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Abstract— Determining Equations are linear partial differential equations. The equation to be solved is subjected to extension
generator. The coefficient of unconstrained partial derivatives is equated to zero and since the equations are homogeneous their
solutions form vector space [1]. The determining equations obtained leads to n-parameter symmetries.
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I. WAVE EQUATION
The solution of fourth order nonlinear wave equation:

FOxy Y,y y",y®)=0 )

It can be classified either as analytic or as numerical solutions using finite difference approach where the convergence of the
numerical schemes depend entirely on the initial and boundary values given. We have attempted in this study to solve a special
case of equation:

(W' (y(y)%)")=0 @

analytically using Lie Symmetry approach.

Equation (2) can alternatively be expressed as:
4

yy' (l)' "1 =0 3)
y
The equation (3) can be decomposed in the form:
vy =(x,y,¥,y", y") as follows:
4y'yyi-4yty Ty
We also notice that:
YO =4y () - Ay) () B TY Y YY) Y B TY Y

Since the equation is fourth order differential equation, we use the fourth extension of G which from the n™ extension of the
form [4]:

n ) i i . . .
GM — Gz{ﬁ(l) _ z( -ijlJa(J)}aya(i) is given by:
i=1

i1\ J

I|3 mni i

5y*y Py y -y y 3y -y Py Ty =0 @
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GO —a s+ ot (fa'y) o (B2 @y )— 6
oy oy'

+(B"-3y" -3y """~y ' )%+ﬂ(4)—4y(4)a—4y a'-ya®)——

When G® acts on the differential equation, we have:

Gy —4y ™ (y")2 +4y 2 (y")° =5(y' )y y"+y 2 (Y) y"+3y 'y'y"']1=0

On expanding, we obtain

af(y®™)+4y (y)(y")2 -8y (y")(y™) -8y )(y")(y™) -8(y) ()"

+12(y") 2y (y™) +50y') F (Y2 (™) =5y ) + B0y (Y (y™) = By )(y™)?
=5(y) 7y =2y (v () + 2y YY) + Y (y)z(y"—3y‘2(y')2(y"')
+3y7(y")0y"1+3y” ( VY + BlAy* (y")F -2y (y)

+[5-a'y-8(y) " (y")* + (y) ( )( )+2y )y

)
0ty oy ) ) e gy
-y -0

(")

But we notice

y& =¥y
= Ay (y") 2 —A0y) ROy 50y Y Y =y R (Y)Y 3y Ty YY)
= =4y~ (y)(y") +8y (Y)Y +8(Y) (Y ) =120y) Py ) ()
=5(y) (YA (y) +50y) Y +50y) YY) + 2y ()P (y)
=2y (YY) P =y AR (Y A3y (Y)Y ) =3y Y (Y = 3y (YY)
(8)

Substituting (8) in (7) gives:
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al(-4y(y)(y") +8y 7 (y" )y +8(y) P (y") —12(y) P (y)* (y™)
=5(y) 2 (y")A(y™) +5(Y) (Y +5(y) YY) + 2y P (y) (v

=2y (YY) =y )R +3Y (Y)Y =3y (Y (YY)

=3y (YY) + 4y (YY) =8y (Y )Y - 8(y) (Y +12(y) P (y) A (y')
+5(y") 2 (y") 2 (y") =5(y) (v =5(y) (YY) -2y () (Y + 2y (YY)’
+y7Y) () =3y (YA (Y) +3Y (YY) + 3y (Y ) ()]

+BLAY 7 (y")* =2y (y) (y") -3y P (y)(y™)]

+[A—a'y'T-8(y') *(y")* +5(y') (¥ (y") + 2y (y)(y")* +3y (y")]
+["-2y" -y " [-8y (v )(y"™) +12(y) P (y") (¥ = 5(y) T (y") + Y (Y)]
+[B"-3y" a3y @y oI5y ) +3y (Y]

