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Abstract: Studies on inner-product-type integral transformers have been considered in many research works
from various perspectives, including spectra, numerical ranges, and operator inequalities. An open problem
remains concerning inequalities related to norm estimates for inner-product-type integral transformers
whose spectra are contained in the unit disc. It has been observed that the norms of such transformers can be
attained under the condition that one of the implementing operators is normal. In this note, we address this
problem by establishing norm inequalities for inner-product-type integral transformers in a general Banach
space setting.
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1. Introduction

everal studies on inner product type integral transformers have been carried out from various
S perspectives, including geometry, spectra [1], numerical ranges, and operator inequalities. The work
in [2] considered Cauchy-Schwarz inequalities for operators defined as weak integrals. In that work, finite
measures played a central role in the study of measurable families, and Cauchy-Schwarz inequalities were
described for non-commutative operators in Schatten P-ideals.

Unitarily invariant norms for these weak integrals were also established by applying the arithmetic
mean inequality and Young’s inequality in [3]. That study also presented several definitions related to
operator-valued functions and measurable functions. It further included applications involving the closed
graph theorem, as discussed in [4].

The study also employed concepts related to vectors that are integrable with respect to operator-valued
functions, as discussed in [5]. Gelfand axioms also played an important role in that work and enabled a
full description of weak integrals. The results provided detailed information, particularly on the norms of
operators in Banach spaces, by using fundamental Cauchy—-Schwarz inequalities, as illustrated in [6].

In [7], advances and reverse inequalities for the well-known Cauchy-Schwarz inequality were discussed.
These reverses were centered on Cauchy-Schwarz inequalities for inner product spaces and C*-modules, and
a comprehensive description was given for the role of Cauchy-Schwarz inequalities in classical analysis.

For instance, some proofs for inner product spaces were presented, especially those arising from the
parallelogram law [8]. The authors used a principal argument for non-zero vectors obtained through the
normalization process in order to derive results for the classical analysis case. They also employed Wagner’s
inequality for the operator version, self-adjoint operators, and C*-algebras.

The study in [9] described Cauchy-Schwarz inequalities for general elementary operators and also

discussed their applications. The authors employed unitarily invariant norms for positive real scalars. In
doing so, they established a strong relationship between known versions of the Cauchy-Schwarz inequalities
and used this relationship to calculate the corresponding norms.

In the same work, it was shown that the symmetric gauge function is a basic property associated with the
singular values of operators. The absolute singular values were also obtained. The study further presented
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several theorems describing Cauchy-Schwarz inequalities for positive semidefinite operators, as observed in
[10].

Regarding various types of norms, the study in [11] considered unitarily invariant norms involving
normal operators. In these studies, upper norm bounds for operators were represented by using unitarily
invariant norms.

The study in [12] discussed norms for inner product type integral transformers whose spectra lie in the
unit disc. In that study, the authors introduced a weakly-+ measurable family and used B(H) to denote the
algebra of all bounded linear operators on a Hilbert space H.

In [13], the authors extensively discussed norm estimates of operators in relation to contractions and
spectra. The study postulated that, given any two operators A and B as normal contractions on Hilbert spaces,
their norms can be obtained in terms of partial summations involving column matrices.

In [7], the author worked extensively on applications of Cauchy—Schwarz inequalities for Hilbert modules
to inner product type integral transformers. The work in [8] later considered norm interpolations for row and
column elementary operators and described the formula for the Hilbert-Schmidt norm of inner product type
integral transformers.

Recently any two operators A and B as normal contractions on Hilbert spaces, their norms can be obtained
in terms of partial summations involving column matrices.

In [7], the author worked extensively on applications of Cauchy-, other studies, such as [9], discussed
Landau and Gr"uss inequalities for inner product type integral transformers in general Hilbert spaces. That
study gave a description of norm inequalities with respect to unitarily invariant norms in compact separable
Hilbert spaces.

The study also dealt with operator-valued functions over a measure space (), M, u) for a finite measure
u. It further presented a generalization of Landau’s inequality for Gelfand integrals of operator-valued
functions in unitarily invariant norm ideals.

The study in [4] continued to explore norm estimates for positive normal contractions. The work utilized
the defect operator A 4, and obtained similar inequalities in the same space in a more compact form. However,
that study did not consider operators on infinite-dimensional Hilbert spaces.

