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Instructions: 

1. Answer question one (compulsory) and any other two questions. 

2.  Candidates are advised not to write on the question paper. 

3. Candidates must hand in their answer booklets to the invigilator while in the examination 

room. 

 

 

 

 

 

 

 

 

OASIS OF KNOWLEDGE



 

 

QUESTION ONE (30 marks) 

a) i) Determine whether the operation 𝑥 ∗ 𝑦 = 𝑥 + 𝑦 + 2 on ℤ is a binary operation 

                                                                                                                           (5marks) 

ii) Prove that if a binary operation ∗ on a set 𝑆 has an identity, then the identity is 

unique                                                                                                                 (5marks) 

 

b) Verify that ℤ6 = {0,1,2,3,4,5} under addition modulo 6 forms a group          (5 marks) 

 

c) Determine if (𝐺 = {1, −1, 𝑖, −𝑖},×) is a cyclic group                                       (5marks) 

 

 

d) i) Given permutations 𝛼 = (
1 2 3 4 5
3 4 2 5 1

) and 𝛽 = (
1 2 3 4 5
3 1 4 5 2

).  Find 𝛼−1  and 𝛼𝛽         

                                                                                                                           (6marks) 

 

ii) Write the permutations (1243) in 𝑆4 as a product of transpositions and determine 

its parity                                                                                                       (4marks) 

 

                                                                                  

QUESTION TWO (20 marks)  

 

a) Define a normal subgroup and provide an example of a normal subgroup in the group 

of  ℤ6                                                                                                                  (4marks) 

b) Let 𝐺 = ℤ9 integers modulo 9 under addition and let Let 𝐻 = {0,3,6}. 

i) List all the left cosets of 𝐻 in 𝐺                                                             (2marks) 

ii) List all the right cosets of 𝐻 in 𝐺                                                           (2marks) 

iii) Are the left cosets the same as the right cosets? Why?                          (2marks) 

 

c) Let G be a set with the operation of matrix multiplication defined by 𝐺 =

{(
1 0
0 1

) , (
1 1
0 1

)}. Verify whether G is a group under matrix multiplication 

                                                                                                                                     (10marks) 

                             

QUESTION THREE (20 marks)  

 

a) Let 𝐺 = ℤ3, the cyclic group of order 3 under addition modulo 3, and 𝑋 =

{1,2,3}. Define the action of 𝐺 on 𝑋 by cyclic permutations. Write the orbit of 

each element in 𝑋                                                                                       (10marks) 

 

b) Let 𝐺 = ℤ8(integers modulo 8 under addition) and 𝐻 = {0,4}. Verify that H is a 

normal subgroup of 𝐺 and construct the quotient group 𝐺 𝐻⁄                    (10marks) 

                      



 

 

                                                       

QUESTION FOUR (20 marks)  

 

a) Let G be a finite group with order |𝐺| = 12, and let H be a subgroup of G with order 

 |𝐻| = 4  

i) State Lagrenge’s Theorem and use it to determine the number of cosets of H in G 

                                                                                                                           (5marks)   

ii)        Show that the order of any subgroup of G divides the order of G              (5marks)   

b) Determine whether the map 𝜙: ℤ → ℤ4, defined by 𝜙(𝑎) = 𝑎 mod 4, is homormophism. 

Find its kernel and image                                                                                              

(10marks) 

 

 

 

QUESTION FIVE (20 marks)  

                                                                                   

a) State and prove the first isomorphism theorem for groups                          (10marks) 

 

b) Explain how group theory can be applied in music, specifically in analysing musical 

compositions or scales. Provide an example of a musical scale and describe how it 

relates with a group structure                                                                      (10marks)  

 

 

 

 

 

 

 

 

 

 

 

                      

 

 

 


