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ABSTRACT

Best approximation is an interesting field in functional analysis that has
attracted a lot of attention from many researchers for a very long period
of time up-to-date. Of greatest consideration is the characterization of the
Chebyshev set which is a subset of a normed linear space which contains
unique best approximations. However, a fundamental question remains
unsolved to-date regarding the convexity of the Chebyshev set in infinite
normed linear space known as the Chebyshev set problem. The question
which has not been answered is: Is every Chebyshev set in a normed
linear space convex? This question has not got any solution including the
simplest form of a real Hilbert space. The main objective of this study is to
characterize Chebyshev sets and convexity in normed linear spaces. The
specific objectives include to: Determine conditions under which subsets
of normed linear spaces are Chebyshev; Characterize distance functions
of Chebyshev set in normed linear spaces and; Investigate convexity of
Chebyshev set in normed linear spaces. The methodology involved the
use of known fundamental principles like the Bunt-Motzkin Theorem,
Frechet and Gateaux differentiability conditions and best approximation
techniques. The results of this study show that every non-void closed set
in NA(H) is a Chebyshev set if it is Euclidean. Also, if 4 is proximal in
NA(H) then 4 is closed and a Chebyshev set. Every distance function of
a Chebyshev set of the normed linear space of all norm-attainable real-
valued functions is Fréchet differentiable. For convexity, it has been shown
that every Py (&) which is convex is a Chebyshev set. The results of this
study have provided a partial solution to the Chebyshev set problem and

are also useful in solving convex optimization problems.
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Chapter 1

INTRODUCTION

1.1 Mathematical background

Studies in approximation theory have been carried out by many mathe-
maticians over decades (see [1], [2], [3], [4], [5], [6], [7], [8]. [9], [10], [11],
[12], [13], [14], [15], [16], [68] and [150] and the references therein). Best
approximation (BA) is an interesting field in functional analysis that has
attracted a lot of attention from many researchers for a very long period
of time up-to-date as discussed in [14] and [21]. Of greatest consideration
is the characterization of the Chebyshev sets (CS) which is a subset of a
Normed Linear Space (NLS) which contains unique BAs. [125]. Approx-
imation theory involves obtaining best approximation of functions using
simple functions whether they are linear or nonlinear as shown in [11],
[60] and [143].

Martin [90] characterized remotality with regard to normed linear spaces
and in particular for convex sets in Banach spaces. However, the convexity
of the Banach spaces was not done in general due to the complex nature

of spaces. Mazaheri [95] also considered weakly-Chebyshev subspaces for



NLSs of Banach spaces and did their characterization in terms of nearest
and furthest points via distance functions. However, the authors could
not give a particular best approximation for the CSs and their convexity
in for the simplest case [94] of a Hilbert space (HS) of .

Deutsch [38] on the study of convex sets and their characterizations in
general spaces determined optimization criteria for vector spaces and left
open a question regarding convexity of these spaces. More recently, Maza-
heri and Salehi [96] studied CS and considered conditions under which
they are convex. However, they could not determine convexity of the CSs
in NLSs even for the simplest set up of real (R) Hilbert spaces.

With all these considerations, a fundamental question remains unsolved
to-date regarding the convexity of CSs in infinite NLSs known as the CS
problem. The question which has not been answered is: Is every CS in a
NLS convex? This question has not been answered even in the simplest
case of a real Hilbert space. In this regard, it is worth characterizing
CS and convexity in NLSs [128] and we consider NLS of norm-attainable
operators in this study.

Norm-attainable operators have been studied over time by various math-
ematicians [106]. A lot of these studies focused on structural proper-
ties of NA(H). In fact NA(H) is a NLS which exhibits Inner Prod-
uct Space (IPS) property and other characteristics that makes it a C*-
algebra. Moreover, characterizations have been done in-terms of norm-
attainability conditions for operators, functionals among others in the
space of all bounded linear operators on Hilbert spaces. However, de-
scribing CS has not been considered in NA(H) hence it is important to
consider CS problem in NA(H).



This study is organized as follows: For the first chapter, we begin with
a mathematical background as given in this section followed with the
basic concepts that helps us to understand this study. We then state the
problem of our study followed by the objectives and finally conclude the
chapter with the significance of the study. The second chapter entails a
review of related literature to our work. This has been done as per the
objectives. Chapter three is containing a description of the techniques
and methods that are useful in finding solutions to our problem of study.
Chapter four contains results of this study and finally chapter five has the

conclusion and recommendations for future research.

1.2 Basic concepts

Basic definitions and concepts that are key to our study are given in this

section. These include concepts on proximal sets, CSs and convexity in

NLSs.

Definition 1.1. ([60], Definition 1.5) A set is a well defined collection of
distinct objects. Let A, B be two sets. A function f: A — B is a rule
that assigns to every element in A a unique element in B. An operator

is a structure preserving function.

Definition 1.2. ([6], Definition 1.37) A normed linear space (NLS) is a
linear vector space endowed with a norm which satisfies non-negativity,

scaling and triangle inequality:.

Definition 1.3. ([62], Definition 1.7) Let W be a NLS and G be a
nonempty subset of WW. Consider the point ( € W. We define the distance



from ¢ to G by d((,G) = inf,c¢ ||¢ — 0|, and the map ¢ — d((, G)

is called the distance function for G. We call ¢ the nearest point in G.

Definition 1.4. ([143], Definition 2.4) A set G in a NLS W is called a
CS if every point in W has a unique nearest point in GG. That is, CS is a

subset of a NLS that admits unique best approximations.

Remark 1.5. For a CS we define the map fo : W — W as the map that
sends ¢ € W to the unique element of F((). We refer to both Fg and

fa as the metric projections for G.

Definition 1.6. ([62], Section 2.2) Let D be a nonempty set. A subset
E of D is said to be convex if for all (,n € E the line segment connecting

¢ and nisin E, that is, (1 —a)(+anisin E (,n € E, and « € [0, 1].

Definition 1.7. ([106], Section 2) Let H be a Hilbert space and T': H —
H be a bounded linear operator. We say T is norm-attainable if there

exists a unit vector ¢ € H such that | T°C|| = |||

Remark 1.8. The space of all norm-attainable operators is denoted by
NA(H). It is known [107] that NA(H) a NLS which is bounded and
linear. It is worth-noting that it is also a Banach space and in particular

a C*-algebra.

Having armed ourselves with the basic concepts, we state the problem of

our study in the next section.

1.3 Statement of the problem

Best approximation (BA) is an interesting field in functional analysis

that has attracted a lot of attention from many researchers for a very
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long period of time up-to-date as described in [10] and [11]. Of greatest
consideration is the characterization of the CS which is a subset of a
NLS which contains unique BAs[125]. Approximation theory involves
obtaining best approximation of functions using simple functions whether
they are linear or nonlinear as illustrated by [11], [60] and [143]. The
question which has not been answered is: Is every CS in a NLS convex?
This question has not been answered even in the simplest case of a real
HS. Some known results have been put forward by Narang [143] regarding
a closed and convex subset of a HS which proved that it is a CS. Other
research work have also been done which have provided partial answers of
the CS problem have been discussed by Frank [62] and also by Balaganski
and Vlasov [10] whereby metric projections have been very helpful in
giving partial solutions. Several other forms of this problem have also been
postulated. For instance, on characterizing convexity of CSs, Borwein [18]
left open some five fundamental open questions. Moreover, Ricceri [146]
gave a conjecture on real Hilbert spaces involving the convexity of Borel
functions on these spaces. Conclusively, there is no known answer to CS
problem in totality as only partial solutions have been provided in special
cases. In this study therefore, we have provided a partial answer to CS
problem by characterizing CSs and convexity in normed linear spaces,

particularly in NA(H).



1.4 Objectives of the study

1.4.1 Main objective

The main objective of this study has been to characterize Chebyshev sets

and convexity in normed linear spaces.

1.4.2 Specific objectives
The specific objectives of this study included to:

(i). Determine conditions under which subsets of normed linear spaces

are Chebyshev sets.

(ii). Characterize distance functions of Chebyshev sets in normed linear

spaces.

(iii). Investigate convexity of Chebyshev sets in NA(H).

1.5 Significance of the study

The most important basic question in the theory of approximation is
concerned with the existence of BAs. This is because it has several appli-
cations involving finding solution to systems of equations. This study is
useful as it has provided a contribution of knowledge in functional analy-
sis and also providing at least a partial solution to the CS problem. The
results obtained are also useful in solving convex optimization problems

and finding solutions to differential equations.



Chapter 2

LITERATURE REVIEW

2.1 Introduction

This chapter gives a detailed account of research work which have been
done in approximation theory. In particular, we consider literature on
conditions under which subsets of normed linear spaces are Chebyshev.
We also discuss the characterizations on distance functions of CSs in NLSs

and finally give a review on investigations on convexity of CSs in NLSs.

2.2 Normed Linear Spaces and NA(H)

Normed linear spaces have a long research history and valuable charac-
terizations have been done over time (see [14]-[20]). These spaces are
endowed with several useful properties that attract the attention of many
mathematicians (see [22]-[46]). The authors of [42] conducted an extensive
investigation on normed linear spaces, delving specifically into the con-

cept of directional uniform continuity. They obtained significant results,



which were then generalized and applied in the field of geometry, reveal-
ing a fascinating connection between normed linear spaces and geometric
properties. The authors (see [48]-[67]) demonstrated that a collection of
unit ball chords, all parallel to a fixed direction and bounded in length,
possesses a unique property: all midpoints of these chords lie uniformly
inside the unit ball. This intriguing property was termed as uniformly
convex in every direction (UCED). The authors further utilized this con-
cept to characterize bounded subsets of normed linear spaces that possess
unique Chebyshev centers, which are points that minimize the maximum
distance to all points in the subset.

The study provided both sufficient and necessary conditions for a normed
linear space to satisfy the UC'E D property, shedding light on the geomet-
ric behavior of such spaces. Moreover, the authors proved a remarkable
result: if a normed linear space is uncountable, it cannot be renormed (i.e.,
cannot be equipped with a different norm), and consequently, it cannot
be isomorphic (i.e., structurally equivalent) to a space that satisfies the
UCED property. The findings of this investigation contributed signifi-
cantly to the understanding of normed linear spaces, directional uniform
continuity, and geometric properties related to the UC'ED concept. The
results presented interesting implications in the characterization normed
linear space properties that have important applications in mathematical
fields such as optimization, functional analysis, and approximation the-
ory.

Pai [145] characterized smooth normed spaces using the concept of prox-
imal points of convex sets. A normed linear space was considered to be

smooth given that every point of its unit sphere contained at most one



support hyperplane in the closed unit ball. The study demonstrated the
connection between convexity and smoothness, that is, if the dual for a
normed linear space B is strictly convex, then B is a smooth normed
linear space and if B is reflexive then strict convexity and smoothness of
B is ensured by existence of a complete duality in the space. Conditions
under which a pair of convex sets have proximal points was given. The

following are the main findings in his study:

Theorem 2.1 ([145], Theorem 2). Suppose B is a normed space and
G,H € B are convex sets. Then the points @ € G,b € H satisfy prowi-
mality condition if 3K € B* such that:

(1) K] = 1.
(i1). ReK(a—a)>0,Va € G.
(iii). ReK(b—1b) > 0,Vb € H.
(iv). K(@—"b)=||a—Db|.
Theorem 2.1 presents a characterization of proximal points of CSs in
NLSs. The points @ and b are nearest points of convex sets G and H

respectively. It was proved that if the convex sets G and H are closed

then the points @ and b are also proximal points in Hilbert spaces.

Theorem 2.2 (145, Theorem 3). Let B be a normed linear space. The

conditions below are equivalent:

(i). B is a smooth NLS.



(ii). If G,H € B are convex sets then there exists @ € G,b € H nearest

points of G and H respectively such that aandb are proximal points

of G and H.

(11i). The norm of B is Gateauz-differentiable a.e at each point of B.

The result in Theorem 2.2 above represent the main characterization of
normed linear spaces with emphasis to smoothness and convexity as well
as Gateaux-differentiability of non zero points of the space.

Zaplatik [150] investigated convexity property in normed linear spaces.
The study also examined convexity of Chebyshev sets in normed linear
spaces and investigated properties of the metric projections of these sets.
The concept of orthogonal projection [131] gave geometrical significance
to the proofs given in this study. The following are some of the results

obtained:
Theorem 2.3 ([150], Theorem 2). Let H be a complete inner product
space. Let L # () be a closed subset of H. The following are equivalent:

(i). L is conver.

(i1). L is a Chebyshev set and its metric projection is non-erpansive.
(i1i). A continuous operator T : H — L of a nearest point of L exists.
Theorem 2.3 illustrates the relationship between convexity and metric
projections of closed sets in an inner product space. It shows that if L

is convex, then it is also a CS with a non-expansive metric projection.

