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2 | P a g e    QUESTION ONE (30 marks) a) Define the following terms i) A Homomorphism.        (2marks) ii) A Quotient Subgroup.       (2marks) b) Let ��,∗� be a group. If �, �, � ∈ � with � ∗ � = � ∗ �, then show that � = �. (4marks) c) Let ��,∗�, ��, †� be groups and let � ∶ � ⟶ � be a homomorphism. Then show that ����� = ��, where �� and �� are identity elements  in ��,∗� and ��, †�respectively.           (4marks) d) Determine the order of  i) 2 in �ℤ�, +�. ii) �ℤ�, +�. iii) �ℝ\�0�,×�.        (4marks) e) Determine the generators of  ℤ�\�0� under multiplication.    (5marks) f) Is the set �−2, −1,0,1,2, … � a subgroup of  �ℤ, +�?    (4marks) g) Find the signature of the permutation # = �1, 6��2, 5��3, 4�.  (5marks)    QUESTION TWO (20 marks)  a) Below is a partially is a partially filled Cayley table. ∗ a b c a    b   b c    i. Fill in the missing parts.                                   (4marks) ii. Determine the Identity Element of the Group.    (1mark) iii. Determine the Inverse of each element of the group.   (3marks) b) Determine whether �ℤ�, +�is a group or not.     (10marks) c) State the First Isomorphism Theory.      (2marks)   QUESTION THREE (20 marks) a) Given that # = (1 2 3  2 1 3 4 5 64 6 5* and + = (1 2 33 1 4  4 5 6  6 5 2*.  i) Show that # ∘ + ≠ + ∘ #.      (6marks) ii) Find #./.        (2marks) iii) Write both # and + in cycle notation.     (4marks) iv) Draw the graph of #.      (6marks) b) Define a group action.         (2marks)  



3 | P a g e    QUESTION FOUR (20 marks) a) Let ��,∗�, ��, †� and �0, ‡� be groups and let � ∶ � ⟶ � and 2 ∶ � ⟶ 0 be  homomorphisms.  Then show that  i) 2 ∘ � ∶ � ⟶ 0 is also a homomorphism. (4marks) ii) If  � ∶ � ⟶ � is an isomorphism, then�./ ∶ � ⟶� is also an isomorphism.  (6marks) iii) If  � and2 are isomorphisms, so is 2 ∘ �. (6marks) b) Determine the subgroups of �ℤ�, +�.      (4marks)  QUESTION FIVE (20 marks) a) Let ��,∗�, ��, †� be groups and let � ∶ � ⟶ � be a homomorphism. i) Define the image and the Kernel of �.    (4marks) ii) Prove that the image of � is a subgroup of  ��, †�.(6marks)  b) Let ��,∗� be a group and  �  be a subgroup. Then show that � is normal if and only if, for each  � ∈ �, then the left coset is equal to the right coset.(6marks) c) Prove that the relation of isomorphism between groups is an equivalence relation.          (4marks)   