The author also focused on the Q-norm of commuting normal operators, with some applications of norms
for P > 2 to the partial normality of operators acting on Banach spaces. It is clear that these studies do not
fully consider the norm property for the inner product type integral transformers addressed in this note.

Throughout this paper, we use the following notation: IPTIT denotes an inner product type integral
transformer; B(H) denotes the algebra of all bounded linear operators on a Hilbert space H; B(H,) denotes
the algebra of all bounded linear operators on an n-tuple of Hilbert spaces; B(Hj, Hy) denotes the algebra of
all bounded linear operators from the Hilbert space H; to the Hilbert space Hy; Bipyir(B(Hi, Hz)) denotes the
algebra of all IPTITs on B(Hj, Hy); | - |+ denotes the tracial norm; and tr denotes the trace.

2. Preliminaries
This section gives a description of some definitions which are useful to this work.

Definition 1 ([7]). Let H be a complex Hilbert space with infinite dimension, then for B(H) representing all
linear and bounded operators on H, we have a mapping S represented as

k
Sa,p(X) =) AiXB;,
iz

called the elementary operator, where x is arbitrary in B(H) while 4;, b; are fixed in B(H).

Definition 2 ([6]). Consider a weakly p-measurable operator valued functions M, N : QO — B(H). For any
Q € B(H), we can have a mapping Q +— fQ M;QN; as weakly measurable too. If M and N are integrable
with respect to Gelfand axiom, then the linear transformation arising from the inner product space as given by
Q — [ MiQN;d(t) is called an inner product type integral transformer denoted by [, M; ® N d(t).
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3. Main results
We carry out a detailed analysis and obtain new norm inequalities for inner product type integral

transformers. We begin with the following auxiliary proposition.

Proposition 1. Let H be a complex Hilbert space, and let B(Hy,) and B(Hy, Hy) be as defined above. Suppose that
X € B(Hy,), and let S1,S, € B(Hy, Hy) be weakly- measurable.
(@) If f € Hand

ISP an(t) < oo,

then the following hold:
(i) The mapping t — S1; XSy is weakly-x integrable, and

o] < [ o s

(i) If { S5, } ooy and {Soy, }57_, are sequences of simple operator-valued functions for Si and Sy, respectively, then

/Q S12XSon dpt — /Q S1XS du

weakly as n — oo.
(b) If
L UISuf 1P+ 183£17) du(t) < oo

forall f € H, then

H/QslstyH g\/H/Qs;sldyuH/Qszs;dyHnm, VX € B(Hy, Ha).

©1If
/Q(IISufH2 +IISTfI? + [S2 I + 1185 £17) dp(t) < oo

forall f € H, then

s sy ] oo oo}

forall X € B(H).

Proof. Case (a)(i): Clearly, if
[(S16XSaf, ) < [IXI IS S2ef

forallt € Q and f € H, then the mapping t — (51;XSaf, f) is integrable. Hence, S1;XSy; is weakly-x
integrable. Therefore,

[ (six5af, ) du| < 11 Iiisl 521 )
<IXIy [ IsiglPantony/ [ s 1Rant)
= (s ) o) (i) 1)
< \/ | sista] | [, sssean i i s
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Case (a)(ii): For all f,g € H, we have
‘/Q ((S1mXSom — S1XS2) f, 8) d#‘
< 11X [ (1St = Sigll 1Szl + 1igl 1Sz f = S2f1) dp()

< IXI [ (ISigIR + I15201R) du(o)y] [ (1S58 = SiglP + anf = Saf12) dn(t) = 0.

Thus,
/Q S1aX S djt — /Q $1XS, dy

weakly as n — oo.
Case (b): The proof of this part follows directly from the duality of norms.
Case (c): We have

Ts,s,(X) = /051X52 dyu € Bprir(B(Hy, H2))

whenever X is a finite-rank operator. This agrees with the statement of the proposition, namely,

S.XSydull < /S*Sd /:dH‘
| s <[] [ sisian] | [ 20

where we set I = 5157 and & = 5,55 for simplicity. [

114 /S*Sd X|, ¥XeH,
Jran| | [ sssaan 1)

In the next proposition, we consider a norm inequality involving commuting families of measurable
normal operators, as stated below.