Conversely, if L is a CS with a non-expansive metric projection, then it is

10



convex. Furthermore, the theorem establishes the existence of a contin-
uous operator that maps each point in H to its nearest point in L when
any of these conditions hold. The non-expansivity of the metric projec-
tion is an important property examined in this theorem. It implies that
the distance between any two points in H is preserved or decreased after
projection onto L. This property has implications in optimization and
approximation problems where minimizing distances is a crucial consid-

eration.

Proposition 2.4 ([140], Proposition 7). Let B be a quasinormed linear
space. Let L # 0 be a closed subset of B. If the distance function dy, for

L is convex, then the set L is conver.

Proposition 2.4 examines the connection between convexity of sets, closure
and convexity of the corresponding distance function [47]. The proposi-
tion elucidates how the convexity of sets, which refers to the property of
a set to contain all the line segments connecting any two points within
the set, is linked to the closure operation (see [48]-[62]). The closure of a
set is the smallest closed set that contains the original set, and it plays a
crucial role in establishing the convexity of the distance function associ-
ated with the set [90]. The distance function associated with a set assigns
a value to each point in the set based on its distance from a fixed point
or set. The conditions under which the convexity of the distance function
is preserved by the convexity of the set are given (see [129]-[145]).

At this juncture, we consider the space of norm-attainable operators
(NA(H)). Norm-attainable operators have been studied over time by
various mathematicians. A lot of these studies focused on structural prop-

erties of NA(H).

11



Theorem 2.5. ([69]). The set NA(H) is bounded and linear.

Theorem 2.5 gives a description of N A(H) interms of linearity and bound-
edness in general. However, it does not describe the space in terms of its
subsets particularly the CSs. It is also known that NA(H) is a NLS which

exhibits other characteristics that makes it a C*-algebra.

Theorem 2.6. (/68]). The set NA(H) is a C*-algebra.

The result in Theorem 2.6 shows that NA(H) is a C*-algebra. In deed
like B(H), the space of all bounded linear operators on Hilbert spaces,

it is a NLS, a Banach space, a Banach algebra and it also satisfies the
C*-condition for Banach algebras [106].

In conclusion, characterizations have been done in-terms of norm-attainability
conditions for operators and functionals [107] among others in the space

of all bounded linear operators on Hilbert spaces. However, describing
CS has not been considered in NA(H) hence it is important to consider

CS problem in NA(H).

2.3 Proximinal sets, CSs and their subsets

Proximal sets and CSs are important sets in approximation theory due
to their properties. A lot of characterizations have been done on these
sets with interesting results obtained. Their subsets are also interesting as
they carry hereditary properties in them. Fletcher and Moors [61] charac-
terized CSs and showed that a CS is particularly a subset of a NLS which
has properties that helps in the establishment of best approximations re-

sults which are unique. The authors investigated characteristics of the

12



metric projection and obtained necessary and sufficient conditions under
which a a subset of a NLS becomes a CS and also conditions for a CS
to satisfies convexity properties. Moreover, the authors gave an example

where they constructed a nonconvex CS as shown in the next result.

Proposition 2.7. ([61], Proposition 2.12) Let W be a NLS. A subset of

W which is closed is also convex if and only if it is midpoint convex.

Proposition 2.7 characterizes NLSs in terms of midpoint convexity and
shows that a subset of a NLS can be convex if its closed and satisfies
midpoint convexity. However, this result does not indicate whether the
space W is convex in general even if it is a CS. It is noted that closedness
is useful for midpoint convexity but not for convexity in general.

In the earlier years [147] characterized normed spaces in terms of ap-
proximate properties. Historically, it can be shown in brief the main
contributions of researchers in this field of study. In 1934 Bunt proved
the convexity of a CS in the real plane. Also 1938 Kritikos followed Bunts
results and extended the theorem of Bunt to an n-dimensional real space.
This was followed by the work of Efimov and Stechkin in 1961 which
showed that a CS of a general HS which is approximately compact sat-
isfies convexity condition. To conclude the history, Klee considered weak
closedness and proved that CS which is weakly closed satisfies the convex-
ity condition. This history and more details can be found in Mantegazza
89].

The author in [125] considered proximal sets which are related to Cheby-

shev sets and gave the result below.

Theorem 2.8. Let W be a NLS. Consider J as a proximinal set of W.

Then J is nonempty and closed.

13



Theorem 2.8 considered proximal sets and characterized closedness and
the content of the sets. However, it becomes very difficult to come up
with a structure of the metric projection function interms of its geometry.
Nonetheless, an exception on this assertion can be considered when J
is a subspace. Several mathematicians have delved into the realm of
Chebyshev sets and proximinal sets over time. A study by [86] focused
on Chebyshev sets and their relationship with proximality. The research
established that a set can be considered convex if and only if it satisfies the
condition of being finite dimensional. Moreover, the study demonstrated
that if a set possesses the closure property, then it can be classified as a
Chebyshev set. Furthermore, in the case of convex sets in rotund reflexive
spaces, the study revealed that such sets are also Chebyshev. In [114]
the author also provided a characterization of C'S (Chebyshev) sets in

Euclidean spaces, as depicted in the following theorem:

Proposition 2.9 ([48], Proposition 6). Let L be a nonempty subset of a

FEuclidean space E, then the following statements are equivalent:

(1). L is Chebyshev.

(i1). Pp is continuous and has at most one value.
(iii). d3 is Fréchet differentiable a.e and VF% =1-Pr.
(iv). The Fréchet sub-differential Op(—dr)*(w) # 0,Vw € E.

The next result by Borwein [16] follows from the fact that norms of closed

sets and weak convergence relate on Hilbert space spheres.

Theorem 2.10 ([18], Theorem 15). Let H be a Hilbert space. Suppose
the C'S set L is weakly closed. If L € H then L 1is convex.

14



Theorem 2.10 was extended to general Banach spaces where it was proved
that if a C'S set L has a continuous projection in a Banach space B
endowed with a rotund dual norm then L is a convex set [147].

Ricceri’s contribution in [146] consisted of providing necessary conditions
for the existence of non-convex CSs in infinite dimensional spaces, which
extends the well-known result that closed and convex sets are Chebyshev
for all spaces, but only convexity holds for weakly sequentially closed
Chebyshev sets in finite dimensional spaces. Ricceri’s work focused on
the scenario of infinite dimensional spaces and showed that there exist
special Chebyshev sets in such spaces that do not satisfy the convexity
property as seen in [67].

The conjecture for this problem was formulated as follows:

Theorem 2.11 ([146], Conjecture 1). Let B be infinite dimensional NLS.

Then a Borel function g : B — R that is not convex exists such that given

t € infpg and n € [0,00] the conditions below are satisfied:

(1). SUp,ep 1|jf|(|w)”|2 < 00;

(ii). Yx € B,Vp € [0,n] the function w — |jw — x||* + Bg(w) must attain
at most one global minimum in B, w} 5 such that the given a Borel
map x — w}, 5 the following inequality holds ||w} 4] < Lg(1 + [[z]])

gwen that Lg does not depend on x;

(iii). Let n < oo,¥x € g [t,00] then w + |jw — z||* + Bg(w) attains no
global minimum in B,

(iv). Yq € L*(|0,1], B) and fo ))dz > t, then {{p € L*([0,1], B) :
Jo llp(z) )||2d:c+ﬁf0 )dx < r} B € [0,n],r € R}

satisfies compactness property.

15



From this Conjecture the following findings regarding nonconvex CSs in

infinite dimensional spaces were drawn for the global minimum (gm):

Theorem 2.12 ([146], Theorem 1). Suppose that the Conjecture 2.11
holds true. Let the function g be such that all the axioms of 2.11 are
satisfied. Then, {p € L*([0,1], B) : g(p(x))dz < r} in a non convex C'S

set.

The result in his Theorem 2.12 characterizes interms of nonconvexity in

normed spaces.

Theorem 2.13 ([75], Theorem 3.2). Let L # () be set. Let o and 9 be
two functions mapping L into R such that given 8 € [0,00], 0+ n? is a
function attaining at most one global minimum if n € [0, 8] and fails to
have a global minimum if VG < oo,n = . Furthermore, Suppose wq is
the unique global minimum for o and let inf; ¥ < O(wy). Then, the family
{{w € L : o(w) + nd(w) < r}:ne0,5],r € R} satisfies compactness
property. Moreover, Vr € [infr 9 < 9(wy)] the restriction of o to 971(r)

attains at most one global minimum.

In the case of function attaining norms have global minima as shown in

Theorem 2.13.

Theorem 2.14 ([51], Theorem 4.1). Let the Borel function g : L — R

be such that for the golbal minimum, sup,cy, % < 00. If there exists
r € [infy g,sup, g], then the set {p € L*([0,1],B) : g(p(x))dz < r} is

weakly closed. Hence, g is convex.

In [146] the author has given the conditions necessary for C'S sets to

exist in infinite dimensional spaces. These CS sets were proved to be

16



nonconvex as illustrated in the three theorems above.

Wang [148] conducted a comprehensive investigation into the properties
of Chebyshev functions (CF) and Klee functions. In particular, the
lower semi-continuity property of functions was utilized to define proximal
mapping and farthest point mapping. The research demonstrated that if a
farthest point mapping is single-valued almost everywhere, then it can be
classified as a Chebyshev function. Furthermore, the study established
that any function which is bounded below and single-valued must be
convex. Conversely, it was shown that a function is strongly convex if
and only if it is single-valued. These results were further supported with
a concrete example, which highlighted that a continuous farthest point
mapping does not necessarily have to be locally Lipschitz. As a result, the
investigation of the single-valuedness property of farthest point mapping
and proximal mapping was approached from a global perspective, rather

than a local one.

Lemma 2.15. ([94]) Let g : R"* — R be a proper lower semi-continuous
(Isc) function which is essentially strictly conver. Then argming is a

singleton set or empty.

Lemma 2.15 characterize single-valuedness of proximal functions by use

of lower semi-continuity.

Lemma 2.16. (/92]) If a prozimal function g : R" — R is not restricted
to be conver, then e,g and hy,g satisfy n='j(q) — e 9(q) = (g +n"'j)n"'q
and h,g(q) = (g +n715)*(q) — n7j(q). Given that g is proper, prox-
bounded with n, threshold and lsc. Then ¥n € (0,n,) and Vg € R",
g+ n7')*(q) = convP,g(nqg) Oh(q) = convP,h(q), where h = n(g +
) (7.
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The main contribution of this study is the identification of the necessary
conditions for a function g such that P,g and @Qgg are single-valued al-
most everywhere on R"™. This finding represents the cornerstone of the
research, providing valuable characterizations and properties of proximal
and farthest point mappings in relation to their single-valuedness prop-
erties.

In their research paper [144], Narang and Sangeeta conducted a study
on the properties of Chebyshev sets in metric spaces with a focus on
convex metric spaces. The study resulted in several interesting findings.
Firstly, they proved that a Chebyshev set L in a metric space (B, d) with
a lower semi-continuous metric projection is a convex d-sun. This means
that if the metric projection of L onto a closed convex set is lower semi-
continuous, then L can be characterized as a convex Jd-sun. A convex
0-sun is a set that has a special geometric structure, where every point
in the set can be connected to a "sun” point outside the set by a path
that stays within a certain distance ¢ from the set. This result provides
geometric properties of Chebyshev sets in metric spaces with lower semi-
continuous metric projections.

Furthermore, Narang and Sangeeta’s [125] study also showed that if the
metric projection of L is continuous, then L is a convex 7y-sun. This
implies that if the metric projection of L onto a closed convex set is con-
tinuous, then L can be characterized as a convex y-sun. A convex y-sun
is a more refined version of a convex d-sun, where the distance from the
set to the "sun” points is controlled by a continuous function . This
finding provides additional properties of Chebyshev sets in metric spaces

with continuous metric projections.
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In a nutshell, Narang and Sangeeta’s study [144] sheds characterized
Chebyshev sets in convex metric spaces, particularly in relation to the
continuity of the metric projection. These findings contribute to the un-
derstanding of the geometric structure of Chebyshev sets and their rela-
tionship with the metric properties of the underlying metric space.