+[BY -4y “DaBy" a4y o -y a¥] =0

Or equivalently

— 4y (y)(y") +8ay ™ (y")(y") +8a(y) P (y") —12a(y) P (y") P (Y")
=5a(y") A (y") 2 (y") +5a(y) T (y") +5a(y) (Y YD) + 20y (v (y")
=20y (YY) =y ()P (Y) P (Y™) + 3y (Y) A (Y = 3ay (YY)
=3y (Y)Y ) + 4y (y')(y") -8y (Y )y - 8(y) P (y")!
+12a(y") P (y") 2 (y") +5a(y) A (Y1) (y) =Ba(y) T (y™): =B (y) (y )y )
=22y () (") + 22y F (YY) +ay P (Y) (YY) =3y P (Y) P (y')
+3ay 7 (y")(Y") + 3y (YD) + 4B (Y =28 (y) P (Y) -3 (YY)
=84 (y) 7 (y") 58 (Y) (Y (Y ) + 28y (YY) +38 Yy (YY)
+8a'(y) P (y")* =5 (y) " (y") (y") - 22"y (y) (y")’ =3a'y T (y)(Y™)
=84y (Y)Y +128" (y) (YY) =5 (Y) (Y + By (Y
+16a'y (Y (y") = 242" (y) P (Y (y ) + 5 (Y ) ety (YY)
=54 (y') 7 (y")+15a' (y') (y")(y™) +15a" (y') (y")? + 5 (y")

3By Y =27y (Y )(Y") - 9y (Y)Y =By (Y')?

Y —da'y® —6a"y" 4oy -aWy'=0

Which can progressively be expressed as
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—day (y)(y")? +8ay (Y )y +8a(y) P (y)*t —12a(y') (y") 2 (y")
=5a(y') P (y")A(y) +5a(y) (Y + 20y () (YY)

=20y (YY) —ay (Y (Y) P (y") +B3ay (YA (Y ) = Bay (Y (YY)
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+3ay (Y)Y ) HABY (Y =28y (YY) (YY) 38y (YY)
=84 (y) P (y") +5B8 () (Y (Y ) + 28y (YY) +38 Yy (YY)
+8a'(y) P (y")* =5 (y) (Y (Y 2y P (y) (Y1) =By T (y)(Y)
=84y (Y)Y ) +1287 (y) (Y )y ) =54 () Yy ) + BTy (Y
+16a'y 7 (y") 2 (y'") - 242" (y) P (y") P (y) + 10 () Ty )Y ) - 22y (YA (YY)
+8a"y (Y)Y )(y) — 122"y (Y (y') + 5t (Y ) — ety (YY)
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Hence, we have
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-54"(y)H(y") +15(y) () (y") + 150" (¥) (") +5a(y'")

+36" YY) =27y (YY) -9y (Y)Y =3y (y) + Y
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""""" —a“Wy'=0

©)
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a'= 6_a+ y'%
OX oy

We recall that primes in (9) refer to total derivatives and so the first, the second, the third and fourth total derivatives of o and
B can be expressed in terms of partial derivatives as follows:

., 0'a

0%a ,0%a ,0a
a'=—-+ +y Ty —
OX oxoy oy oy
. 0a . Oa L 0%a moa . Oa . 0 2 0%
a''s— S— +3y +y'"'—+3y > +H3Y'Y' —+ Y —
OX OX oy Oxoy oy OXoy oy
4 4 3 2
at =Tl ay OO gy 00 gy T w2
OX ox oy OX oy Oxoy oy
. 0'a .. 0 L o O s 0'a
H3y Oy Ay Y By Ayt
OX oy OXoy oy oy OXoy
L, .0 L, 0'a ., O . 0
+6y"? y"'—+3y? ———+3y'y —+ Y —
oy oX“oy oxoy oy
And so is true for p.

Therefore, we express equation (9) as
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2 P . 2 g re 0 ,0 N3 7 s
ARy =2 (YY) -3y (Y)Y )—8{—"’+y—ﬂ(y) (y) 4

Fﬂ ﬂ(y) (V) (y" )+2[aﬁ y ﬂ}yZ(y)(y) +3[ P, ﬂ}y (™)

boi 16} oy OX 8y
o8 Sy ) ) -8 Sy S 0 ) -2 ey Sy ()
Ox OX oy 19)4 oy

— a_a _ azﬂ lazﬁ 12 azﬂ u_ﬂ YAV i
3{6 +yé‘y}y (y)(y™) - 8{62 2y8x6y+y P Ty ay}y (y")y™)

B o°p /3 W Op
+12{ax 2yaxay v PYRRAPY

_ 6 ﬂ ,62ﬂ 26 ﬂ ﬂ -1
S[ax Zanay y' ay2 }(y) (y™)