Proposition 2. Let S1,S; € B(Hy, Hp) be such that {Sq;}cq and {Sot}ieq are commuting families of measurable
normal operators. For all f € H, assume that

[ IS1ef 12+ 152f12) die ) < o

Moreover, for T51/52 € Bprir(B(Hy), B(Hy)), we have

o)< o],

Proof. Since {Sy,,}5_; and {So,},_; are sequences, we have

[Tass00] = | [, S1mXS2n

< \//Q|Slm|2dﬂ><\//0|52m|2dVH
< 5,24 \// S,12d H
< | [ isianc /[ 1sa2an

By the monotonicity of norms and Proposition 1, lower semicontinuity is sufficient. Without loss of

Iyt [ siPan] = | [ i [ sssoan].
HT51,52(X)H < H\//Q S1S1dp x \//Q 5;52d}4H.

generality, we have

Hence,
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In the next lemma, we consider a norm inequality involving commuting families of measurable normal
operators in the Hilbert space setting.

Lemma 1. Let X € Brprr(B(Hy, Hy)), and let {S1t}icq and {Syt}ieq be separable families of measurable normal
operators such that

S*S du <1 and /S*Sd <1
/Qllll_ an Q221/‘_

1—/S*Sd \/1—/S*SdH<HX—/SXSd )
H\/ Qllﬂx 02274— q ! 20

forall X € Byprrr(B(Hy, Hy)).

Then

Proof. For normed ideals I € Bprr(B(Hy, Ha)), we have
X —Is, 5,X € Bprrr(B(Hy, Hy)).

Therefore, for all n € N, it follows that

H\/l—/QSi‘Sldy\/l—/QS;Szdy
<|Vi-s/ies
< HM(X—SSLSZX)\/I—S% +H\/1—5§1g1,52ﬂ
Ié I s, (/1 - $3X = Ss,,5,%0/T— 83| + [[15,,5,1/T — 52,/ T 53

21 2(X —Ss,5,X)4/1— S5 2112 ‘STMI—S%/I—S%
< ’MI—S%’"(X—SSI,SZX),/I—S? +‘51\/5§m—s§m+2 H\/sgm—sg

<X tsyall+ g 10 X = [ s1XS2d] + 157 0%1L

[1X]]

Since {S1¢}+eq consists of normal operators, the commutativity axiom is satisfied. Therefore,

\J 2/ / / |52t1152t2,~- SZtm‘zd]/l(tl \J 2 521‘

Consequently, we have

H §2n Sn+2H< /\ ’th t2n+2’
te[0,1]
B k
R
1
=

Since # is arbitrary, it follows from the statement of the lemma that

1—/S*SdX\/l—/S*SdH<HX—/SXSd )
H\/ o 11 Q7272 | = Q1A

forall X € %IPTIT(B(HL Hz)) O
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This leads us to the next theorem, which involves inequalities for separable families of measurable normal
operators with respect to an orthonormal basis.

Theorem 1. Let 51,5, € B(Hl, Hz) and T € %IPTIT(B(Hl)r B(Hz)) be such that

[ IsulnlSzldn() < e

Then
I Ts,salle = [ tr(Sue) tr(Sar) due).

Proof. Let {X,} ; € B(Hy, Hy). Then {X,, ® X, }% _; forms an orthonormal basis in B(H1, Hy). Therefore,

= mn=1

i </Q S1t(xXm @ x0) Sop dp(t), %, @ xn>

mn=1

-y & / (S32n)* ® Suen dpt(t) (] © xm)
m,n=1 Q

(1 Ts, .5, lltr
B(Hy,Hp)

=) tr/ (Xm, SorXm) Xy, @ S1pxp dp(t)
mmn=1 a

/Q i (S14%n, Xn) (S2tXm, Xm) dp(t)

mmn=1

- /Q tr(Sez) tr(Sar) da(t).
O
The next consequence follows immediately.

Corollary 1. Forall S € B(Hy, Hy), T € Bipr(B(Hy), B(H,)), and q € H, the inequality

~ ~ 1
[ Ts,5:Xlqg < [|Ts,s+[|7"[[Xllg, VX € B(Hy, Ha),
holds.