In their work [61], Fletcher and Moors conducted an exhaustive investi-
gation on Chebyshev sets, coining key conditions that determine when a
normed linear space can be considered a Chebyshev set. One of the sig-
nificant findings of Fletcher and Moors was the proof that any nonempty
Chebyshev set in a normed linear space must be closed. This result sheds
light on the topological properties of Chebyshev sets, establishing that
closure is one of the requirements for these sets to exist. It was shown
that a closed set in a normed linear space can only be convex if the set is
midpoint convex. This highlighted the connection between convexity and
Chebyshev sets, elucidating that convexity can only be preserved if the set
exhibits midpoint convexity. Hence the study provided insights into the
geometric structure of Chebyshev sets and the conditions necessary for
convexity to hold. The authors also investigated special classes of maps
acting as metric projections on Chebyshev sets. Additionally conditions
necessary for convexity to hold in Chebyshev sets were given. The au-
thors further constructed examples of Chebyshev sets that are concave in
inner product spaces. The results below represent Fletcher and Moors’s

work on Chebyshev sets:

Lemma 2.17 ([61], Lemma 2.22). Let (W, ||.||) be a normed linear space.
If L C W such that L # (), then the metric projection w — Pp(w) is a

locally bounded map on W.
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This Lemma 2.17 asserting that all metric projections on CS sets in
N LS are locally bounded is used together with the property of boundedly
compactness of sets to show that to that if a set is boundedly compact

then it is proximinal and therefore closed.

Theorem 2.18 ([61], Theorem 2.26). et (W,||.||) be a normed linear
space. Let L C W be boundedly compact. If there is w € W for which
Pr(w) is singleton, then the metric projection u — Pp(u) is continuous

at w.

Theorem 2.18 is an illustration of the conditions necessary for a metric

projection mapping to be continuous.

Corollary 2.19 ([61], Corollary 2.27). Let (W,|.||) be a finite dimen-
sitonal normed linear space. If L C W is a CS set then the metric pro-

jection w — Pr(w),Yw € W is continuous.

In their research [61] Fletcher and Moors made significant contributions
to the study of Chebyshev sets, providing insights into their topological
properties, convexity conditions, and examples of their structures in NLS
and inner product spaces. To prove the converse of the assertion that all
proximinal or Chebyshev sets are closed, the study showed that all closet
sets which are nonempty in finite-dimensional Banach space is proximi-
nal and so Chebyshev. A counter example was given showing that not all
closed convex sets are proximinal.

The research paper published in reference [135] provides significant in-
sights into the characteristics of Chebyshev sets and proximinal sets in
complete normed linear spaces. The authors presented key characteri-

zations of these concepts and established conditions for their convexity.

20



Moreover, the study investigated the conditions under which the continu-
ity of metric projections is ensured for both Chebyshev sets and proxim-
inal sets.

The researchers’ findings shed light on important results that emerged
from their study. Firstly, they identified crucial characterizations of Cheby-
shev sets and proximinal sets in the context of complete normed linear
spaces. These characterizations provide a deeper understanding of the
behavior of these sets in such spaces and contribute to the existing liter-
ature on the topic.

Furthermore, the researchers established conditions for the convexity of
Chebyshev sets and proximinal sets. This is a significant contribution
as convexity is an important property in many mathematical and opti-
mization problems. The identified conditions provide insights into the
geometric structure of these sets in complete normed linear spaces, and
they can be used in various practical applications. Additionally, the study
examined the continuity of metric projections for Chebyshev sets and
proximinal sets. Metric projections are commonly used in optimization
and approximation problems, and the continuity of these projections is
crucial for their effective use. The researchers’ findings on the conditions
under which the continuity of metric projections is guaranteed for Cheby-
shev sets and proximinal sets provide valuable insights into the behavior
of these sets in complete normed linear spaces. The following are some of

the main results obtained in this study:

Theorem 2.20. Let B a strictly convex Banach space. Let A be a finite
dimensional subspace of the Banach space B. Then A is Chebyshev.
Theorem 2.20 demonstrates a significant result [150]: finite dimensional
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subspaces of strictly convex Banach spaces are not only closed sets, but
also Chebyshev sets. This observation is crucial because the convexity
property of these Banach spaces ensures the closure of sets within them.
Moreover, it has been previously established that closed sets in strictly
convex or reflexive Banach spaces are Chebyshev sets. Therefore, The-
orem 2.20 provides valuable insights into the conditions under which a
closed set can be a Chebyshev set. The concept of Chebyshev sets, which
are sets that admit nearest point solutions, plays a fundamental role in
optimization and approximation theory. The closure of sets in strictly
convex Banach spaces is a crucial property that ensures the existence of
nearest point solutions within these sets. The convexity of the Banach
spaces guarantees that closed sets are convex, and the strictly convex
property further guarantees their strict convexity. These properties are
essential for establishing the existence of unique nearest point solutions

in Chebyshev sets.

Theorem 2.21 ([142], Theorem 2.2). Let B be a Banach space and let L
be a proximinal set in B. [ff is given to be convex, then L is a Cheyshev

set.

Theorem 2.21 above provides a crucial characterization of Chebyshev sets
by leveraging the concept of metric complement. In this particular case,
the metric complement of the set L, denoted as Z, can be explicitly defined
as follows: L = {(p,q) : (p > 0andgq < 0)or(p < Oandg > 0)}, where L N
L= 0, meaning that the only point of intersection between L and L is the
origin (0,0), and L is a closed set. Furthermore, the theorem establishes

that L and L do not share any points other than the origin, which implies

that they are disjoint sets. Additionally, L is closed, meaning that it
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contains all of its boundary points, and hence its closure is equal to itself.

Theorem 2.22 ([57], Theorem 2.3). Let B be a strongly convexr Banach
space and the convexr closed set L be in B. The conditions below are

equivalent:

(i). L is a proximinal set.

(i1). L is weakly approzimately compact.

(i1i). L is approximately compact.

Theorem 2.22 examines the concept of approximative compactness and
proximinality of sets. A Banach space is shown to be approximatively
compact if it satisfies reflexivity. This theorem is genaralized to show
that if a set satisfies the approximative compactness property in Banach
spaces then it is proximinal. It was evident that in as much as approxi-
mative compactness implies proximinality as shown by Theorem 2.22 the

consequent cannot imply the hypothesis.

Theorem 2.23. (/105] Theore4.3) Let B be a Banach space and L be
closed in B such that ||B|| is uniformly Gateauz differentiable and also
Frechet differentiable. Let the dual of B (B*) be Frechet differentiable.

The conditions below are equivalent for ¢ € B\ L:

(i). dy, is Frechet differentiable at q.
(i1). Pp is continuous at q.

(111). L Any minimizing sequence in q¢ € L converges.
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Narang [105] conducted research on the relationship between Chebyshev
sets and proximinal sets in metric spaces, as documented in [143]. The
research showed that sets in metric spaces that are strongly proximinal
are also Chebyshev sets, and furthermore, their metric projections are
continuous. It was also proven that if sets in Hilbert spaces are strongly
proximal, then they must be convex.The next Lemma presents a relation-

ship between C'S sets and proximinal sets.

Lemma 2.24 ([143], Lemma 1.1). Let (Y,d) be a metric space. If a set

L s strongly proximal in'Y, then L is Chebyshev in'Y.

This relationship between Chebyshev sets and proximinal sets holds true

for all metric spaces and metrizable topological spaces, as stated in 2.24.

Theorem 2.25. Let (Y,d) be a metric space. If a set L # () is strongly
proximal in 'Y, then the function P, mapping the nearest point of L is

continuous.

The theorem immediately above below illustrates continuity property of
C'S sets projection maps in metric spaces. However, it doesn’t show the

work in other Banach spaces.

The following theorem characterizes proximinal sets in Hilbert spaces.

Theorem 2.26 ([143], Theorem 1.3). Let H denote a Hilbert space. Is

L 1s strongly proximal in the space H, then L is a convex set.

Narang [143] showed that in metric spaces Chebyshev sets coincide with

strongly proximinal sets and their metric projection maps are continuous.
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the study also proved that for Hilbert spaces all strongly proximal sets

are convex.

2.4 Distance Functions of Chebyshev Sets

Distance functions are also important in characterizing CSs. By the result
of Asplund [4], the CS problem was given a different dimension to consider

metric projections as shown in the next proposition.

Proposition 2.27. ([61], Proposition 2.2) Let W be a NLS. Consider J
as a CS of W. Then the distance function for J satisfies nonexpansivity

and continuity conditions.

Proposition 2.27 describes CSs and their distance functions in terms of
continuity and nonexpansivity in a general set up. The studies referenced
in [28], [147], and [149] investigated distance functions of Chebyshev sets
in various spaces, with a particular focus on normed linear spaces.

One key result in [139] is that a Chebyshev set L in a Banach space
with a rotund dual is convex if and only if its distance function dj, is
regular on L¢ and strictly Gateaux differentiable on L°¢. This implies
that the differentiability of the distance function is closely related to the
convexity of the Chebyshev set. Another result from [46] is that in a
reflexive Banach space B with a smooth Kadec norm, a set L is weakly
closed if the projection operator Py, is continuous. This result provides
a characterization of weakly closed Chebyshev sets in reflexive Banach
spaces with smooth Kadec norms.

Furthermore, [45] proposed that if the norm and dual norm of the Banach
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space B are Frechet differentiable, then a set L is convex if the distance
function dy, is Frechet differentiable on L¢, the complement of L. This
provides another condition for the convexity of Chebyshev sets in Banach
spaces with Frechet differentiable norms and dual norms. The following

represent the findings obtained:

Theorem 2.28 ([58], Theorem 1.1). Let B be a Banach space endowed

with a rotund dual B*, then L # 0 is convex if the distance function

dr(gtp)—dr(e) _

dy satisfies the equality below: D%dp(q) = lim supy, 0 I

1,Vq € B\ L.

Theorem 2.28 presents sufficient conditions under which a C'S is convex.
The theorem is applicable in reflexive Banach spaces, which are math-
ematical spaces that possess certain properties, including the property
of reflexivity [126]. Furthermore, the theorem requires that the Banach
spaces admit a smooth Kadek norm [132], which is a specific type of norm
with particular smoothness properties. The conditions for weakly closed
sets are also implied in Theorem 2.28. The theorem outlines the necessary
conditions that such sets must satisfy in order for the convexity of C'S to
hold [135].

Overall, the studies in [35], [94], [99] and [129] contribute to the under-
standing of the properties of Chebyshev sets in normed linear spaces,
and provide conditions under which these sets are convex based on the
Gateaux differentiability and Frechet differentiability of the associated
distance functions in various normed linear spaces.

In the study conducted by the authors in reference [107], the focus was
on investigating the concept of Chebyshev sets in relation to Bregman

distances. Bregman distances were found [122] to be a useful tool in es-
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tablishing the convexity of sets [88], with a key condition being that each
point in the Euclidean space is closest to only one point in a closed set
(see [82]-[87]).Furthermore, the authors delved into characterizing sub-
differentiable functions and their properties in relation to Bregman near-
est distance. This involved utilizing nonsmooth analytic methods and
employing maximal operators to form monotone sequences (see [93]-[96]),
which were key elements of the methodology used in the study. Breg-
man distances were found to be effective in proving the convexity of sets,
provided that each point in the Euclidean space is nearest to only one
point in a closed set. The study also provided insights into the properties
of sub-differentiable functions in relation to Bregman nearest distance,
shedding light on the behavior of these functions in the context of Breg-
man distances and Chebyshev sets. The following findings are some of

the study’s main results:

Proposition 2.29 ([113], Proposition 5.1). Let a function g be twice
continuously differentiable on a FEuclidean space W . then the left Bregman
— —
distance function dy, is locally Lipschitz on W and dy, = g* o Vg — (g +

I)*oVg=1[9"—(9+1L)*]oVg.

Proposition 2.29 above shows that if a function is twice differentiable in

the Euclidean space then it is locally Lipschitz in that space [89].

Lemma 2.30 ([69], Lemma 6.2). Let w € R¥. Then we have, d(g +
ID)(w)={r e R* : w € E(Vg*(r))} = (E o Vg*) Y (w), and it follows
that (g + 1) = (Pr o Vg*) .

Lemma 2.30 gives a characterization of C'S sets in relation to Bregman
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distances. Overall, this study contributed to the understanding of Cheby-
shev sets, Bregman distances, and sub-differentiable functions, and pro-
vided important insights into their relationships and properties [26]. In
their research paper [147], the authors conducted an extensive investiga-
tion on the concept of Chebyshev centers that are not necessarily farthest
points in Banach spaces. They made a significant discovery that the ex-
istence of such centers, referred to as (CSCNF'P), depends on the con-
vexity properties of the Banach space, for a nonempty bounded subset.
The authors provided a comprehensive characterization of C'S (Cheby-
shev center) centers and farthest points in two-dimensional real convex
spaces. Also authors in [143]-[144] explored properties such as center-
ability and M-compactness in uniformly convex Banach spaces, shedding
light on their significance in the context of Chebyshev centers. Concrete
examples were presented to substantiate the optimality of the character-
izations proposed in the study [108].

