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Abstract– Determining Equations are linear partial differential equations. The equation to be solved is subjected to extension 

generator. The coefficient of unconstrained partial derivatives is equated to zero and since the equations are homogeneous their 

solutions form vector space [1]. The determining equations obtained leads to n-parameter symmetries. 
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I.    WAVE EQUATION 

he solution of fourth order nonlinear wave equation:  

0),''','',',,( )4( yyyyyxF                                                (1) 

It can be classified either as analytic or as numerical solutions using finite difference approach where the convergence of the 

numerical schemes depend entirely on the initial and boundary values given. We have attempted in this study to solve a special 

case of equation: 

  0'')')'((' 1 yyyy                                                   (2) 

analytically using Lie Symmetry approach. 

Equation (2) can alternatively be expressed as:  
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The equation (3) can be decomposed in the form: 

 )''','',',,()4( yyyyxy  as follows: 
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We also notice that:  

''''3'')'(''''')'(5)''()'(4)''(4 12213221)4( yyyyyyyyyyyyyy                (5) 

Since the equation is fourth order differential equation, we use the fourth extension of G which from the 
thn extension of the 
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is given by: 
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 (6) 

 

 

When
)4(G  acts on the differential equation, we have: 
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On expanding, we obtain 

0]1]['

'''''4'''''6'4[)]'(3)''()'(5][''''''''3''''3'''[

])'()'''()'(5)'''()''()'(12)''')(''(8][''''''2''[

)]'''(3)'')('(2)'''()''()'(5)''()'(8]['''[

)]''')('(3)''()'(2)''(4[)])('(3]''')()''(3

)'''()'(3'''()'()'')('(2)''()'(2))(''()'(5

)''')('(5)'''('')('(5)'''()'(5)'''()''()'(5)'''()''()'(12

)''()'(8)''')('')((8)''')(''(8)'')('(4)[(

)4(

)4()4(11

221221

1222243

22322)4(11

22222233)4(1

2212222

431122)5(











































y

yyyyyyyyyy

yyyyyyyyyyyy

yyyyyyyyyyy

yyyyyyyyyyyyyy

yyyyyyyyyyyyyyy

yyyyyyyyyyyyy

yyyyyyyyyyyy

 

            (7) 

But we notice 
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Substituting (8) in (7) gives: 
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Or equivalently 
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Which can progressively be expressed as 
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Hence, we have 
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We recall that primes in (9) refer to total derivatives and so the first, the second, the third and fourth total derivatives of α and 

β can be expressed in terms of partial derivatives as follows: 
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And so is true for β.  

Therefore, we express equation (9) as 
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Expanding the equation (10) we have 

y
yyy

x
yy

y
yyy

x
yyy

y
yyy

x
yyy

y
yy

x
yyyyyyyyyy






















































)''')('(3)'''(3)''()'(2)'')('(2

)'''()''()'()'''()''()'(5)''()'(8

)''()'(8)''')('(3)''()'(2)''(4

1122222

212242

4322322

 



INTERNATIONAL JOURNAL OF MULTIDISCIPLINARY SCIENCES AND ENGINEERING, VOL. 9, NO. 5, MAY 2018 

 

[ISSN: 2045-7057]                                                                        www.ijmse.org                                                                                      21 

 