Proof. Recall that (Ts s X)7~! and Ts s+ (Ts: sX)7~! belong to Bprrr(B(Hy), B(Hy)). Hence, Ts,s+ is bounded.
Therefore,

1T Xllg = 1T s+ (Tsr,sX) I
= || Ts s+ (Ts s X)7 1 |q /7
< || Ts 50 77| (T, 5 X)7 1|77
— |1 Ts,6 7 [ Tse s Xl
< || Ts.5: 11X -

O

The next result considers sequences of operators under a scalar multiple of a positive integer.

Proposition 3. Let TS]/SZ € Biprr(B(Hy, Hp)), and suppose that, for all g > 1,

[ ISulglISzilly dn(t) < e
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Also, for all S1,S, € B(Hy, Hp) and any integer M > %, we have

m
’TSDSZ / 2m tr (H Slt a1l 1tm+1 k> tr <H 52f1'51t1> Hd]/l(tl), (1)
=1
and if
HTsl,sz _ = lim /Zm tr | [TS5,,,,  Sttw s | tr I—[Sztw i H
then

< /Qusuuq||szt||qdy<t>. @

HTsl,sz )

Proof. Clearly,
tr|Ts, 5, = tr(T¢ 5, Ts, 5,)"

By Theorem 1, we observe that (T S,,5,7 T51 s,)"" is an inner product type integral transformer. Hence,

- - n m m m
(Tglrszl Tsl’sz) X= /Q 21 H STthrlfl SlthAikX ﬂ SZtl, STtl ll—Jl: d]/l (tl)’

and from the norm equality (1) and inequality (2), we obtain

</ Zm H 1t 1+1—1 1tn1+1 k
S/szn||Slt1||2mHSk||2mH||52k||2m||5§t1HZdeV(tl)dV(tk)
I=1 =1 I=1

m

H (t1)du(ty)

‘TS1 /52 Sltl

= [ IStz Sar o dp):

Hence, for any norm of the transformer TSLSz € Bprir(B(Hi, Hz)), we have

Toise < [ 1SutlgliSarly du(e) < oo

O

The next result considers inequalities for weakly-* measurable families.

Proposition 4. Let S1,S; : Q) — B(Hj, Hp) be weakly-+ measurable operator families. Then

2
V /n|51t1,~--,51tn|Zdﬂn(tll--~,fn)’ <1,
neN 0
and
1
'f/ SotiresySor |Pdu (1, - t) || < 1.
inf | [ 2o S Pl Ceest)| <

Also, let T € Biprir(B(Hy, Hy)), let ||-|| be a unitarily invariant norm, and assume that X*X € B(Hy, Hp) for all
X € B(Hy, Hp). If {S1t }sen is a sequence of normal operators, then the unitarily invariant norm satisfies

‘HTSIXSzHL = H’X— /()STXS2d}4
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Proof. Let 0 < k < 1. Then we obtain the expansion

(o] . n .
= (|Tks, (Z k" (/ 51®Szdy> (Xk2/ Si‘XSzdy)> Tis,
2 n=0 Q Q
> 1-1 _(1-1
Bl s (xoe fsxstannl )
n=0 5

= \/Ak51 ) k2 /Qn Sy 8y durTis, (X —k2 /Q s;xsy” dV)

‘ \/ Tis, Y K2 / Sy dunTyg,
n=0 ar

- ’X—kz/QS’{stdy

‘H Tys, XTks,

2

2

2

2

Since this is a unitarily invariant norm, as assumed earlier, we obtain the lower semicontinuous norm as
follows:

||7s,XTs,

= ||lw = lim Ty.s. XT,
) ’Hw ]g{l kS A LkS,

2
= lim H‘ TkS] XTkSZ

Kt 2
<1 X—kz/S*XS*d
= ]%1 ’ 14804} )

‘X-/S{ng du

2

O

Lemma 2. Let S1,Sy : QO — B(Hy, Hy) be weakly-+ measurable operator-valued functions, and let T51,52 €
Brprir(B(Hy, Hy)). Then, for all norm ideals in B(Hy, Hy), we have

1
2

HT\Sl,Sz ’/Qsltsft d.u(t)

< S5Sodu(t)|||, 3
B(H)—B(Hy) — ® ’/Q 252dp( )‘ ©)
and

1
2

<|| [ siswantr||” || [ ssswanco

where || -||  is the norm in the dual space of the compact operators in B(Hy, Hp). In the special case Sy = S, inequalities
(3) and (4) become

T. , 4
H 51,52 B(H,)—B(H;) o )

H Tsys,

, ©)

[

= H\Tsl,sz(l)m = H’/o S1ST, du(t)

B(Hy)—B(Hy)

and

/ (6)

T _ *
HT52'53 B(Hy)—B(H)) H‘/ns“sltdy(t) ®

respectively.