Furthermore, the authors in [64] -[67] proved that in a finite-dimensional
Banach space y, convexity can only be achieved when all its nontrivial
subsets are CSCN F Ps. The property of M-compactness played a cru-
cial role in establishing that in a strictly convex Banach space y, if every
nonempty subset of x is M-compact [74], bounded [77], and centerable
(78], then it is a CSCNFP. The research also delved into the case of
LP-spaces that are non-Hilbert, where p # 2. The authors demonstrated
that every subset of a non-Hilbert LP-space admits a Chebyshev center
that is a farthest point (see [109]-[112]), denoted as C'SCFP. This re-
sult further expanded the understanding of Chebyshev centers in various

types of Banach spaces (see [115]-[123] and the references therein). The
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following findings represent the main results:

Lemma 2.31 ([125], Proposition 1.1). Let L # 0 be a bounded subset of a
Banach space x with a C'S center CSy. Assume that C'Sy is also a farthest
point of L from some point w € x. Denote C'S radius of L by r and let
D = ||CS, — wl|. Then r < D and a subset V = B[CSp,r] N Blw, D]

satisfies the following properties:

(i). LCV

(ii). The CSy of V is equal to r
(111). CSL, is a center of V
(iv). CSy, is a farthest point of V' from w
The Lemma 2.31 provides a relationship between the CS center C'Sy, of a
bounded subset L in a Banach space and the distance between C'Sy, and
a given point w € y. It also introduces the concept of C'S radius and a
subset V' that satisfies various properties [130]. This lemma can be useful

in analyzing the properties of bounded sets in Banach spaces and their

relationship with CS centers and farthest points [134].

Theorem 2.32 ([137], Proposition 4.4). Let & be a Banach space. Let
L., = B,NB[t,w] be a set with radius ry .. Then the following conditions

are equivalent in Banach spaces:

(i). x is a CSCNFP space.

(7). For each w in the open sphere of x and for each 0 < t < 1 the

inequality 1, <t holds.
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(111). CSL is a center of V

(iv). For each & € (0,1], 3ty € (0,&) satisfying 1., < t,Yw € S¢, Vit €
(0,t0).

This Theorem establishes a connection between the properties of a Banach
space x and the behavior of the radius of certain sets L;,, with respect to
t and w. It characterizes the conditions under which a Banach space is
a CSCNFP space, which has implications in the study of stability and

farthest point properties in functional analysis[133].

Theorem 2.33 ([14], Proposition 2.4). Let x be a real Banach space. If
L # 0 is a bounded C'S subset of x which admits its C'S center C'Sy. Then
L is CSCNFP.

Theorem provides a result about the properties of bounded sets in real
Banach spaces that have CS centers. It asserts that such sets satisfy the
CSCN FP property, which can be relevant in the study of stability and

farthest point properties in real Banach space as seen also in [136]-[141].

Theorem 2.34 ([34], Proposition 5.4). Suppose (x, 0, 1) is a finite mea-
sure space witha disjoint triple {\;}3_, C o of finite positive measure

subsets. Then Vp € [1,2) U (2,00), LP = LP(x,0,pn) is a CSCFP space.

Theorem establishes the property of C'S with respect to farthest points
for the LP spaces associated with a finite measure space with certain con-
ditions on the measure subsets. It provides insights into the properties of
LP spaces with respect to stability and farthest point properties, which

can be relevant in functional analysis and measure theory [47].
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Findings presented in [147] shed new light on the intricate properties and
characteristics of Chebyshev centers in Banach spaces. These findings
have significant implications for various aspects of convexity properties,
M-compactness, and different types of Banach spaces, including finite-
dimensional and LP-spaces. Valuable characterization of convexity prop-
erties of Chebyshev centers in Banach spaces is provided. The research
states the conditions under which Chebyshev centers exist in convex sets,
and provides insights into the geometric and topological properties of
these centers, shedding light on their relationship with convexity. Fur-
thermore, the connection between Chebyshev centers and M-compactness

in Banach spaces is illustrated.

2.5 Chebyshev sets and convexity

This section reviews literature on the key question of this study, that is,
Is every CS in HS convex? We begin with the following result Borwein

[16] on closedness, reflexivity and rotundity of Hilbert spaces.

Lemma 2.35. (/16], Fact 3) All Chebyshev sets are closed and all closed
sets satisfying convexity condition are Chebyshev in a rotund reflexive
space. Particularly, all nonempty closed sets satisfying convexity condi-

tion in Hilbert space is Chebyshev.

Lemma 2.35 gives an elaborate characterization of Chebyshev sets and
convexity in terms of reflexivity and rotundity that requires uniqueness
property however this does not answer question 1 in general. Numerous

mathematicians have conducted extensive research on the convexity of
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Chebyshev sets in various spaces, yielding interesting findings. It has
been observed that C'S sets are convex in smooth finite-dimensional N LS,
as well as in finite-dimensional Hilbert spaces. Furthermore, in uniformly
Banach spaces, compact C'S sets are convex. In the case of strictly convex
reflexive Banach spaces, it is well-known that CS sets are convex if a
closure condition for the sets is satisfied, and this result extends to Hilbert
spaces as well. Additionally, in strongly smooth spaces, all C'S sets that
have a continuous metric projection are convex.

In a recent study by [77], the conditions for convexity of CS sets in
Hilbert spaces were investigated. The open problem of whether C'S sets in
strictly convex reflexive Banach spaces, particularly Hilbert spaces, need
to be convex was addressed, and necessary conditions for the convexity of

Hilbert space C'S' sets were presented, as shown in the following results:

Theorem 2.36 ([76], Theorem 3.1). Let B be a reflezive space endowed
with a Kadec norm. If the set L is weakly closed in the space B, then Pr,

15 a continuous metric projection.

Corollary 2.37 ([77], Corollary 3.6). If L is a weakly closed CS set in

a Hilbert set, then L is convex.

These results provide insights into the convexity of C'S sets in various
spaces and contribute to the understanding and extension of the convex-
ity notion of C'S sets.

In the work by [120], the authors extended the conditions for convexity
of Chebyshev sets in Hilbert spaces. They demonstrated that an approx-
imately compact Chebyshev set in a Hilbert space is convex, which is a

significant result. Moreover, the study established the classical result that
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every Chebyshev set in a smooth finite-dimensional normed linear space
is convex. Additionally, the authors showed that boundedly compact sets
that are Chebyshev in complete normed linear spaces are also convex.

Furthermore, the study revealed that all Chebyshev sets in a strongly
smooth Banach space are convex, which provides further insights into
the convexity properties of Chebyshev sets in different functional spaces.
Interestingly, the authors also proved that in strictly reflexive complete
normed linear spaces, every closed set is convex, highlighting the connec-
tion between reflexivity and convexity. The study presented several key

findings, including the following theorems:

Theorem 2.38 ([52], Theorem 2.6). Let H be a Hilbert space. Then

L # 0 in H is uniformly conver.

Theorem 2.39. Let B be a Banach space. If B is uniformly convez, then
B is reflexive. Let L # 0 be in B, then ||L|| is a Kadec norm.

These two theorems contribute to the understanding of the convexity
properties of Chebyshev sets in different functional spaces and provide
valuable insights into the relationship between uniform convexity, reflex-
ivity, and Kadec norms in Banach spaces. The findings of this study
have important implications in functional analysis and related areas of
mathematics. In their paper [8], the authors established conditions that
determine the convexity of a Chebyshev set in a Banach space using the
concept of Gauteaux differentiability of the distance function. The main

result of their study can be stated as follows:

Theorem 2.40. Let B be normed linear space and B* be its strictly con-

ver dual. Suppose that L C B is a CS set and 0dr(w) is singleton for
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each w € B\ L. The following statements are equivalent:

(i). The set L is conver.
(i1). The distance function dy, is convex.
(111). dy is Gateaux differentiable at w.

(iv). 3y € B such that lim, g+ Fr=du) —

. dr(w+z)—dg (w
(1}). hmsuszH dp(wte)ds(w) +||;” lw) — 1

The authors’ result establishes the equivalence between the convexity of
the set L, the convexity and Gauteaux differentiability of the distance
function dy, and the existence of a certain limit in (iv) and (v). This
result provides insight into the geometric and differentiable properties of
Chebyshev sets in Banach spaces, and sheds light on the relationship be-
tween convexity and differentiability in this context. In [142], the author,
Moors, conducted a comprehensive quantitative analysis on the convexity
of Chebyshev sets in relation to remotal sets. The study aimed to estab-
lish a correlation between the magnitude of the nearest point sets and
the convexity measure of the underlying set. The findings revealed that
unique remotal sets are directly related to non-convex Chebyshev sets, as
it was proven that non-convex Chebyshev sets can only exist in Hilbert
spaces if a non-singleton set exists that is uniquely remotal.

Furthermore, the study presented necessary conditions for e-Chebyshev
sets to be e-convex. This provided valuable insights into the geometric
properties of e-CS sets. Additionally, open problems involving e-uniquely
remotal sets and e-Chebyshev sets were addressed and solved, with exam-

ples provided to illustrate the results. Some of the notable findings from
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the study include novel results on the relationship between remotal sets
and Chebyshev sets, shedding light on the convexity properties of these
sets in different contexts. The study also contributed to the understand-
ing of necessary conditions for e-convexity of e-CS sets, providing valuable
information for further research in this area. The examples provided in
the study helped to illustrate the theoretical findings and highlight their
practical implications in various applications. Some of the results ob-

tained include:

Proposition 2.41 ([142], Proposition 3). Let L be a non singleton re-
motal set in a NLS B. Let p € B and q € Pr(p). If Vn € (0,1),pn =

r(pn,L)—r(p,L - .
p+n(g—p), then "2l < (1 -ty with g, € Pu(p,), Vi € (0,1).

Proposition 2.41 establishes a relationship between a radial function and
the farthest point mapping. The proof of this theorem relies heavily on
the concept of upper semi-continuity. The theorem provides a charac-
terization of radial functions in relation to the farthest point mappings,
which is a mapping that associates each point in a set with its farthest
point in another set. The theorem highlights the crucial role of metric up-
per semi-continuity, which is a mathematical concept that deals with the
continuity of functions from above, in establishing this relationship. The
proof of this theorem, as presented in [142], demonstrates the significance
of metric upper semi-continuity in establishing the desired relationship
between the radial function and the farthest point mapping.

The study [113] presents an extensive investigation of convexity properties
of C'S sets in NLS. The focus of the study is on the farthest and nearest
points in Hilbert spaces as well as general inner product spaces. Moreover,

the authors also explore special classes of sets categorized as "suns” and
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"sunrises” in normed linear spaces. One of the key results of the study
is the proof that for a normed linear space B with L = g€ B: |q| =1
and ¢ € B, the set L is both a sun and a sunrise set [130]. This find-
ing demonstrates a duality in the convexity properties of L in relation
to the concepts of sun and sunrise sets. Furthermore, the study estab-
lishes that if the convex set L in a normed linear space B is remotal and
unique, then L is a sunrise set. This result sheds light on the relationship
between remotality, uniqueness, and convexity in normed linear spaces,
providing valuable insights into the geometric properties of convex sets
[124]. Additionally, the study proves that every C'S set in a complete in-
ner product space is convex, indicating a generalization of the convexity
property for C'S sets in this particular setting. Moreover, the continuity
of the associated proximity maps is verified, highlighting the topological
properties of C'S sets in inner product spaces [83]-[85]. The results below

are among the study’s main findings:

Theorem 2.42. ([93], Theorem 2.4) Let the convex set L # () be remotal
in a normed linear space (B, |.||). Given that p € B and q € L, if r =
np+(1=n)q and g = Fy.(p). Then |r —gl| > [[r = (ns+ (1 =n)g)[|, Vs € L.

Theorem 2.43. ([106], Theorem 2.5) Let (B, (.,.)) be an inner product
space and L be a non-empty subset of B. Then for eachp € B and q € L,
q € Pp(p) if and only if (p — ‘HTT,T —q) <0 foranyr € L.

The two theorems discussed here relate to the convexity of Chebyshev sets
in normed linear spaces and inner product spaces, specifically in the con-
text of best approximation points and worst approximation points [95].

These theorems highlight the properties of remotality, uniqueness, and
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convexity that characterize Chebyshev subsets of these spaces. Further-
more, the properties of remotality, uniqueness, and convexity guarantee
that a Chebyshev subset L of a normed linear space is a sunrise set. A
sunrise set is a set that does not have any "holes” or "gaps” in it, and
it extends towards the boundary of the normed linear space in a convex
and unique manner. In other words, L fills the space between itself and
the boundary of the normed linear space in a convex and remote manner,
without any overlaps or repetitions [140)].

In summary, the findings in [143] establish the relationship between con-
vexity and Chebyshev sets with respect to best approximation points and
worst approximation points in normed linear spaces and inner product
spaces, and highlight the important properties of remotality [86], unique-
ness [94], and convexity that characterize Chebyshev subsets in these
spaces [104].