82_'3 '62_'3 '282_13 --_ﬂ =2 (12 6_0{ ,6_0( N2 [y
J{axz +2y8x6y+y 8y2+y ay}y (y) +16{a +yay}y (y") (y")

—24{8—“ y—}(y) () (y" )+1O{6—+y—}(y)‘1(y Ny - 2{—+y—}y‘2(y')2(y”)

}(y')‘z(y“)z(y"')

0 oy 0
o‘a 0% 28a 4 o‘a 0 . 0 L Oa
+8{62 +2y' oxdy +Y' Y ya}y (yHy" )y - 12{62 +2y' Y +y 8y2+y 5}

B 0’a 0? 0? .0
Yy (y" )+5{6 2y~ 2 4y? a+y—a}(y)

Oxoy oy’ oy
o’a o’a 262a
- + 2y +y —
{axz Yoar HY v +y" y}y (y)*

o°p °p L O°p 9B . B OB B
5[63 3yaxay+3y axay” ay 3y ooy > +3Y'y 8y2+y J(y) (y")
0‘a 0’a 28a

ox -1
+15[a—+y—}(y) (y")(y" )+15[a Yy Y g}(y) ()"
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63 a n 62 lIIa 1 83 1 Ila2 a
+5{8X(Z+3ya Oaly 3y agty+y §+3y28832+3yy ayozt 3@“}@ )
o° , 08 0 .0 0 ., 0? 5 0° P
+3{5X5+3yangy 3y" aaﬁy y" ﬂ+3yzaa€ yy—ay2+y3—ayﬂyl(y)
oo oo 0’a Oa
- 27 —+y—}y‘1(y)(y - 9 +yt—+y" }y (y)(y")2
{8 oy oy’ oy
0*a o*a oa , 0%a 62a 3 6 4
-3 +3Y' +y"'—+3y +3y'y" +
[axg y@)(z&y y Y y oxoy? y'y o7 y' 8y y(y')?
4 2 4 3
+6 I4B+ y 83ﬁ 6y IB +4y||| 8 ﬂ +y(4)%+3y|2 82ﬂ2 +9yly|| a ﬂz
OX ox oy ox2oy OXoy oy OX -0y Oxoy
*p ,0°p s 0°B 2 W Op , 0'p
+4 1 i +3 n +4 1 +6 1 n +3 1
y y 8y2 y ayz y aXayS y y 8y3 y 8X28y2

oa
0 oy

_16{6_"‘+y—}y—1(y) +16[8_+y—}(y) (y")? 20{—+Y—}(y)‘ly“ .

0 oy 0 oy

o L O T KL VRV i e
ox oy ox oy ox? oxoy oy
Oa a 0% .o o 0% o

—4 3y' 3 °Z 1 3y? 3y' 32 %y
[8x3+ y8x26y+ v oxoy vy oy y axay2+ 'y oy’ o oy’ }y

4 3 2
_[6 a+4y' 0a +6y" aza +4y"'a—a+ y(“)a—a
ox* ox°oy OX 0y oxoy oy
o'a O ., .0% L, 0% 5 0'a
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. 0 , 0'a 0% W0l
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Expanding the equation (10) we have

4B =28 W) -3 ) -8 ) D aﬂ

. ﬂ+5(y) (Y2 (Y™ ["+(y)-1(y RN ﬂ

2 ﬂ

—8(y")*(y")

2y () (Y P 3yiym ﬂ+3y-1(y)(y P

2 -2
+2y7°(y)(y") Y Y
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The equation is an identity in X, Y, y', y'', Y, " " "that is it holds for any arbitrary choices of X, Y, ¥y',y",Y,"" "[3]. Since a and
B are functions of X and Y only, we must equate the coefficients of the powers of y', y'',y,""" and their combinations to zero.
We obtain the following systems of partial differential equations known as Determining Equations [3], [4]:
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1 o = 82
(v)'y'y :8y18y'f=0 (12
(y|)2y||y|||._8y—1 azﬂ +16y_l aza _0 (13)
Ny oxdy
(yl)l yllylll: _16y—1 azﬂ +8y—l aza — 0 (14)
OXoy Ox?
2

' oy oy oy oy oy ¥y Yy

2
‘1aﬂ+58—a—5%=0 (15)

X2

= -8y

Il. CONCLUSION

In this paper, we have subjected the Nonlinear Wave Equation to extended generator and constructed the Determining Equations.

[1].
(2]
(31
[4].
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