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Abstract: In this paper, we study the properties of normal self-adjoint operators. We concentrate on some of their properties, for
example, reflexivity, denseness and compactness. We also give some results on norm-attainability.
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INTRODUCTION

We consider certain properties of operators. A lot of studies have been done on reflexivity, compactness and
numerical radius attainability on Hilbert space operators [1-12] and the reference therein.

PRELIMINARIES

Definition 2.1 . An operator A € B(H) attain its numerical radius if there are x_, € H, f, € H" such that
lx lI=lf, lI=f, (x,) =1 and |£,(A(x,))|=r(4), that is if the supremum defining r(4) is actually a
maximum.

Lemma 2.2. Let each operator 5 € M{A) be of rank one and attains its numerical radius. Then M(A4) is
reflexive.

Proof. For proof see [2].
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MAIN RESULTS

Theorem 3.1. Let M(A) be reflexive. Then it is Banach and for some v, in @, the operator y* & y;
attains its numerical radius for any y* € [M(4)]*.

Proof. Let M(A) be dense and non-reflexive. Suppose that every operator y* & v; attains its numerical
radius. By the Bishop-Phelps Theorem in [4] and the non reflexive of M(4), we find (}r* @}rj)
€ [T(M(A4)*) which satisfies |y;* —v,| < 1 and ¥™ € X, and since ¥;*(v;) — v:(¥v,) < 1 and since
v (v =1, then y:(v2) # 1 and

ay,"(y;) =1 (1)

For some scalar 5 # 0. By the Hahn-Banach Theorem, there & € @y~ andt = 0

Such that &(¥) = 0,¥ v € M(A4) and Re &(¥:*) > t.M(4) is dense, therefore in M({A4)** the topology
of strong convergence on M(A4) U {y;*} is dense. Since @y 4y*

is w*-dense in Q=+, there exist a sequence {¥i} in  Quy cONverges to ¢ in
a((A)*, M(A)u {y,}). Then

O ()= 0¥ e M(4) (2)
And assume
Rey;"(y,) 3

The set € = TI(M(4)) and D = [J(M(4)*) (C) are considered as subsets of D. But the function f:
[I(M(4)) = R given by £,()°y™ =y~ )y (). (", ¥*)) € TI(M(A)*). For each sequence {g,}
with 0 < g, <1 and 7, g, £,(v", ") = Rey™ (T72; g, v2)¥ (0,0 ¥ (v*.y"*) € [TI(M(4)*). We now
get

SUP(y " efi(mia)) Lim, supRey, (¥)y°(30,) Z infirccon:y  SUPG* y*)efincay  Rey™(x)y*(37,). But,
SUP(y . Yem(mia) lim, supRey, (¥)(3,) =0 4)

and from (3) and (1), suppose x* € {y;}, then Rey**(x*) g}’é‘(}’ﬂ] = é .and
" i ® & 3
Nfetecoty) SUPG*y*eflnca®) Rey (x)y" (o) = g ©)

Finally, from (4), (5) we get 0 = é, but t > 0 which is a contradiction.

Theorem 3.2. Let ¥ € M(A) be a rank one operator not attaining its numerical radius. Then M(4) can be
renormed if it is infinite dimensional.

Proof. Let M(A) to be reflexive and for normalized elements ¥, € By, (syeema)’, the equality
viss @ v,) = lIs5® v, |l = 1 is true if s5(y,) = 1, since v(s; ® y,) is attained at y,,s5 € [T(M(4)) [1, 2, 3, 4
and 5]. Now if v(s; ® v,) =1 then we have s;(y,) =1 =s; (s) and commuting the elements s and s* we
obtain in [T(M(4)) satisfying
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55000 =1=55(s) (6)

Let ¥ be unique in the ball of M(4)* and ¥ (¥,) = 1. From the smoothness of ¥, we obtain s* = ;. Since
(5,32) = (5,5*) € TI(M(A4))x will uniquely be determined by assuming that ¥ is also smooth and so
s = Ay, for some A =1 and (s,5%) = (dv,,y;). Using (1) again, s;(dv,) = s; = 1, and the smoothness of
¥, gives us As: =y, = s* Finally, the couple (s,5%) is (¥,.¥). It is sufficient that s; ®y, satisfies
v(s; @ v,) = o |l = lIsill = 1, with ¥,,s; smooth and hence s, & Kz, for some s, € By such that
s:(s,) = 1. Next if the numerical radius of the operator is 1,then there exist {s,,, 5.} < ]'[[:M (A]) so that

sn()i—1 (7)