The authors in [115]-[120] investigated convexity of C'S sets in finite di-
mensional Euclidean spaces. The Bunt-Motzkin theorem was proved in
this study. Induction methods and hyperplanes were used to prove that
each C'S set in finite dimensional Euclidean spaces is convex. The concept
of orthogonality was also applied by repeated use of pythagorean theo-
rem. It was shown that the intersection between a Chebyshev set and a
hyperplane of a finite dimensional affine subspace results in a Chebyshev
set. Thus by applying mathematical induction on the dimension of this
set convexity of the Chebyshev set is deductively proved.

The study attempted to solve the longstanding open problem that seeks
a proof of the theorem that asserts that a Chebyshev set in an infinite

dimensional Hilbert space is convex. One of the pivotal results obtained
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in their study, denoted as Lemma 2.44 below, showed that for a hyper-
plane H intersecting a C'S set L, any point wy in H has a unique nearest
point in the intersection of L and H. This implies that every point in
H contains a unique nearest point in the set L N H, rendering L N H a

Chebyshev set with respect to the affine subspace H.

Lemma 2.44. ([144], Lemma j] Let H = H(x,l) denote an hyperplane
intersecting a C'S set L. Let wg € H and r € R, then Prog(wo + rl) =

PLmH(w())‘

Lemma 2.44 means that Prag(wo) = Pram(we + rl) implying that wq
has a unique nearest point in the intersection of a Chebyshev set L and
a hyperplane of a finite dimensional affine subspace H. Therefore every
point in H contains a unique nearest point in the set L N H. Hence the
set L N H is a Chebyshev set with respect to the affine subspace H and

by induction it follows that L N H is convex.

Lemma 2.45 ([94], Lemma 5). Let H = H(x,l) denote an hyperplane
intersecting a CS set L. Let wy € H and r € R, then the function

g:R =R giwen by g(r) = (Pp(wo + 1l),1) is continuous.

Lemma 2.45 makes use of the intermediate mean value theorem to show
that g is continuous. That is, Jwy € [m, M| such that g(wy) = [ or equiv-
alently in this case Pp(wo + rl) € H.

Finally, their seminal work culminated in Theorem 2.46, which unequivo-
cally affirmed that any Chebyshev set L in n-dimensional Euclidean space
R™ is convex. This result not only resolved the long-standing open prob-

lem of convexity in Chebyshev sets, but also provided crucial insights into
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the structure and properties of C'S sets in finite dimensional Euclidean

spaces. The theorem is formally stated as below:

Theorem 2.46. ([118/, Theorem 8) Suppose L C R™ is a Chebyshev set.

Then L is convex.

In summary, the works of [89] significantly advanced the understanding
of convexity in C'S sets, providing rigorous proofs and novel insights into
the convexity of Chebyshev sets in both finite and infinite dimensional
spaces. Their findings have far-reaching implications in various fields,
including optimization, approximation theory, and convex analysis, and

have paved the way for further research in this area.
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Chapter 3

RESEARCH
METHODOLOGY

3.1 Introduction

We outline and discuss in details the fundamental principles like the Bunt-
Motzkin Theorem, Frechet and Gateaux differentiability conditions, best

approximation techniques that are useful in obtaining the results.

3.2 Fundamental principles

Fundamental principles like Ekeland’s principle, Hahn-Banach theorem
and Chauder’s fixed point theorem are very instrumental in construction
of results. There are several principles which are useful to this study. We

utilize them in Chapter 4.
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Theorem 3.1. (Ekeland’s Principle [72]) For any real number ¢ >
0 and any lower semicontinuous real-valued function f : R®™ — R U
{400} such that there exists xg € R™ satisfying f(xo) < infyern f(x) +
€, there exists x* € R"™ such that f(x*) < f(zo) and ||z* — xo] <

L(f(20) — infocan f()).

Next we state the Hahn-Banch Theorem as follows:

Theorem 3.2. (Hahn-Banach Theorem [7]) Let X be a normed vec-
tor space over the field R or C. Let' Y be a subspace of X, and let
f:Y >R (or f:Y — C) be a linear functional. If f is bounded
on Y and satisfies f(z) < p(z) forallxz € Y, where p : X — R (or
p: X — C) is a seminorm on X, then there exists a linear functional
F:X =R (or F:X — C) such that F(x) = f(x) forallz €Y, and
F(z) <p(x) forallzeX.

Next we state the Schauder’s Fixed Point Theorem as follows:

Theorem 3.3. (Schauder’s Fized Point Theorem [35]) Let X be a
non-empty complete metric space, and let f : X — X be a continuous
map. If there exists a constant 0 < k < 1 such that for all x,y € X, the
following inequality holds: d(f(x), f(y)) < k-d(z,y) where d is the metric

*

on X, then there exists a unique fized point x* € X such that f(x*) = z*.

In Theorem 3.3, X is the metric space, f is the continuous map, k is
a contraction constant, and d(x,y) represents the distance between two
points  and y in the metric space. The theorem states that if f is a
contraction mapping (i.e., it shrinks distances between points), then it

has a unique fixed point in the space X.
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3.2.1 Bunt-Motzkin Theorem

([57]) This theorem is a result on the converse of the main problem.
It states that if a set C is Chebyshev then it implies that it is convex
in Bergman spaces. However, this still remains unknown if it holds for

Hilbert spaces.

3.2.2 Known mathematical inequalities

Some known mathematical inequalities will be utilized in this study.
These include Cauchy-Buniakowski’s -Schwarz inequality, triangle inequal-
ity among others. We will also use some laws like the parallelogram law

to solve the problem at hand.

Triangle Inequality([129]) In a normed vector space V', the Triangle
Inequality states that for any vectors z,y € V, the following inequality
holds: [l +y[| <l + [lyl-

The Cauchy-Schwarz Inequality([129]) in normed vector spaces. This
inequality states that the absolute value of the inner product of two vec-

tors is less than or equal to the product of their individual norms, that

is, [(z, y)| < ll=[-lly]l-

The parallelogram law ([6])for vectors in a normed space Vcan be

stated as follows: ||z + y||* + ||z — y||* = 2(||z||* + ||y||*), where z,y € V.
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3.3 Differentiability conditions

Obtaining derivatives is a very important technique which is useful in
optimization procedures. We describe some differentiability conditions
in this section namely, Frechet differentiability conditions and Gateaux

differentiability conditions.

3.3.1 Frechet differentiability conditions

This is a derivative defined mostly in normed spaces. Differentiability oc-
curs on real-valued functions or vector valued functions of multiple vari-
ables. Its applicable mostly particularly on directional derivative where
the continuity of the map is essential.

A function f : X — Y between normed vector spaces X and Y is
Frechet differentiable at a point xy € X [32]) if there exists a lin-
ear operator L : X — Y and a function R : X — Y such that: f(z) =
f(zo) + L(x — x9) + R(x — x9) where:

(i). L is a bounded linear operator, which means there exists a constant

M such that |L(v)||y < M||v||x for all v € X.

|RG—zo)ly _ o

(ii). R(z — x¢) is a remainder term that satisfies lim, ., To—zollx

3.3.2 Gateaux differentiability conditions

A Gateaux derivative is a fundamental principle in differential calculus
which is a generalization on functions which are continuous on Banach
spaces. It is useful in carrying out approximations in locally convex

spaces. It is useful in formalization of functional derivatives which are
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important in best approximations in calculus of variations. Moreover, its
useful since it takes care of nonlinear functions also.

The Gateaux differentiability conditions for a functional F in a normed

0 F(xOJ“tAf)_F(IO) exists for

vector space can be stated as follows [78]: lim,_,
every Ax € X. If this limit exists, we say that F'is Gateaux differentiable
at xp, and the limit itself is the Gateaux derivative of F' at xy, denoted
as F'(xp). These conditions express the linearity and the existence of

directional derivatives for the functional F' in a normed vector space.
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Chapter 4

RESULTS AND
DISCUSSION

4.1 Introduction

This chapter forms the core part of this work. We give results on con-
ditions under which subsets of NLS are Chebyshev. We also discuss the
characterizations on distance functions of CSs in NLSs and finally we

investigate convexity of CSs in NLSs.

4.2 NLS, Chebyshev sets and their subsets

This section contains a description and characterizations involving NLS,
CS and their subsets. It is known [88] that NA(H) is called strongly
convex if there exists a unique £ € NA(H) for every pair ¢, € NA(H).
We begin with the following proposition for characterizations of NLS, CS

and their subsets found in [2].
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Proposition 4.1. FEvery closed convex set in a rotund reflexive space is
Chebyshev.

Proof. See [2] for proof. O
Lemma 4.2. Every non-void closed set in NA(H) is a CS if it is Eu-

clidean.

Proof. Let U be a closed subset of NA(H). By Proposition 4.1, it is a
closed convex set. Then since it is closed, it contains points which are
well defined everywhere in it and are single valued. But we know that for
T € i, the norm-attainability condition holds, that is, ||Tz|| = ||T]|. Also
T is a convex operator of 4. By Ekeland’s principles [7], we have S € $1
such that S minimizes T'(z) + ($)[|z — S||. By Jordan’s result [150], the
operator 1" attains Euclidean values which are everywhere defined in Ll

Hence 4 is a C'S. O

This result has the following immediate result.

Corollary 4.3. If U has Fuclidean points then the following holds:

(i). Wis a CS.
(7). Functions on 3 are uniformly continuous and single valued.

(1i1). df is everywhere Fretchet differentiable.

Proof. Since NA(H) is a NLS which is closed and reflexive, we proceed

with the proof as follows:
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(i). This case follows immediately from the proof of Lemma 4.2.

(ii). Let Py be a projection dependent on i then I — Py = Py — I which
is continuous at every point.

From Lemma 4.2, functions of 4 are single valued and continuous. But
they are continuous at each end of every point hence they are uniformly

continuous.

(iii) Lastly, we need to show that dfj is everywhere Fretchet differentiable.
To see this, we know that Differentiability occurs on real-valued functions
or vector valued functions of multiple variables. Its applicable mostly
particularly on directional derivative where the continuity of the map
is essential. A function f : X — Y between normed vector spaces X
and Y is Frechet differentiable at a point xy € X if there exists a linear
operator L : X — Y and a function R : X — Y such that: f(x) =
f(zo) + L(z — x0) + R(x — x¢) where: (i). L is a bounded linear operator,
which means there exists a constant M such that ||L(v)|ly < M|v|x
for all v € X and (ii). R(z — zo) is a remainder term that satisfies
lim, 4, % = 0. By [5], di{ is Fretchet differentiable at each and
every point. More over it satisfies the two conditions above hence it is

Fretchet differentiable everywhere. O

Remark 4.4. A subset 4 of NA(H) is approximately convex if for any
closed ball W of N A(H) disjoint from 4, there exists a closed ball W' > W
disjoint from 4 having an arbitrarily large radius. Moreover, a nonvoid
closed subset F' of a convex metric space (X,d) is called a sun if for all
x € F there exists y € Pk (x) such that y € Pk(z) for all z on the half

ray [y, x,.) issuing from y and passing through z.
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Proposition 4.5. Let 4l be a closed subset of NA(H). Then L is almost

conver (AC) if it is a sun and consequently a C'S.

Proof. To show that a closed subset of a normed linear space is almost
convex. A set A is said to be almost convex [17] if for every pair of points
x and y in A, the line segment connecting x and y is almost entirely
contained within A. In other words, for any =,y € A, and any t in the
closed interval [0, 1], the pointtz + (1 — ¢)y is also in A. By a version
of Hahn-Banach theorem in normed spaces in [82], 4l is AC, moreover
from Remark 4.4 it is a sun. But every sun is a C'S. This completes the

proof. O]

At this point we consider proximality and Chebyshevity of sets.

Theorem 4.6. Let 8 be proximal in NA(H). Then i is closed and a
CS.

Proof. We prove by contradiction. Let 4 of H be not closed then consider
a sequence 7, in 4 such that lim, ,..n, = n, for n € Y. But for each
T € NA(H), ||Tn|| = ||T|]. Moreover, d(n,i) < ||n — n,||. This shows
that d(n, 1) = 0. But 0 < ||n — G|, for any 5 € 4, since n ¢ 4. Hence,
Py(n) is void which contradicts proximality of (. Lastly, the assertion
that il is a C'S follows from Proposition 4.5. m

The following consequence follows immediately.

