  

5

8
x+2H

3
x+H

7
 

  

 

c
2

= 
5

4
  

5

8
H

5
sin  

5

8
x 

5

4
  

5

8
H

6
cos  

5

8
x+H

3
x
2
+H

7
x+H

8

 

c
2

= 
5

16
 10H

5
sin  

5

8
x 

5

16
 10H

6
cos  

5

8
x+H

3
x
2
+H

7
x+H

8
 

   (37) 

where H
1

, H
2

, H
3

, H
4

, H
5

, H
6

, H
7

 and H
8

 are arbitrary 

constants. Substituting (28) and (37) in (18) to find  

 

(x,y)=(H
3

x+H
4
)y+ 

5

16
 10H

5
sin  

5

8
x 

5

16
 10H

6
cos  

5

8
x+H

3
x
2
+H

7
x+H

8
 

                                                                        (38) 

(x,y)=H
3
xy+H

4
y+ 

5

16
 10H

5
sin  

5

8
x 

5

16
 10H

6
cos  

5

8
x+H

3
x
2
+H

7
x+H

8
 

 (39) 

 

We also apply (27), (28) and (36) in (19) to produce 

 

(x,y)= ( )H
3
x+H

4
'y

2
+(H

5
cos  

5

8
x+H

6
sin  

5

8
x+H

3
x+H

4
)y  

+H
1

x+H
2

   (40) 

(x,y)=H
3

y
2

+H
5
ycos  

5

8
x+H

6
ysin  

5

8
x+H

3
xy  

 +H
4

y+H
1

x+H
2

 (41)   (x,y)=H
1

x+H
2

+H
3

xy+H
3
y
2

+H
4

y+H
5

ycos  
5

8
x  

+H
6

ysin  
5

8
x (42) 

As a result, the generator G of the infinitesimal transformation 

is 

 

G=  H
3

x
2

+H
3

xy+H
4
y+ 

5

16
 10H

5
sin  

5

8
x 

   
5

16
 10H

6
cos  

5

8
x+H

7
x+H

8
 


x
 

       +   H
1
x+H

2
+H

3
xy+H

3
y
2
+H

4
y+H

5
ycos  

5

8
x 

        +H
6

ysin  
5

8
x  



y
                                            (43) 

G=H
1

 




x 



y
 

     +H
2

 




 



y
 

     +H
3

 




xy 



x
+xy 



y
+y

2
 


y
 

     +H
4

 




y 



x
+y 



y
 

      +H
5

 






 






 
5

16
 10sin  

5

8
x  



x
+ 






cos  
5

8
x y 



y
 

      +H
6

 






 






 
5

16
 10cos  

5

8
x  



x
+ 






sin  
5

8
x y 



y
 

      +H
7

 




x 



x
 

       +H
8

 




 



x
 (44) 

 

which is an eight parameter symmetry. 

Any n- parameter symmetry may be separated into n- one- 

parameter symmetry by letting particular parameters take on 

specific values. Usually we set one parameter equal to one and 

the rest equal to zero in turn. If we do this in (44) we generate 

eight one parameter symmetries [5] as follows: 

G
1

=


x
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G
2

=


y
 

G
3

=x 


x
 

G
4

=x 


y
 

G
5

=y 


x
+y 



y
 

G
6

=xy 


x
+xy 



y
+y

2
 


y
 

G
7

=






 
5

16
 10sin  

5

8
x  



x
+ 






cos  
5

8
x y 



y
 

G
8

=






 
5

16
 10cos  

5

8
x  



x
+ 






sin  
5

8
x y 



y
(45) 

with nonzero Lie brackets given by  

 

[G
1

,G
3
]=G

1
 

[G
1

,G
4
]=G

2
 

[G
3

,G
4
]=G

4
 

 (46) 

Consider the three-dimensional sub algebra  

W
1

=


x
 

W
3

=x 


x
 

W
4

=x 


y
 (47) 

 

which are the Lie solvable algebra of the admitted eight one 

parameter symmetries (45). 

