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2 | P a g e   QUESTION ONE (30 marks COMPULSORY) a) Write the general formula for the following sequences   (2 marks) i) 1 2� , 1 4� , 1 8� , 1 16� , … ii) −3 5� , 5,  7 6� , 9 13� , 11 22� , 13 33� , … b) Prove that a sequence has at most one limit.      (5 marks) c) Prove that every convergent sequence of real numbers is bounded.    (5 marks) d) Describe the Comparison test theorem for a series and  giving an example .        (4 marks) e) Prove that the sequence {��������} converges to 1.     (4 marks) f) Let � = �0, 1���� ���� = ��. Illustrate using a graph that the function f(x) converges pointwise but not uniformly for the function ��� = "0 #� $ ≤ � ≤ 11 #� � = 1          (4 marks)                         g) Let & = {� ∈ ℤ: − 2 < � < 5} + = {−1, 0, 1, 8}. Find |& △ +| and card(A).(3 marks) h) Prove that the    lim�→2 3��3� = 5.      (3 marks) QUESTION TWO(20 marks) a) Show that �& ∪ + ∩ 6 = �& ∩ 6 ∪ �+ ∩ 6             (4 marks) b) Define a cluster point in a metric space.     (2 marks) c) Show that a uniformly convergent sequence is convergent.   (5 marks) d)  Prove that the set of real numbers in the interval (0, 1) is not countable.  (9 marks)  QUESTION THREE(20 marks) a) Show that the set 6�0, 1� of real-valued continuous functions defined on [0, 1] is a metric space with respect to the metric defined as ���, 7 = max {|��� − 7�� |: � ∈�0, 1�}where �, 7 ∈ 6�0, 1�.        (10 marks) b) Determine whether the sequence �:; is Cauchy.    (7 marks) c) Define �, 7: �0, 1� → ℝby��� = 2�, 7�� = 2� + 1. Find   (3 marks) i) Sup f ii) Inf f iii  � ∘ 7 QUESTION FOUR(20 marks)  a) Compute the distance ����, 7  and �2��, 7  when �, 7 ∈ 6�0, 1� are functions defined by ��� = � ��� 7�� = �:.       (6 marks) b) Let �?, �  be a metric space. Given a point � ∈ ? and a real number @ > 0. Show that & = {B ∈ ?: ���, B < @} is an open set in ?.    (4 marks) c) Prove that a bounded function �: ��, C� → ℝ is integrable if and only if for each D > 0 there exist a partition P such that E��, F − G��, F < D.  (10 marks)  



3 | P a g e    QUESTION FIVE(20 marks) a) Determine the Riemann integral for the function��� = � on�0, 1� over the partitions  F = {�H = HI , # = 0, 1, … , 4}andJ = {�K = KL , M = 0, 1, … , 8}.    (4 marks) b) Show that the series ∑ ��O �2�P�  converges.     (3 marks) c) State 3 properties of the integral of a step function   (3 marks) d) Suppose that lim�→2 �� = Qandlim�→2 B� = ℎ.  Show that the  lim�→2��� + B� = Q + ℎ.                                                                              (6 marks)  e) State the following terms as used in real analyssis (4marks)        i) Squeeze lemma ii) Bolzano-Weirstrass theorem   