Corollary 4.7. Every C'S which is a subset of NA(H) has a continuous

and non-expansive operator for .
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Proof. Continuity follows from boundedness and norm-attainability of
members of NA(H). For expansivity we proceed as follows. Let n, 5,y €
4. We have by triangle inequality that the distance d(n, ) < ||n — x| <

ln— Bl + 1|8 — x||. When we rearrange we obtain

d(n, &) = lln =Bl < I8 —xl (4.2.1)

But x € U is arbitrary and the left hand side of 4.2.1 is fixed so we have
d(n, ) — ||ln — B|| € d(B,4) which symmetrically is a translation leading
to d(8,4) —[In— Il < d(n, ). Hence, |d(n,$0) —d(8, )| < ||n— B]| which

satisfies non-expansivity. O]

Next, we consider convexity with regards to inner product. We state the

next result as follows.

Proposition 4.8. Let NA(H) be an inner product space and  be a
conver subset of NA(H). Then B € Byu(&) if and only if (( — B,w— ) <
0, Vw € 4.

Proof. Let £ € NA(H) and 8 € L. Let the inequality in the proposition

be true, then if £ = n we are done. So let & # 7, then for any w € U,

€= BI* = (—8,6-8)
= {-B¢-w+t{-BFw-7)
< ({-B8¢-w)
= €= Blllg —wl by C — S inequality.

So, 1€ = B < ||€ — wl|, Yw € U meaning Py(&) is proximal.

49



The converse is as follows. We prove by contradiction. Assume z is in
LNl we have ||z — z|| < € and ||y — z|| < e. Therefore, t||z — z|| < te
and (1 —1t)||ly — z|| < (1 —t)e. Adding these inequalities together, we get:
tllx —z||+ (1 —1t)||ly — 2|| < te+ (1 —t)e = €. So, we have shown that for
any point w in LN, ||w — z|| < e. Now, consider the set L N4l This set
contains all points w in L that are within e distance of z. Since z is in L,
we can choose € small enough such that L contains a point w that is not
in A. This contradicts the assumption that A is a closed set, as a closed
set contains all of its limit points. Therefore, our initial assumption that
there exists a point z in L that is not in A must be false. This completes

the proof. O

Theorem 4.9. Let NA(H) be having a strictly convex dual [NA(H)]*.

Then any closed almost convex subset of NA(H) is convex.

Proof. Let M be a closed almost convex set which is not convex. Then
M is not midpoint convex. So we have n, 3 € M such that for ¢ € M
we define g by ¢ = U;—/B ¢ M. But M is closed with d(gq, M) > 0. But
Blq : %] C NA(H)\ M. Also M is almost convex, so there exists w;,
and 7, in NA(H) and [0,00) such that Slw,,r,] € NA(H)\ M¥n € N
and lim,_r, = oo. From [98], [ Blwn, ] # NA(H). So, it is not the
whole space and hence it is a closed half plane. But n,8 € M so M is

convex. 0

Corollary 4.10. Fvery CS with a continuous MPM is conver in any
NA(H) with a strictly convex dual [NA(H)]*.

Proof. Since NA(H) has norm-attainable operators, we have n, 5 € 1 of
NA(H) with ||nz|| = ||T|| and [|Sy|| = ||8]]. From Theorem 4.9, 4l is
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closed almost convex since 4 has a continuous M PM. But since any C'S

is closed and NA(H) is strictly convex, then i is convex. O

This result can be extended to LP spaces and Hilbert spaces in general as

follows.

Corollary 4.11. Let NA(H) be an LP space, 1 < p < oo. Then every
CS in NA(H) with a continuous M PM is conver.

Proof. Tt suffices to show that since NA(H) is L? it has a strictly convex
dual for 1 < p < co. But from [22], the dual of L? is L? which is strictly

convex. Indeed, ¢ = -7 as asserted in [86]. O

Corollary 4.12. Let NA(H) be having the I PS structure. Then any C'S
in NA(H) with continuous M PM 1is conver.

Proof. 1t is known that every Hilbert space has a strictly convex dual
and the dual of a Hilbert space is also a Hilbert space and so is strictly
convex. Since NA(H) has I PSS structure, intuitively it can be considered

a Hilbert space. O

4.3 Distance functions in NA(H)

We begin with the following proposition which considers distance func-
tions and Gateaux differentiability. We note that all the spaces and their
subspaces are all nontrivial and are strictly NLS spaces of all functions

that are norm-attainable unless otherwise stated.
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Proposition 4.13. Let Q be a NLS of all norm-attainable real-valued
functions and J be a closed and smooth subset of Q. Let ¢ € Q\J and n

the nearest point for ¢ in J, then Gateaux differentiability condition of
holds for (¢ —n).

Proof. Since the norm of £ is Gateaux differentiable from the statement

of the proposition, it suffices to prove the exixtence of the unique limit of

dy(C +1(z —n)) — d3(¢)
l

deduce that if [ > 0 then the limit exists. For the uniqueness, we see from

the the Gateaux derivative %in& . From [107], we
_>

the result of [61] that the limit of the derivative is unique. It follows then

that (d5(¢),z —n) holds for d3(¢). This completes the proof. O

Proposition 4.13 leads to the interesting question as to what happens

when £ is rotund. We see this in the next lemma.

Lemma 4.14. Let Q be a NLS of all norm-attainable real-valued func-
tions and J be a closed and smooth CS of Q. Let ¢ € Q\J and dd3(() be
a singleton set. Then the following conditions hold if the first dual of Q
s rotund:

(i). ¢ on J is uniformly continuous.

(7). ¢ on J is totally bounded.

(111). J satisfies convezity condition.

(). dy satisfies converity condition.

(v). dy satisfies Gateaux differentiability at .

Proof. We proceed with the proof as follows:
Case (i). ¢ on J is uniformly continuous since every space of norm-

attainable functions contains continuous functions.
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Case (77). ¢ on J is totally bounded follows immediately from case (7).
Case (i77). J satisfying convexity condition follows immediately from the
conditions of the statement of the lemma.

Case (iv). dy satisfying convexity condition follows from the fact that J
satisfies convexity condition.

Case (v). Since dy satisfies convexity condition and is uniformly continu-
ous at ¢ and from Proposition 4.13. ddg(() is a singleton set, dy satisfies
Gateaux differentiability at point ¢ and we attain equality of d5(¢) and
ddz(¢). This completes the proof. O

At this point, we state the main theorem of our work that characterizes

convexity of £ in terms of Fréchet differentiability condition.

Theorem 4.15. Let Q be a NLS of all norm-attainable real-valued func-
tions and J be a closed and smooth CS of Q. Let ¢ € Q\J and 0d3(¢) be

a singleton set. Then dy satisfies Fréchet differentiability condition at (.

Proof. 1t is known from [136] that the norm of 9 and hence the dual
norm of Q* satisfies Fréchet differentiability condition. Also from Lemma
4.14 it implies that 9 is strictly reflexive. Moreover, Q\J has the nearest
point ¢ and so J of 9 satisfies Fréchet differentiability condition and so
is 9. O

As consequences of Theorem 4.15, we state the following corollaries.

Corollary 4.16. Every distance function of a CS of the NLS of all norm-

attainable real-valued functions is Fréchet differentiable.
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Proof. Follows from the conditions of Lemma 4.14 and Theorem 4.15.

The rest is clear from the fact that every rotund CS is convex. m

Corollary 4.17. Every distance function of a CS of the NLS of all norm-

attainable real-valued functions is Gateauz differentiable.

Proof. Follows immediately from the conditions of Theorem 4.15 and

Corollary 4.17 the proof is complete. O]

Next, we move to the last section where we investigate convexity of CSs.

4.4 Convexity of Chebyshev sets in NA(H)

In this section we investigate the CS problem by characterizing convexity
of CS. We provide a partial solution to CS problem by considering norm-
attainable operators, norm attainable functionals and norm-attainable

functions and vectors. We begin with the following proposition.

Proposition 4.18. Let NA(H) be convex. Then every Py (&) which is

convez is a C'S.

Proof. Consider n € NA(H)\ U and let n, 8 € Py(&) be unique. Then we
have ||€—n|| = ||€ = B|| = d(&,4) > 0. But we have that 4l is convex since
Py (€) is convex so d(&, U) < ||€ — (#)H _ H(S—n);(ﬁ—ﬁ)u < ||£—77H-2F||§—B|| _

d(&,U)? which is absurd. Therefore, n = 3, hence Py (¢) is a singleton

set that is proximal and a C'S hence every proximal set which is strictly

convex is Chebyshev. [
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Lemma 4.19. Let 4 be a CS in NA(H) with IPS structure. Then il
is convex if and only if its metric projection mapping has non-expansivity

property.

Proof. Assume that il is convex and 1, 5 € NA(H). Then for expansivity
property to hold, Py(n) = Py(f). Let us consider the case of Py(n) #
Py(B). From Proposition 4.18 we have that || Py(5) — Pe(n)|| < ||[n— Bl as
required. Conversely, consider the metric projection mapping to be having
non-expansivity property, but i is non-convex. But il is closed and does
not satisfy midpoint convexity. This implies that we can find n,5 € 4
with [|nz| = [|n|| and ||By|| = || || with z,y € H such that w = @ & 4.
It is easy to see that n ¢ 8 for r = @ > 0. Since NA(H) has IPS
structure, is strictly convex and n — f = 2r, then from Lemma 2.31
in [119] we have that B(n,r) N B(B,7) = {(2)} = {w} ensuring that

w = Pr(w) € Y which is not possible. Hence, 4l is convex. O

Theorem 4.20. Let 4 be a C'S in NA(H) with IPS structure. Then 4

is convex if the MPM Py is continuous.

Proof. We prove this by contradiction. Let i be not convex. Also let
€ € convex(H) \ Y and V = U — £, It is known that 0 € conv(V) \ V.
Moreover V' is a CS with M PM. Since Py is continuous, it follows that
PV is continuous. Now since PV is continuous on NA(H) then there
exists a J on a remotal set H which is also continuous on NA(H). From
Proposition 4.18 and Bunt-Motzkin Theorem (BMT), the space H is a
singleton set and so V' and hence il is singleton which contradicts the

earlier hypothesis that 4 is not convex. Hence, 4 is convex. O
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Next we use convex analysis techniques to prove convexity of C'S.

Proposition 4.21. Let i be a CS of NA(H) with ips structure. Then
i is conver if € — d((€,4)) is Fretchet differentiable on NA(H) \ LL.

Proposition 4.21 is useful in the sequel for proving other results. Thu we

put it in this section.

Proof. Since we are applying convex analysis technique of differentiability
we need to show that the function o — [|{ — «| which is well defined
on i has a strong minimum at P,(¢). Consider a sequence {wp}nen
with a converging subsequence. By BMT, we have limw, — P,(§). So,
lim, o [|€ — wn|| = d(&,4). But w, is bounded and NA(H) is reflexive
so we have an existing subsequence w,,_ of w, which converges to w in
NA(H). Now consider £* as the Fretchet of DF for 4l at . By [100]
we have [|€*|| < 1 and for each n € N let x = \/Hs — wy|| — d(&,Y) + 5.
Then by F'D we have

Flw—¢) = lim & (wp, —¢)

1€ — wn, [ — d(&, 1)

n

= lim | —fl§ —wn || +

a—r00

] ~d(e)
— —d(e - ).

This shows that d(§ — ) < £*(w — &) which implies that the distance

d(gvu) < 5*(5 - CU) < llma—wo”g — Wn,
topology (WT) in NA(H) and the norm is lsc with respect to WT in

= d(&,4), with respect to weak

NA(H). But the norm is Kadec-Klee norm so w = limg,_ecowy,. This
shows that w € Y. Now since il is a C'S and || — w]|| = d(&, L), it follows
that w = Pu(ﬁ) ]
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Corollary 4.22. Let i be a CS of NA(H) with IPS structure. Also let
MPM & — Py(&) be continuous on NA(H) \ Y then DF & — d(&, 1) is
FD on NA(H) \ Y and hence L is conver.

Proof. Follow immediately from Theorem 4.20, Proposition 4.21 and from

the fact that MPM & — d(&,4) is continuous. O

Next, we investigate convexity of C'S with regard to the sun property.

We start with the following:

Proposition 4.23. Let 4 be a conver C'S in NA(H) then  is a sun.

Proof. We need to prove that a convex Chebyshev set in a normed linear
space is a sun set. Since i in NA(H) is a convex Chebyshev set, then
for each T' € NA(H), there exists a unique element Y7 € i such that
| T — Yr|| = dist(T, ), where dist(T,4) represents the distance from T
to the set Y. Now for a set S in NA(H) such that for each T'e NA(H),
there exists a unique element Fr € S such that Fr is the nearest point
to Fr € S. Now, since Frr minimizes ||T — F||, for all Fr € S then 4l is a

sun set.

]

Theorem 4.24. Let NA(H) be smooth and 3k be a C'S in NA(H). Then

I is convex if it is a sun.