Proof. Since S; and S; are weakly-* measurable operator-valued functions, for all X € B(H;, H;), the special
case becomes

s, s.00]| < | [, suxsaudutr

D

S51X|Sod
/Qz||2V

) )
< || st
Q @ @
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Since |- || is a dual norm related to a symmetric gauge function, the 2-convexoid norm || - |||g ) is induced
by
2 ¥ All2
lAllg’ =144l
for all A*A € B(Hj, Hy)n. Hence, (5) follows from (4), while (6) follows from (4) and (5), together with

the duality argument applied to Ts, s, Here, Ts,s, : B(H2) — B(H;) is the conjugate operator, and the
corresponding transformers share a common norm. [

Theorem 2. Let TSLSZ € sBIPTH(B(I‘ILI‘Iz)) and 51,5, € B(Hl, Hz). If
S\Stdy and / S5, d
/Q 101 4f q 7272 I3
belong to Cy(H) for some 1 < q < oo, then

<

T.
H 51,52 B(H;)—B(H,) —

1 : 1 "
kb /SS*d kb /S*Sd)
([ (55|
< \/H/Qslsw /Qs;szdyH

= [S1ll2411S21l24-

q

q

Moreover,

[e9)

. -1 -1
< kz/s*/ss*d> Sid /s(/s*sm:z) Stdu .
B(Hy)—B(H) l; <Q1(_011ﬂ 1ap Jo 22\ Jq 2222 24p

In particular, if S5 = Sy, then

H Tsy.s,

|Tsus:

= HTsl,s;(I)Hq = H/Q $151du

B(Hy)—B(Hz)

Proof. Consider the case « = g. Then
/ $1XSydy € Cp(H), VX € B(H).
O}’l

Therefore,

ITs,5,(X)]| < /Q S1X52dy’

< \//Qsls;dy \//QS;X*XSQdy
< \//05151*01;4 \//Qslsi‘dy

To establish the last part of the theorem, observe that the range inclusion is similar to the trace of positive

operators. In particular,
q—1
Si( [ sisidu)  sid
/Q 1 ( o 171 #) 1ap

q
tr (/Q 5157 dy) .

q 2q

1X]].
q q

coincides with
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Thus, we have

1
g1 g1 %
s1 (/ 5,5 dy) Sldy> X< </ stzdy> s;dy>
L q-1 . q-1
K (/Qs; (/Qslsfdy> Sldy> ‘f( 5, /stzdy)
1

& % q—1 % . . q—1 29
=\ Lk’ (/QST (/QslsT dﬂ) S1 dﬂ) k! (/Q So (/Q 5552 dﬂ) S5 dﬂ) 1 X1,
L , ( , ‘

1

IN

Zlq
5 dﬂ) I1X]]
q

q

which gives

N|—

ik (/Q 51 (/Q 5151 dﬂ) - 51 dﬂ) (/O S (/Q 5,52 dﬂ) o S dﬂ) .

If S; = S, then
I Ts,5: 117 < YK (/Q Si(S181du)i7's, dV)
i1
—tr (/Q SH(S,S% )11, dy)

q
— | [ sis14
| ssian

q
= || Ts,,s: (DI
< || Ts,s: 11

= S$1S7d
o],

O

Remark 1. The inequalities obtained here are established in a general Banach space setting. It is useful to
consider special cases for emphasis and illustration.

4. Conclusion

Studies on inner product type integral transformers have been considered in many research works
from various perspectives, including spectra, numerical ranges, and operator inequalities. An open problem
remains concerning inequalities related to norm estimates for inner product type integral transformers whose
spectra are contained in the unit disc. It has been observed that the norms of such transformers can be attained
under the condition that one of the implementing operators is normal. In this note, we have addressed this
problem by establishing norm inequalities for inner product type integral transformers in a general Banach
space setting.
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