y
yyy

yx
yyy

yx
yy

x
yy

y
yy

y
yy

yx
yy

y
yy

yx
y

yx
yy

x
y

y
yy

y
yy

yx
y

x
yy

y
yy

x
yyy

y
yy

y
y

yx
yy

y
yyy

yx
yy

yx
y

x
yy

y
yyy

y
yy

yx
yy

x
yy

y
yy

y
yy

yx
yy

x
y

y
yyy

y
yyy

yx
yy

x
yyy

y
yyyy

y
yyyy

yx
yyyy

x
yyyy

y
yyy

x
yyy

y
yy

x
yyy

y
yyy

x
yyy

y
yyyy

x
yyy

y
yyy

y
yy

yx
yy

x
yy

y
yyy

y
yy

yx
y

x
yy

y
yyy

y
yyy

y
yyyy

yx
yyyy

x
yyy

y
yyy

x
yyy

y
yyy

x
yyy

y
yy

x
yyy

y
yy

x
yy
































































































































































































































































































































































































































)''')('(3)'')('(9)'(9)'(3

)''()'(15)'')('(15)''()'(15)''')(''(5)''(15

)'')('(15)''(5)''()'(15)''()'(15)''(30

)'')('(15)''')(''(15)''')(''()'(15)''()'(5

)''(15)'')('(15)''')(''()'(5)''()'(5

)''(15)''()'(5)''()'()'(

)'(2)'()''')(''(5)'''()'(5

)''')('(10)'''(5)'''()''()'(12)'''()''()'(12

)'''()''(24)'''()''()'(12)'''()'')('(8

)''')(''()'(8)''')(''()'(16)''')('')('(8

)''()'(2)''()'(2)''')(''(10)''')(''()'(10

)'''()''()'(24)'''()''()'(24)'''()'')('(16

)'''()''(16)''()'()'()'(2

)'()''')(''()(5)'''()'(5)'''(10

)'''()'(5)'''()''()'(12)'''()''(8

)''')(''()'(8)''')('')('(16)''')(''(8

)'''()'(3)''')('(3)''()'(2)''()'(2

)'''()''(5)'''()'')('(5)''()'(8)''()'(8

1
2

1

2

3
21

3

3
1

3

3
3

2

2
2

2

3
2

2
2

2

3

3

3
31

2

2
21

2
2

2

2
21

3

3
2

2

2
2

2

3
1

2
21

2

3

3

3
112

2

2
32

2
22

2

2
12

2

2
2

2

2

2
31

2

2
21

2
2

2

2
2121

2

2
31

2
21

2

2
1

31221

313221

2122

2

2
42

2
32

2

2
221

2

2
1

2

2

2
13221

2

2
21

2
1

2

2
1

211232222

224142

 



INTERNATIONAL JOURNAL OF MULTIDISCIPLINARY SCIENCES AND ENGINEERING, VOL. 9, NO. 5, MAY 2018 

 

[ISSN: 2045-7057]                                                                        www.ijmse.org                                                                                      22 

y
yy

y
yyy

yx
yy

yx
yy

yx
y

x
y

y
yy

y
yy

yx
yy

y
yy

yx
y

yx
yy

x
y

y
yy

y
yy

yx
yy

x
y

y
yyy

x
yyy

y
yyy

x
yyy

y
yy

x
yyy

y
yy

x
yy

y
yyy

x
yy

y
y

yx
yy

yx
y

y
yy

x
y

yx
yy

yx
y

y
yy

yx
y

y
y

y
yy

yx
yy

yx
y

y
yyy

y
yyy

y
yyy

y
yy

y
yy

yx
y

yx
y

yx
y

x

y
yy

y
yyy

yx
yy

y
yyy

yx
yyy

yx
yy

x
yy

y
yyy

y
yyy

yx
yyy

x
yyy

y
yyy

x
yyy

y
yy

y
yyy

yx
yy



















































































































































































































































































































































































3121
2

2

3

3

4
2

4

4

3

3
3

2

2
2

2

3
2

2
2

2

3

3

3

2

2
2

2

2

2

2113222

13132

2121

4

4
4

2

3

22

4
2

3

3
2

4
3

2

3

22

4
2

3

3
2

3

4
3

2

2
2

2

2

2

3

22

4
2122

1321
2

2

3

3

4

4

4

3

3
51

2

2
31

2

3
4121

2
21

2

3
31

3

3
2121

2

2
31

2
21

2

2
121

1

3

3
41

2

2
21

2

3
31

)''()'(4)'')('(4)''')('(4)'')('(6)'(4

)'()''()'(4)'')('(12)''()'(12)''')(''(4)''(12

)'')('(12)''(4)''')(''(6)'''()'(6)''')('(12)'''(6

)'''()'(12)''')('(12)''()'(4)''()'(4

)''')(''(20)''')(''()'(20)''()(16)''()'(16

)'')('(16)''(16)'()'')('(3)'(3'')'(6

)'(4)'')('(3)'(3'')'(6)'(4)''(3

)''')('(4)'')('(9)'(3)''')('(3)''()'(

)''')(''()'(5)'')('(4)''(4'''4''6'4

)'(3)''()'(9)'(9)'''()'(3

)''()'(9)'(9)'(3)'')('(9

)''()'(9)''()'(18)'')('(9)'''()'(27

)''')('(27)'(3)''()'(9)'(9

0)'(

)''()'(3)'(3)''()'(6)'(4)'')('(3)'''()'(4

)''()'(9)'(3)'''()'(3)'()''')(''(5

4

4
5

2

3
2

22

4
3

3

3
3

3

4
4

2

2
2

2

2
2

2

3
2

22

4
32132




























































 

y
y

yx
yy

yx
y

y
yy

yx
y

y
yy

y
yy

yx
yy

yx
y

y
yyy

y
yy

y
yy







  

            (11) 

The equation is an identity in ''',,'',',, yyyyx that is it holds for any arbitrary choices of ''',,'',',, yyyyx [3]. Since α and 

β are functions of x  and y only, we must equate the coefficients of the powers of ''',,'',' yyy  and their combinations to zero. 

We obtain the following systems of partial differential equations known as Determining Equations [3], [4]: 
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II.    CONCLUSION 

In this paper, we have subjected the Nonlinear Wave Equation to extended generator and constructed the Determining Equations.   

REFERENCES 

[1]. Bluman G. W. and Kumei S., Symmetries and Deferential Equations; Springer-Verlag: New York, NY, USA, 1989. 

[2]. Dresner L., Application of Lie’s Theory of Ordinary Partial Differential Equations; London, Institute of physics (1999) 

[3]. Hydon P., Symmetry Methods for Differential Equations; A Beginners Guide, Cambridge, Cambridge University Press. (2000)  

[4]. Mahomed F. M. and Leach P., Symmetry Lie algebras of nth order ordinary differential equations, J. Math. Anal. Appl. 151. (1990), 80-

107. 

 

 

 

 

View publication statsView publication stats

https://www.researchgate.net/publication/327499866