Proof. First we show the smoothness of NA(H). This follows immedi-
ately from Chauder’s fixed point theorem. By Proposition 4.23 4l is a sun

so it remains to show that Ll is convex. We prove this by contradiction as
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follows. Let 4 be non-convex. Now since 4l is closed we have n, 5 € 4 such
that 2(n+ ) € 8. Let w = P, (%$2) and ¢ = 22 —w. By Gateaux differ-
entiability at § we have w +§ € B(w + &, [[€]]) < U, ey < B(w +n&, nl[€]])
which is contained in NA(H) \ Y. Since $ has the important property
that it is a sun w = Py(w + &) = Py(w + n&), ¥n € N. Therefore,
d(w +n&, ) = |lw+n&|| — |w|| = n||&]|, Vn € N. Thus, it follows that n
or fisin B C NA(H) \ L. This is however not possible since n, 8 are

members of 4. OJ

The following consequence comes immediately.

Corollary 4.25. Let 3 be a C'S of NA(H). Then i is almost conver if
the MPM for Al is continuous.

Proof. Suppose that lisa CS of NA(H). From Proposition 4.23, without
loss of generality we have that lin N A(H) is an almost convex Chebyshev
set if for each " € N A(H), there exists a unique element Y7 € 4l such that
|7 —Yr|| < dist(T, 1), where dist(T, L) represents the distance from 7" to
the set 4, as seen in Theorem 4.4. In deed, the M PM for 4 is continuous
since dist(T,4) is a constant function but constant functions are always

continuous. ]
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Chapter 5

CONCLUSION AND
RECOMMENDATIONS

5.1 Introduction

This chapter provides a summary of this study. Here, a fundamental
question that remains unsolved to-date regarding the convexity of the CS
in infinite NLS known as the CS problem has been studied in this work.
We considered the NLS of all real-valued norm-attainable classes. We
conclude our work as per the objectives and make recommendations for

future research.

5.2 Conclusion

In conclusion, a fundamental question that remains unsolved to-date re-
garding the convexity of the CS in infinite NLS known as the CS problem

has been studied in this work. This CS problem which has not been solved
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in totality (even in this study) states that: Is every CS in a NLS convex?
This question has not got any solution even in the simplest form of a real
Hilbert space (HS). In this work, we have characterized Chebyshev sets
and their convexity in NLSs. We considered the NLS of all real-valued
norm-attainable classes.

For objective one, we have shown in Lemma 4.2 that every non-void closed
set in NA(H) is a C'S if it is Euclidean. Also, if {l is proximal in NA(H)
then 4l is closed and a C'S as seen in Theorem 4.6.

For objective two, we have shown in Proposition 4.13 and Theorem 4.15
respectively that CSs of the NLS of all real-valued norm-attainable func-
tions are convex when they are closed, rotund and admits both Gateaux
and Fréchet differentiability conditions.

Lastly, for objective three, it has been shown Proposition 4.18 that ev-
ery Py (&) which is convex is a C'S. Moreover, if $ is a C'S in NA(H)
with IPS structure, then 4 is convex if and only if its MPM has non-

expansivity property as illustrated in Corollary 4.22.

5.3 Recommendations

From this study, it is noted that the CS problem has not been solved in
totality and therefore it still remains interesting. We recommend that

future research can be considered to:

(i). Characterize distance functions in the norm-attainable class of func-

tionals.
(ii). Characterize subsets of CS in infinite dimensional HS.
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(iii). Investigate convexity of CS in the norm-attainable class of function-

als.

61



[1]

References

Alimov A. R. and Berens H., Examples of Chebyshev sets in
matrix spaces, J. Approx. Theory, 99 (1999), 44-53.

Alimov A. R., Convexity of Chebyshev sets contained in a sub-

space, Math. Notes, 78 (1) (2005), 3-13.

Al-Sayed M. H. M., Best Approximation in General Normed
Spaces, Thesis for the degree of master of mathematics, An-Najah

National University, Nablus, Palestine, 2001.

Asplund E., Chebyshev sets in Hilbert space. Trans. Amer. Math.
Soc., 144 (1969), 235-240.

Amir D. and Deutsch F., Suns, moons and quasi-polyhedra, J.
Approz. Theory, 6 (1972), 176-201.

Aronszajn N., Introduction to the Theory of Hilbert Spaces,
Springer Verlag, New York, 2020.

Ayerbe T., Dominguez B. J. M. and Lpez Acedo T.G., Mea-
sures of Noncompactness in Metric Fixed Point Theory, Birkhauser

Verlag, Basel, 1997.

Assadi A., Haghshenas H. and Narang T. D., A look at prox-
iminal and Chebyshev sets in Banach spaces’, Matematiche (Cata-

nia) 69 (2014), 71-87.

62



[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

Balaganski V. S., Approximation properties of sets in Hilbert
space, Mat. Zametki, 31 (1982), 785-800.

Balaganski V. S. and Vlasov L. P., The problem of the convexity
of Chebyshev sets, Uspekhi Mat. Nauk, 51 (1996), 125-188.

Balaganski V. S. and Vlasov L. P., The problem of convexity
of Chebyshev sets revisited, Russian Math. Surveys 51 (1996), 1127-
1190.

Balaganskii V. S., Approximative properties of sets in Hilbert
space, Math. Notes, 31 (1982), 397-404.

Bandyopadhyay P., Li Y. J., Lin B. L. and Narayana D.,
Proximinality in Banach spaces, J. Math. Anal. Appl., 341 (1) (2008),
309-317.

Baronti M. and Papini P. L., Remotal sets revisted, Taiwanese

J. Math., 5 (2001), 367- 373.

Bollobas B., Linear analysis, Cambridge University Press, Cam-

bridge, second edition, 1999.

Borwein J. M., Fitzpatrick S. P. and Giles- J. R., The differ-
entiability of real functions on normed linear spaces using generalized

subgradients, J. Math. Anal. Appl., 128 (1987), 512-534.

Borwein J. M., Proximality and Chebyshev sets, Optim. Lett., 1
(2007), 21-32.

Borwein J. M. and Fitzpatrick S., Existence of nearest points

in Banach spaces, Canad. J. Math., 41 (1989), 702-720.

63



[19]

[20]

[21]

[25]

[26]

[27]

Borwein J. M. and Preiss D., A smooth variational princi-
ple with applications to subdifferentiability and differentiability of
convex functions, Trans. Amer. Math. Soc., 303 (1987), 517-527.

Borwein J. M., Prozimality and chebyshev sets, Americam Math-

ematical Society, 2006.

Borwein J. M. and Vanderwerff J., Convex Functions, Con-
structions, Characterizations and counterexamples, Cambridge Uni-

versity Press, 2010.

Borwein J. M. and Giles J. R., The proximinal normal formula

in Banach space, Tran. Amer. Math. Soc., 302 (1) (1987), 371-381.

Bourgain J., Banach spaces have no equivalent strictly convex

norm, Proc. Amer. Math. Soc., 78 (1980), 225-226.

Brown A. L., On the problem of characterising suns in finite-
dimensional spaces, Rend. Circ. Mat. Palermo (2) Suppl., 68 (1)
(2002), 315-328.

Brown A. L., A rotund reflexive space having a subspace of
codimension two with a discontinuous metric projection, Michigan

Math. J., 21 (1974), 145-151.

Brown A. L., Deutsch F., Indumathi V., Kenderov P. S.,
Lower Semicontinuity Concepts, Continuous Selections, and Set Val-

ued Metric Projections, J. Approx. Theory, 115 (2002), 120-143.

Brondsted A., Convex sets and Chebyshev sets, Math. Scand., 17
(1965), 5-16.

64



28]

[29]

[30]

[31]

32]

[33]

[34]

[35]

[36]

[37]

[38]

Brndsted A. and Rockafellar R. T., On the subdifferentiability
of convex functions, Proc. Amer. Math. Soc., 16 (1965), 605-611.

Bunt L. N. H., Contributions to the theory of convex point sets,
(Dutch) Ph.D. Thesis, University of Croningen, 1934.

Busemann H., Note on a theorem on convex sets, Mat. Tidsskrift

B., 8 (1947), 32-34.

Busemann H., The Geometry of Geodesics, Academic Press, New

York, 1955.

Cheney E. W., Introduction to Approzimation Theory, McGraw
Hill, New York, 1966.

Clarkson J. A., Uniformly convex spaces, Trans. Amer. Math.

Soc., 40(3) (1936), 396 414.

Cobzas S., Geometric properties of Banach spaces and the ex-
istence of nearest and farthest points, Abstr. Appl. Anal., 2005(3)
(2005), 259-285.

Carothers N. L., A short course on Banach space theory, Cam-

bridge University Press, Cambridge, 2005.

Clarkson J.A., Uniformly convex spaces. Trans. Amer. Math. Soc.,

40(3), (1936), 396- 414.

Deutsch F., Existence of best approximations, J. Approzx. Theory,
28 (1980), 132-154.

Deutsch F., The convexity of Chebyshev sets in Hilbert space,
World Scientific, River Edge, NJ., 54 (1993), 143-150.

65



[39] Deutsch F., Best Approzimation in Inner Product Spaces,
Springer-Verlag, New York, 2001.

[40] Diestel J., Sequences and Series in Banach Spaces, Springer, New
York, 1984.

[41] Dieste J., Geometry of Banach Spaces. Selected Topics, Lecture
Notes in Math. Springer-Verlag, 1975.

[42] Duda J., On the size of the set of points where the metric projec-

tion is discontinuous, J. Nonlinear Convexr Anal., 7, (2006), 67-70.

[43] Dunford N. and Schwartz J. T., Linear Operators I. General

Theory, Interscience Publishers, London, 1958.

[44] Dunford N. and Schwartz J. T., Linear Operators Part II:
Spectral Theory, Self Adjoint Operators in Hilbert Space, Interscience
Publishers, New York, 1963.

[45] Dutta S., Generalized subdifferential of the distance function,
Proc. Amer. Math. Soc., 133 (10) (2005), 2949-2955.

[46] Eberlein W. F., Weak compactness in Banach spaces I, Proc.
Nat. Acad. Sci. USA, 33 (1947), 51-53.

[47] Edgar A., Chebyshev sets in Hilbert space. Trans. Amer. Math.
Soc., 144 (1969), 235-240.

(48] Efimov N. V. and S. B. Stechkin., Some properties of Cheby-
shev sets, Dokl. Akad. Nauk, 118, (1958), 17-19.

[49] Efinov N. V. and Stechkin S. B., Chebyshev sets in Banach
space, Dokl. Akad. Nauk, 121 (1958), 582-585.

66



[50]

[51]

[52]

[55]

[56]

Efinov N. V. and Stechkin S. B., Support properties of sets
in Banach spaces and Chebyshev sets, Dokl. Akad. Nauk SSSR 127,
(1959), 254-257.

Ekeland I., Nonconvex minimization problems, Bull. Amer. Math.

Soc., 1(3) (1979), 443-474.

Fang X. N., Wang J.H., Convexity and continuity of metric
projection, Math. Appl., 14 (1) (2001), 47-51.

Fan K., Glicksberg I., Some geometric properties of the spheres
in a normed linear space, Duke Math. J., 25 (1958), 553-568.

Faraci F., Iannizzotto A., Well posed optimization problems and
non-convex Chebyshev sets in Hilbert spaces, SIAM J. Optim., 19
(2008), 211-216.

Fabian M., Habala P., Hajek P., Montesinos V. and Zizler
V., Banach Space Theory. The Basis for Linear and Nonlinear
Analysis, Springer, New York, 2011.

Frerking J., Westphal U.., On a property of metric projections
onto closed subsets of Hilbert spaces. Proc. Amer. Math. Soc., 105(3)
(1989), 644-651.

Friedrichs K. O., On Clarkson’s inequalities, Comm. Pure Appl.
Math., 23 (1970), 603-607.

Fitzpatrick S., Metric projections and the differentiability of
distance function, Bull. Austral. Math. Soc., 22 (1980), 291-312.

67



[59] Fitzpatrick S., Differentiation of real-valued functions and conti-
nuity of metric projections, Proc. Amer. Math. Soc., 91 (4) (1984),
544-548.

[60] Fernando A. and Nigel J. K., Topics in Banach space theory,
Graduate Texts in Mathematics. Springer-Verlag, New York, 2006.

[61] Fletcher J. and Moors W. B., Chebyshev sets, J. Aust. Math. Soc.,
98 (2015), 161-231

(62] Frank D., Best Approxzimation in Inner Product Spaces, Springer,
New York, 2001.

63] Giles J. R., Convex Analysis with Applications in Differentiation

of Convex Functions, Pitman, London, 1982.

[64] Giles J. R., Differentiability of distance functions and a proximinal
property inducing convexity, Proc. Amer. Math. Soc., 104 (1988),
458-464.

[65] Gordon G. J., A nonconvex set which has the unique nearest

point property. J. Approz. Theory, 51 (1987), 289-332.