Using the extended generators (prolongations) up to the fourth 

order:  

 

G
[4]

=G
[3]

+ ( )
(4)

4y
(4)

'6y'''''4y'''''y'
(4)

 


y
(4)

 

Yield: 

(i) For the operator W
1

= 


x
 the required fourth order 

prolongation which is  

 

W
[4]

1
=1. 



x
+0. 



y
 (48) 

 

In order to integrate the fourth order equation (3), we must 

solve the following equation for the characteristic:  

 
dx

1
= 

dy

0
 (49) 

 

We obtain the following differential invariant:  

 

y=u (50) 

(ii) For the operator W
3

=x 


x
 the required fourth order 

prolongation which is  

W
[4]

3
=x 



x
y' 



y'
2y'' 



y''
3y''' 



y'''
4y

(4)
 


y
(4)

         (51) 

 

In order to integrate the fourth order equation (3), we must 

solve the following equations for the characteristics:  

 

dx

x
= 

dy'

y'
= 

dy''

2y''
= 

dy''

3y'''
= 

dy
(4)

4y
(4)

 (52) 

 

Leading to the following differential invariants: 

k
1

=xy' (where k
1

 is a constant) 

 v
1

= 
y''

y'
2
, v

2
= 

y'''

y'
3
, v

3
= 

y
(4)

y'
4

, v
4

= 
y'''

2

y''
3

, v
5

= 
y
(4)

y''
2

 and v
5

= 
y
(4)3

y''
4

. 

(iii) For the operator W
4

=x 


y
 the required fourth order 

prolongation which is  

 

W
[4]

4 =x 


y
+ 



y'
 (53) 

 

Let us now reduce equation (3) to a differential equation of 

lower order by using Lie algebra. We employ the method of 

invariant differentiation [6]. 

Two lower-order differential invariants of Lie algebra 

applicable are equations:  

 

y=u,  v
2

= 
y'''

y'
3

 (54) 

The equation (3) can be reduced to the first order ODE as 

follows 

 

dv

du
=

D
x
(v)

D
x
(u)

 

=

D
x
 ( )y'''/y'

3

D
x
(y)

 

=4u
1

 
y''

2

y'
4
4 

y''
3

y'
6

+5 
y''y'''

y'
5
u
2

 
y'

2
y''

y'
4
3u

1
 
y'''

y'
3
3 

y''y'''

y'
5

      (55) 

or  

 
dv

du
=4u

1
u''

2
u'
4
4u''

3
u'
6

+2u''u'
2

vu
2

u'
2

u''3u
1

v 

 (56) 

and hence  

 

dv

du
+ ( )3u

1
2u''u'

2
v=4u

1
u''

2
u'
4
4u''

3
u'
6
u
2

u'
2

u'' 

 (57) 

Let  

P(u)=3u
1
2u''u'

2
 (58) 

 

and  
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Q(u)=4u
1

u''
2
u'
4
4u''

3
u'
6
u
2

u'
2

u'' (59) 

 

then our equation (57) is in the form  

 
dv

du
+P(u)v=Q(u) (60) 

 

which is a first order linear equation. 

 

Hence equation (3) reduces to first order linear equation (60) 

which is directly integrable. 

 

Let the integrating factor be I(u). 

Hence  

 

I(u)=e
  (3u12u''u'2)

du 

=
e3lnu+2u'1 

=u
3
+e

2u'1
                                   (61) 

 

Therefore  

v= 
1

u
3
+e

2u'
1

  (u
3
+e

2u'
1

)(4u
1

u''
2
u'
4
4u''

3
u'
6
u
2

u'
2

u'')du 

 (62) 

 

completes the integration procedure and hence the general 

solution of the fourth order nonlinear wave equation (1). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

CONCLUSION 

In this work, we have looked at methods of group invariant 

solutions, based on the theory of continuous group of 

transformations, better known as ‘Lie groups’, acting on the 

space of independent and dependent variables of the system. 

We have reduced the equation to first order linear ordinary 

differential equation which we have then solved to find the 

general solution (62) of our problem given in equation (3).   
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