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Abstract: In this paper we establish the upper and lower norm estimates of contractive normaloid operators using inner product, 

Schwarz inequality for non-negative real numbers and some operator inequalities. 
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INTRODUCTION 

We establish some inequalities for positive contractive normaloid operators. For this purpose, some 

inequalities for vectors in inner product spaces due to [2, 4 and 6]. Let H a complex Hilbert space with an 

inner product  and  the algebra of all bounded linear operators on .  will also denote the usual 

operator norm. An operator  is said to be normaloid if  

and contractive if  

 

BASIC CONCEPTS AND PRELIMINARIES 

 

Here we start by defining some key terms that are useful in the sequel. 

 

Definition 2.1. An inner product on a vector space  is a map  such that  

and ; the following properties are satisfied: 

(i).  and if and only if   

(ii).  

(iii).  

(iv).  

The ordered pair  is called an inner product space. 

Definition 2.2. Schwarz inequality; for   and  then 

  

Definition 2.3. Let  the adjoint of  is such that: 
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Definition 2.4. An operator  is said to be normal if  i.e. it commutes with its adjoint and  is 

self-adjoint if = . 

Definition 2.5. Numerical radius  is the supremum of set of scalars 

 with the following properties : 

1.  

2.  

3.  

4.  

 

MAIN RESULTS 

4 Upper Norm Estimates 

Proposition 4.1. Let be contractive normaloid operators where and are positive then 

is positive contractive in if and only if 

                                                                            (1) 

Proof.  Suppose   is positive contractive in  then from [5], Equation (1) 

i.e. . We have 

  

Simplifying yields 

=                                                                                         (2) 

and 

                                                                                     (3) 

and 

                                                                                    (4) 

Combining Equations 2, 3 and 4 yield 

 
Conversely, assume that Equation (1) holds, then  

  

                               

                                 

                                  

                                

Therefore  is positive. 

 

Theorem 4.2. Let and be contractive normaloid operators belonging to the norm ideal associated with 

the Hilbert Schmidt norm then 
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. 

Proof. From [15, Lemma 1] 

                                                                                                            (5) 

Then it follows that using Equation 5, we have 

 

                                                                 

                                                            

                                                                 

 

Corollary 4.3. Let  for all  be positive contractive normaloid operators belonging to the norm 

ideal associated norm then 

 
Proof. From Theorem 2, it follows that 

 
                                                       

                                                      

 
 

Theorem 4.4. Let be contractive normaloid operators on a Hilbert space then 

   

Proof. Suppose is positive and  is self-adjoint. From [6, Theorem 2.9], 

 since by [1, Theorem 5]. This implies that     

 

Since  such that  is a projection from [6, Theorem 2.8] then 

                                                                                       (6) 

If , the operator  is a projection on , since . If 

, then . By Equation 6, we have 
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Now let , where  is the identity operator. Then  if we let 

 such that  is a projection, then 

  by Equation 6                                                               (7) 

So 

  by property (iii) of Definition  2.5 

                                      by Equation 7 

                                       by Equation 6 

hence 

                                                                                       (8) 

Since  is positive, then it follows from Equation 7 that 

  

Then  

 
                                                                   . 

Theorem 4.4. Let  be contractive normaloid operators. Then 

 

 
Proof. Since 

 
                                                          

Taking the supremum over  we obtain 

 
                      

Therefore 

 
 

5 Lower Norm Estimates 

Lemma 5.1. Let  and  be non-negative continuous functions on [0, ) satisfying  

[0, ). Let and be as in Proposition 4.1 and  Then 

 is also positive and  

+ . 

Proof. Suppose and are both invertible. Since  for any function that is continuous on [0, ), 

then But   for [0, ), then   for any positive operator 

 The two facts imply that   Consequently, 
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. 

Invoking Proposition 4.1 completes the proof. 

Theorem 5.2. Let  be positive contracting operators. If  and  are such that 

 then 

 
Proof. Assume without loss of generality that  is normal. We employ the reverse of quadratic Schwarz 

inequality in [1] i.e. 

 
For every  and  let ,  we get 

 

 
                   

 
Lemma 5.3. Let  be positive contractive operators. If and  

Then 

                                                                                        (9) 

Proof. Without loss of generality assume that   is self adjoint. 

For any  and from  we have 

 
 

                                                         

Thus  

                                                                             (10) 

But 

 
                                                                   

Using Equation 10 we obtain 

                                                                        (11) 

Taking the supremum over  in (11) we get 

                                                                                                     (12) 

Since the operator  is self-adjoint, hence 

 
Therefore Equation 12 becomes 

 
Corollary 5.4. Let be positive contractive operators on Hilbert space 

then   
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Proof. 

 
                                      

                                      

                                 

                                

                                            

So by Cauchy-Schwarz inequality 

 
                                                          

i.e 

 
Taking square roots on both sides we obtain 

 
                                                                        

But  Since  this implies that  
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