[66] Gordon G. J., Closure in a Hilbert space of a prehilbert space
Chebyshev set, Topology Appl., 153 (2005), 239-244.

[67] Guirao A. J. and Montesinos V., A note in approximative
compactness and continuity of metric projections in Banach spaces,

J. Conver Analysis, 18 (2) (2011), 397-412.

[68] Halmos P. R., A Hilbert space Problem book, Springer-Verlag, New
York, 1982.

68



[69]

[70]

[71]

[72]

[74]

[75]

Hudzik H. and Wang B. X., Approximately compactness in
Orlicz spaces, J. Approx. Theory, 95 (1998), 82-89.

Hudzik H., Kowalewski W., Lewicki - G., Approximative com-
pactness and full rotundity in Musielak-Orlicz spaces and Lorentz-

Orlicz spaces, Z. Anal. Anwendungen, 25 (2006), 163-192.

Huotari R., Li W., Continuities of metric projection and geomet-

ric consequences, J. Approx. Theory, 90 (1997), 319-339.

Hu Z., Moors W. B. and Smith M. A., On a Banach space
without a weak mid-point locally uniformly rotund norm, Bull. Aust.

Math. Soc., 56 (1997), 193-196.

Istratescu V. 1., Strict Convexity and Complex Strict Convezity:
Theory and Applications, Marcel Dekker, Inc., New York, 1984.

James R. C., Weakly compact sets, Trans. Amer. Math. Soc.,
113 (1964), 129-140.

Johnson G. G., A nonconvex set which has the unique nearest

point property, J. Approz. Theory Vol., 51 (1987), 289-332.

Johnson G. G., Closure in a Hilbert space of a prehilbert space
Chebyshev set, Topology and its Appl. Vol., 153 (2005), 239-244.

Jiang M., On Johnson’s example of a non-convex Chebyshev set,

J. Approx. Theory, 74 (1993), 152-158.

Kadec M. I., On strong and weak convergence, Dokl. Akad. Nauk,
122 (1958), 12-16.

69



[79]

[80]

[84]

[85]

Kanellopoulos V., On the convexity of the weakly compact Cheby-
shev sets in Banach spaces, Isr. J. Math., 117 (2000), 61-69.

Kelly B.F., The convexity of chebushev sets in finite dimensional
normed linear spaces, Master’s thesis, The Pennsylvania State Uni-

versity, 1978

Khalil R., A new class of proximinal subspaces in Lp(I,X), Int. J.
Pure Appl. Math. Vol., 8 (2003), 131-136.

Klee V. L., Convex bodies and periodic homeomorphisms in

Hilbert spaces, Trans. Amer. Math. Soc., 74 (1953), 10-43.

Klee V. L., Mappings into normed linear spaces, Fund. Math.
Vol., 49 (1960), 25-34.

Klee V. L., Convexity of Chebyshev sets, Math. Ann. Vol., 142
(1961), 292-304.

Klee V. L., Remarks on nearest points in normed linear spaces,

Kobenhavns Univ. Mat. Inst., Copenhagen, 8 (1967), 168-176.

Klee V. L. Jr., Convex bodies and periodic homeomorphisms in

Hilbert space. Trans. Amer. Math. Soc., 74 (1953), 10-43.

Klee V. L., The support property of a convex set in a linear

normed space, Duke Math. J. Vol., 15 (1948), 767-772.

Lindenstrauss J., Preiss D. and Tiser J., Frechet Differen-
tiability of Lipschitz Functions and Porous Sets in Banach Spaces,

Annals of Mathematics Studies, 179 (2012), 23-56.

70



[89] Mantegazza C., The Chebyshev Problem, Lecture notes, 1957.

[90] Martin M. and Rao T. S. S. R. K., On remotality for convex
sets in Banach spaces, J.Approz. Theory, Vol. 162 (2010), 392-396.

[91] Mahlon M.D., Reflexive Banach spaces not isomorphic to uni-

formly convex spaces. Bull. Amer. Math. Soc., 47, (1941), 313-317.

[92] Deutsch F., Best approzimation in inner product spaces. CMS
Books in Mathematics/ Ouvrages de Mathematiques de la SMC, 7.
Springer-Verlag, New York, 2001.

93] Mazaheri H., Maalek Ghaini F. M., Quasi-orthogonality of the
best approximant sets, J. Nonlinear Analysis, 65 (2006), 534-537.

[94] Mazaheri H., Narang T. D. and Khademzadeh H. R., Nearest

and Farthest points in normed spaces, Yazd University, 2015.

[95] Mazaheri H., A characterization of weakly-Chebyshev subspaces
of Banach spaces, J.Nat. Geom, 22 (2002), 39-48.

[96] Mazaheri H. and Salehi M. J., The convexity of Chebyshev sets
in normed spaces, J. Mahani Math. Res. Cent., 10 (2021), 111-117.

[97] Moors W. B., An elementary proof of James characterisation of

weak compactness, Bull. Aust. Math. Soc., 84 (2011), 98-102.

(98] Moors W. B. and Scier S. D., Sigma-fragmentable spaces that
are not a countable union of fragmentable spaces, Topol. Appl., 119

(2002), 279-286.

[99]

71



[100] Mbhaskar H. N., Pai D.V., Fundamentals of Approximation
Theory, Naosa Publ. House, New Delhi, 2000.

[101] Miaohua J., On Johnson’s example of a nonconvex Chebyshev

set. J. Approx. Theory, 74(2) (1993), 152-158.

[102] Murali R., Stetkr H., Complex analysis, An invitation: A con-
cise introduction to complex function theory, World Scientific Pub-

lishing Co. Inc., Teaneck, NJ., 1991.

[103] Narang T.D. and Sangeeta, A Note on The Convexity of Cheby-
shev Sets, Bol. Soc. Paran. Mat., 27 (2009), 59-63.

[104] Narang T. D., Uniquely remotal sets are singletons, Nieuw Arch.
Wiskd., 9(4) (1991), 1-12.

[105] Narang T. D., Convexity of Chebyshev sets, Nieuw Archief
Voor Wiskunde, Vol. 25, (1977), 377-402.

bibitemNar3 Narang T. D., Best approximation and strict con-

vexity of metric spaces, Arch. Math. Vol., 42 (1981), 87-90.

[106] Okelo N. B., On norm-attainable operators in Banach spaces,
Journal of function Spaces, 20 (2020), 1-6.

[107] Okelo N. B., On orthogonality of elementary operators in Norm-
attainable classes, Taiwanese Journal of Mathematics, 24 (2020),

119-130.

[108] Oshman E.V., Characterization of subspaces with continuous
metric projection into normed linear space, Soviet Math., 13 (6)

(1972), 1521-1524.

72



[109] Phelps R. R., Convex Functions, Monotone Operators and Dif-

ferentiability, Lecture Notes in Mathematics, Springer, Berlin, 1993.

[110] Phelps R. R., Convex sets and nearest points, Proc. Amer.
Math. Soc., 8 (1957), 790- 797.

[111] Phelps R. R., Uniqueness of Hahn-Banach extensions and unique
best approximation, Tran. Amer. Math. Soc., 95 (1960), 238-255.

[112] Phelps R., Convex sets and nearest points revisited, Proc. Amer.

Math. Soc., 8 (1957), 1170-1199.

[113] Preiss D., Differentiability of Lipschitz functions on Banach
spaces, J. Funct. Anal., 91 (1990), 312-345.

[114] Raymond J. S., Weak compactness and variational characteri-

sation of the convexity, Mediterr. J. Math., 10 (2013), 927-940.

[115] Rao M. and Stetker H., Complex Analysis. An Invitation. A
Concise Introduction to Complex Function Theory, World Scientific,

Teaneck, 1991.

[116] Rivlin T. J., An introduction to the approximation of functions,

Dover Publications Inc., New York, 1981.

[117] Revalski J. P. and Zhivkov N. V., Best approximation prob-
lems in compactly uniformly rotund spaces, J. Convexr Anal., 19

(2012), 1153-1166.

[118] Rockafellar R. T., On the virtual convexity of the domain and
range of a nonlinear maximal monotone operator, Math. Ann., 185

(1970), 81-90.

73



[119] Rockafellar R. T., On the maximal monotonicity of subdiffer-
ential mappings, Pacific J. Math., 33 (1970), 209-216.

[120] Royden H. L., Real Analysis, Macmillan, New York, 1988.

[121] Rudin W., Functional Analysis, 2nd edn, International Series in

Pure and Applied Mathematics, McGraw-Hill, New York, 1991.

[122] Roshdi K.,., Chebyshev sets and strictly convex metric spaces,
Tamkang J. Math., 17(1986), 9-12.

[123] Roshdi K.,., Best approximation in metric spaces. Proc. Amer.

Math. Soc., 103(1988), 579-586.

[124] Rolfsen D., Geometric Methods in Topological Spaces, Topology

Conference, Arizona State Univ., 1967.

[125] Sangeeta and Narang T. D., On the farthest points in con-
vex metric spaces and linear metric spaces, Publications de [’Institut

Mathematique, 95(2014), 229-238.

[126] Singer 1., Best Approxzimation in Normed Linear Spaces by Ele-
ments of Linear Subspaces, Springer-Verlag, New York, 1970.

[127] Singer 1., Best Approzimation in Normed Linear Spaces by Ele-
ments of Linear Subspaces, Springer, New York, 1970.

[128] Singer 1., The Theory of Best Approzimation in Functional Anal-
ysis, Conference Board of the Mathematical Sciences Regional Se-
ries in Applied Mathematics, 13 (Society for Industrial and Applied
Mathematics, Philadelphia, 1974.

74



[129] Steckin S. B., Approximation properties of sets in normed linear

spaces, Rev. Math. Pures Appl., 8 (1963), 5-18.

[130] Takahashi W., A convexity in metric space and nonexpansive

mappings I, Kodai Math. Sem. Rep., 22 (1970), 142-149.

[131] Tsarkov I. G., Compact and weakly compact Chebyshev sets in
normed linear spaces, Trudy Mat. Inst. Steklov, 189 (1989), 169-184.

[132] Tsarkov I. G., Bounded Chebyshev sets in finite-dimensional
Banach spaces, Mat. Zametki- Math. Notes, 36 (1) (1984), 73-86.

[133] Theodore J. R.,., An introduction to the approrimation of func-

tions, Dover Publications Inc., New York, 1981.

[134] Troyanski S., On locally uniformly convex and differentiable
norms in certain nonseparable Banach spaces, Stud. Math., 37 (1971),

173-180.
[135] Valentine F. A., Convez Sets, McGraw-Hill, New York, 1964.

[136] Vlasov L. P., Chebyshev sets and approximatively convex sets,
Math. Notes, 2 (1967), 600-605.

[137] Vlasov L. P., Chebyshev sets in Banach spaces, Soviet Math.
Dokl., 3 (1962), 1373-1374.

[138] Vlasov L. P., Approximatively compact sets in uniformly smooth

spaces, Math. Notes Acad. Sci., 1 (1967), 295-299.

[139] Vlasov L. P., Almost convexity and Chebyshev sets, Math. Notes.
Acad. Sci. USSR 8 (1970), 776-779.

5



[140]  Vlasov L. P., On Chebyshev sets. Dokl. Akad. Nauk SSSR,
173(1967), 491-494.

[141] Vlasov L. P., Approximative properties of sets in normed linear

spaces, Russian Math. Surveys, 28(1973), 1-66.

[142] Moors W., Nearly Chebyshev Sets are almost Convex, J. Aust.
Math. Soc., 26, 6, 2018.

[143] Narang T., Strongly Proximinal Sets are Convex, Palestine J.
Math., 6, 2 (2017), 186-189.

[144] Narang T. and Sangeeta, A Note on Suns in Convex Metric
Spaces, De L’Institut Mathematique, 87, 101 (2010), 139-142.

[145] Pai D., A Characterization os Smooth Normed Linear Spaces..J.
Approzimation Theory, 17, (1976), 315-320.

[146] Ricceri B., A Conjecture Implying the Existence of Nonconvex
Chebyshev Sets in Infinite Dimensional Spaces, arXiw:1101.2992
Math. FA, 2, 2011. 186-189.

[147] Sain D., Vladmir K., Kallol P. and Anubhab R., Chebyshev
Centers that are Not Farthest Point, Indian J. P. and Appl. Math.,
49, 2 (2018), 189-204.

[148] Wang X., On Chebyshev Functions and Klee Functions, J. Math.
Anal. Appl., 308 (2010), 293-310.

[149] Wu Z., A Chebyshev Set and its Distance Function, J. Approxi-
mation Theory, 119 (2002), 181-192.

76



[150] Zaplatik A., Convezity in Normed Linear Spaces and More Gen-
eral Spaces, Falcultas Mathematica Physicaque, Charles University,

2018.

7