By inequality 2= |Is, + y,ll = s5(s,, + ¥,) and (8), we have {lls, + y,II} = 2. Similarly, if s, is a
w —cluster point of {s,,}, (8) will also give us s:(s,) = 1. Conversely, if {s,,}converges in the w — topology
to an element s, in the unit ball and {lls,, + ¥, I} =2, then there is a sequence of norm one functional {s;} so
that the sequence {s;(s,)} and {s(y,)] converges to 1. By Bishop-Phelps-Bollobas Theorem [1, 2, 3, 4, 5]
we assume that s (s,) = 1 and so, we fix an element s in the unit sphere of the dual so that s:(s,) = 1,
and we have lim, s:(s,) = si(s,) = 1,lim, 5] [}-‘D) =1 and therefore vis: & y,) = Supnsg(sn}sﬁ{}rﬂ} =1,
implying that the numerical radius of the operator is 1.

Corollary 3.3. Let M(A) be a Banach algebra. Then every operator in M(A4) can be perturbed by a normal
self-adjoint operator to obtain an operator in B(H).

Proof. Suppose X € M(A) with [|[X]l =1and 0 < &£ < 1 given. From [2, 3 and 4] two decreasing sequences

of positive numbers, {«, } and {5,,} are chosen with the following conditions satisfied
oo 2 . 1 oo 2 — If;'H.
X2y (a; + 2a7) < E:hmn=u:ﬂ:n Ezi:n+1(“i + 2a7) =; {E} -0 (8)

(We choose a,, = 3— for example, and & = a2). The sequence X, in M(4) and {a,.f.} in TI(4) are

Al
2

constructed satisfying

X =X, 9)
fu(X,(a)| = v(X,)— &, (10)
Xﬂ+1 [:ﬂ,:] = Xn(a':] + aﬂ’lﬂfﬂ(ﬂ':]ﬂ’n + aifﬂ[xﬂ(aj)aﬂ(a = A:] (11)

Where 14, =1 and £,(X,(a,)) = 2,|f.(X,(a,))|- It can be verified by induction that

|Xall £1 4+ 22 (a; +2af) =2,¥n (12)
It follows that

|Xper — Xl €14+ 25 Ya, + 2a]).Vnk (13)

By (12) and (7), the norm of the sequence {X,,} converges to an operator G in M{A) satisfying
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16 — X, Il < X2 (a, + 2a?), ¥ n, k. (14)

For all m=n and particularly |l —X|l <e.  With X, playing the role of
X6=0,a=a, ,- . (a,f) = a,.f, and (¥, h) = (a, 4z, Fer ), SO that the operator X'

Pt T
: : : )
'1+rr+z,_,L:n+,_|:|xl+z|x“

agrees with X,,, and we have
1 oo 2
1+ fxnﬂ(xnj = |fn(an+kj| + fxn|fn[‘]{n(an+kj)| + ;[Sn+k+zzi=n+1(ai + Eﬂfij +

6,(1+ aj)]
1 == 2z 2
< fulaus )l +a, |fn [Xn (an+k))| + a [Gnsrs 2L nea(a; +2a7) + 6, (1+ a3)]
Here, the fact that &,, is a decreasing sequence is used for the last inequality. We now replacing X, by G in

the inequality above and use the estimate of G — X,, given by (13) (to neutralize the errors) and we get
1 + a:nt][:G:] £ |fn(a’n+k]| + a:n|fn [G (an+kj)| + En Where

gn = [6rss 2 X201 (@, + 207) +6,(1 4+ a2)] + 2a, T2 4 (@, + 20).

Hence by (7) and due to the fact that the sequence a,, —+ 0 and &,, — 0, then G € B(H).

Theorem 3.4. Let A € E(H) be normal and M(4) be compact and dense in B{H). Then A4 is compact.

Proof. Let A € B(H) and M(A) € B(H). Suppose that x,, is a strongly convergent sequence in H then Ax,,
is also a strongly convergent sequence in M(4). As A is normal then M(Ax,) — 0 hence M(4) is normal.
But M(A) is compact and dense. Then 4x,, — 0 for every strongly convergent sequence (x,,) from H. Then
we also have Ax,, —+ 0. Since 4 is normal [4,7] then the operator A* is also normal. Since x,, is a strongly
convergent sequence in H then A* Ax,, — 0 and A is closed. This implies that A is compact.
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